General Mathematics Vol. 20, No. 1 (2012), 3—7

An integral operator preserving functions
with bounded argument rotation !

Mohammad Nazrul Islam

Abstract

Let A be the class of functions f, which are analytic in the unit disc A =
{|z] < 1}, with f(0) =0 and f’(0) = 1. Let B be the class of functions f, which
are analytic in the unit disc A, with f(0) = 1. Let R = {f € A: Rf'(z) >
0,z € A}. Let g € A with g(2)/z # 0in A, h € B, and consider the integral
operator [ : A — A, where F' = I(f) is defined by

_ [T T@R(®)
F(z)—/o ) dt

We obtain certain sufficient conditions on g and h so that I(R) C R. For
h(z) =1,z € A, such conditions are known.
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1 Introduction

Let C be the complex plane and A = {z € C: |z| < 1} the unit disc. Let A be the
class of all analytic functions in A, with f(0) = f/(0) — 1 = 0 and B the class of all
analytic functions h in A with h(0) = 1. Let

R={feA:Rf'(2) >0,z € A}

Functions in R are often called functions of bounded argument rotation or functions
of bounded turning. It is well known that if f € R, then F' € R, where
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P.Mocanu, H.Al-Amiri, Kit C.Chan, J.Gresser and S.Suebert in [1] obtained certain
conditions on g € A and v € R so that if f € R, then F' € R where

o+l
97(2)

For -y = 1, such conditions were obtained in [2]. Let h € B, g € A with g(z)/z # 0
in A and consider the integral operator I : A — A where F' = I(f) is defined by

() F(z) = /0 f (;)(h)(t) dt

t
In this note we obtain sufficient conditions on h and g such that I(R) C R. If we
take h(z) = ¢/(z) for all z € A we obtain the result from [1] in the case v = 0. On
the other hand we will obtain new examples of ”bounded — argument — rotation”
preserving integral operators.

(1) F(z)

/0 T F (g7 (1) (e

2 Preliminaries

In order to prove our main result, we will need the following lemma.

Lemma 1 [3] Let K(z) and L(z) be complex—valued functions on A and suppose
that for z € A,

(3) SL(2)| < RK(z)
If p is analytic in A, with p(0) =1 and if, for z € A
(4) R{K (2)2p'(2) + L(2)p(2)} > 0

then Rp(z) > 0 in A.

3 Main Result

Theorem 1 Let g € A, g(2)/z #0 in A and let h € B. Suppose that:

o (58)

If I is the integral operator defined in (2), then I(R) C R.
Proof. Let f € R and F = I(f). If we denote

9(2)
zh(2)

Q(z) =
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we have that

Q) _ () )

Q(z)  g(2) h(z)
And then
/ _ 9 9@ (2)
2Q'(2) +Q(z) = ne) R0
_ (9’
- (i)
But from(5) we have:
(6) RQ(2) > [3(Q2) +2Q'(2)) |,z € A

From (2) we deduce

F'(z) _z2f(z) | 2W(z)  2d'(2)
Fi(z)  fz) Wz g(2)

and then:

2F"(2) = f'(2)

zh(z) W (2) 24 (2)
o (G )

Using the above— mentioned notations we have:
2F(2)Q(2) + F'(2) [2Q'(2) + Q(2)] = f'(2)

We denote:

and
L(z) = 2Q'(2) + Q(2)

If p(z) = F'(z) and if f € R we have that Rf’(z) > 0 for all z € A. Then we have,
for f € R:

(7) R[K(2)zp'(2) + L(z)p(z)] >0,z € A
Relation (6) is equivalent to:
®) SL(2)] < RK(2)

Then, from (7) and (8), by applying Lemma 1 we deduce that RF'(z) = Rp(z) > 0
for all z € A. Hence, f € R implies ' € R and the theorem is proved.
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4 Some Particular Cases

Corollary 1 If f € R then Rf(z)/z >0 for all z € A

Proof. We apply Theorem 1 with h(z) = g(z)/z for all z € A and we obtain the
above well-known result.

Corollary 2 If f,.g € A and
(9) Rg(2)/z > [Sg'(2)] .2 € A
then f € R implies R [f(2)/z] > 0 for all z € A

Proof. We apply Theorem 1 with h(z) = 1 for all z € A. Condition (9) is equivalent
with (5) and the implication follows easily from Theorem 1.

Remark 1 If, in Corollary 2 we take g(z) = z for all z € A we obtain Corollary 1.

Remark 2 If h(z) = ¢'(2) for all z € A we obtain a particular case (for v =10) of
Theorem 2 from [1]

Example 1 If we let ¢ € A with g(z)/z # 0 in A and h(z) = e)‘Z@, then,
condition (5) becomes:

(10) Re > ‘%e*)‘z(l - )\z‘
If we put \z = ¢ = pe'?, 6 € R we obtain:

(11) Ree " > ‘%e*peie(l - pew)‘
Let t = psinf. Condition (11) becomes:

(12) cost > |psin(f — t) + sint|

It is easy to check that condition (12) is true for 0 < p < (v/3 —1)/2
Hence, by applying Theorem 1 we obtain:

Corollary 3 If|\ < (v3—1)/2=0.366... and if [ : A — A is the integral operator
defined by F = I(f), where

F(z) = /OZ @e)‘tdt

then I(R) C R.
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