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Chord length distribution functions
for an isosceles trapezium!

Loredana Sorrenti

Abstract

In this paper we study the geometric probability of the length of a chord for
an isosceles trapezium on a Buffon grid.
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1 Introduction

We denote by Sip the Buffon grid consisting of parallel lines with constant distance
D. In recent years many authors have studied the geometric probability of the length
of a chord, determined by a straight line of the Buffon grid on a polygon. In [1] the
problem is studied for a regular hexagon, in [6] for a rectangle, in [3] for a non regular
triangle, in [7] for a regular pentagon and in [8] for a regular polygon. In [2] Andrei
Duma and Sebastiano Rizzo considered as test body a rectangular trapezium, which
is small with respect to RRp, that is, with the diagonal less or equal than D and
they computed the probability that the test body intersects on one of the lines of
Rp, a chord with length greater or equal than s. In order to solve the problem for
an arbitrary trapezium it is necessary to consider a great number of cases. In this
paper, we study the problem considering as test body an isosceles trapezium, which
we denote by 7. Let diam(7) be the diameter of 7. We say that 7 is small with
respect to Rp, if diam(7) < D. We compute the probability p(s) that 7 intersects
a line segment with length greater or equal than s, 0 < s < diam(7"), on a line of
Rp.
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2 General considerations

We denote by T the trapezium with sides a, b, ¢, heights h and § and with diagonals
d. We may assume b < a; then because of the existing symmetries, the angle «
between the two sides a and c is less or equal than 7.
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Figure 1:

There exist the following relations between the dimensions of 7: ¢ = 1/h2 + (25%)2,

d = \/h?+ (a+b)2, b < ¢ < min(a,d), h < ¢ < d, diam(7) = max(a,d),
a,b,c,d,d,h) = min(b, h). We have to consider the following four situations:

min(
(1) min(b, k) = b, max(a,d) = a;
(1) min(b, h) = b, max(a,d) = d;
(III) min(b, h) = h, max(a,d) = a;
(IV) min(b, h) = h, max(a, d) = d.

Each of the situation (I), (II), (III), (IV), includes different cases. In situation
(I) we have to consider the following cases:

1. b<d<h<e<d<a,
2. b<h<é<c<d<a,
3. b<h<c¢c<d<d<a.
In situation (II) we have to consider the following cases:
4. b<dé<h<a<c<d,
5 b<d<h<c<a<d,
b<i<a<h<ec<d,
b<i<h<a<e<d,

b<h<dé<a<e<d,

© »®» N e

b<h<dé<c<a<d,

10. b<h<c<i<a<d.
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In situation (IIT) we have to distinguish the following cases:
11. h<b<d<c<d<a,
12. h<b<c<d<d<a,
13. h<e<b<d<d<a.
Finally, in situation (IV), we have to distinguish the following cases:

14. h<<§<e<a<d,

We note that for each one of the seventeen cases described above, it is necessary
to consider six subcases, which are determined by the relations between s and
a,b,c,d, 6, h. Then there are 102 subcases to distinguish. Taking into account that
some of these cases coincide, we obtain 13 cases.

We consider as fundamental tile F of fRp, a boundless strip of width D and we de-
note by ¢ the angle between the direction of the straight lines of F and the oriented
side a. Because of the existing symmetries we may assume ¢ € [0; %] . We denote
by zs(p) the distance between two parallel segments with length s intersecting 7. If
such two segments does not exist we set z5(¢) = 0. In order to compute the desired
probability p(s), we will use the well known Stoka’s formula.

Jif il 2 [
1 §) =L T = = zs()dop.
() o= = | o

3 The case s < min(b, h)

We note that this case is a common subcase of 1,2,34,...,17. If ¢ € [0, a] (see figure
2), then z4(¢) assumes the following form:
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ssingsin(p +a)  ssingsin(a — @)

zs(p) = asinp + csin(a — @) —

sin « sin av
Then
(2) xs(p) = asinp + csin(a — @) — ssin 2y,
1
(2) Iy zs(p)de = (a+c)(1—cosa) — 5(1 — cos 2a).

If ¢ € [o; 5], then (see figure 3) z5(y) assumes the following form:

Figure 3:

ssin(a+ p)sing  ssin(a — @) sin g
sin o sin a

(3) zs(p) = asing — 7
, 2 0 s .
(3") / zs(p)dp = acosa—s(— —a) cot a — — sin 2.
. 2 2
It follows from (2') and (3') that:
3 7r s _
/ zs(p)dp =a+c(l —cosa) —s (5 — a) cot v — 5(1 — cos 2a + sin2a).
0

We note that 2a + 2¢(1 —cosa) = a+2c+a —2ccosa = a+ 2c+b is the perimeter
per(T) of T. The it follows from formula (1), that:

1
(4) p(s) = —D[per(T) — s((m — 2a) cot a + 1 + sin 2a — cos 2a)].
T
Remark 1 If s = 0, we obtain from 4, the following
_ per(T)
p(O) - ’ﬂ'D )

which is a classical result.

Remark 2 If a = 37, it follows from 4, the following
_ per(T)—2s
p(S) - ’ﬂ'D ’

which is M. Pettineo’s formula for rectangle [6].
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4 The case b <s < min(J, h)

We note that this case is a common subcase of 1,2,3/4,...,10.
We denote by ¢g € [0, af the angle defined as follows:

Isina = ssin(a — ¢p).

If o € [0, po[, with the notations of figure 4, the following linear equations:

Figure 4:

usin(a — ¢) — vsin(a + @) = bsin ¢
ucos(a — @) +vcos(a+ ) = s — beos p.

By solving the system consisting of the two linear equations above, we obtain

ssin(a + @) — beos

sin 2«

If  €[0,00], xs(¢) assumes the following form:

ssinpsin(p +a) usin(a — )

2s(p) = asinp + csin(a — @) —

sin av
Then, we obtain:
bsin(a — ) s

5 _ . . N B
(5) zs(p) asing + csin(a — ) 2sin a 2sin 2a

1 1 cos2p

z 9 - .

5 os(2pta) =5l

It follows that

cos(a — o)

- — cot a) +
sin «v

) [ anlede) = ali—cosg0)+ 53

5%0
2sin 2«
sin 2¢pq
sin 2 ) '

+c (cos(a — ¢p) — cos ar) —

+Z <sin(2g00 +a) —sina —
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In order to compute zs(¢) when ¢ € [po, a, we use formula (2) and we obtain the
following:

2" /a zs(pdp) = a(cospg — cosa) + (1 —cos(a — ¢p)) +

0

s cos2a — cos 2¢yg).
2 90

Finally, it follows from (5'), (2”) and (3'), that

jus b .
/2 zs(pdp) = a+ = <M—cota> +¢(1 —cosa) +
0

2 sin av

—% ((m — 2a) cot o + sin 2a+
1 1
sif%a + 3 sina — 3 sin(2¢9 + «) +
in 2
SH? al + cos 29 — cos 2a) ,
2sin 2«
and then
1 cos(a — ¢o) .
(6) p(s) = — |2a+b| ——= —cota | +2¢(1 — cos ) + sin 2«
D sin «
1 1
—s(m — 2a) cot v + 04 Csina— - sin(2¢ + «) +
sin2a 2 2
in 2
SH,I Ll + cos 2¢pg — cos 2a| .
2sin 2«

Remark 3 We note that if b = s < min(e,d,h), then pg = 0, and formula (6)
coincides with formula (4).

5 The case h < s < min(b,c)

We note that this case is a common subcase of 11,12,13,14,...,17.
We denote by ¢1 € [, 5[ the angle determined by the following relation:

ssinpy = h.

If ¢ € [0, o then z5(¢) is obtained from (2) and ;" z5(¢)dy returns formula (2). If
¢ € [, p1], then z4(¢p) is obtained from (3) and it follows that:

Y1
(3") /0 zs(p)dp = a(cosa —cos(p1)) + s(p1 — a) cot a +

—i—g(sin 2¢1 — sin 2q).
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Moreover note that when ¢ €]p1, 5], then 24(¢) = 0. Then:

/2 zs(p)dp = a(l —coser)+c(l —cosa) — s(p1 — o) cot a +
0

—%(1 + sin a — cos(2ar) — sin 2¢p1),

(7) p(s) = %[2@(1 —cosp1) + 2¢(1 — cosa) — 2s(p1 — a) cot v +

—5(1 + sin 2a — cos 2a — sin 2¢1 ).

Remark 4 If h = b = s we obtain ¢g=0, ¢1 = § and formulas (6) and (7) returns
the same result, that is the following:

1 us
p(b) =ph) = W—D[2a + 2¢(1 — cosa) — 2b (5 - a) cot a +

—b(1 + sin 2a — cos 2a)].

6 The case b <6 < s < min(a,h)

We note that this case is a common subcase of 1,4,5,6,7.
In this case, in order to compute zs(¢) we need the angle ¢g, defined in section 4,
and another angle s, defined by the following relation

ssin(a + ¢2) = asin a.

Itiseasytoseethatoggogg%—aSW—Qa—wggwogagg. Moreover

=

23 T =20 — @3

Figure 5:

r5(p) = 0 if ¢ €]pa, ™ — 2 — 2[. When ¢ € [0, 2] U [T — 2a — @2, 00], 75(p) is
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obtained from (5), then

) ["atonte = att-cospn+ (

Y + c) (cos(ax — ) +

—cosa) — 8252?12204 + Z (sin(2p2 + a) — sin a+
sin 29
sin 2«

®»o b
(5") / zs(p)dp = a(—cos(2a + p2) — cos ) + (2 . 4 c> .
T—20—p2 sin &

+(cos(a — ¢g) + cos(3a + ¢2)) +

20+@po +p2 —m s,
- % (sin(2
s IR +4(s1n( ©wo + o)+
in 2 in(4 2
sin(3a+2g02)—sm ¢0+§1n( a+ 902)>'
sin 2a

Then we obtain:

3 b
/02 zs(p)dp = a(l —cosps — cos(2a + ¢2)) + . (cos(a — @) +

+ cos(3a + ¢2) — cos a + cos(a — p2)) + ¢ (1 — cos a+

51 2 L.
+ cos(a — @32) + cos(3a + ¢2)) + 5 [sinQa +5sinat

1. sin2¢s 20+ o + 22 — T
_—gin(2
5 Sin(2p2 +a) + 520 sin 20 +

1 1
—3 sin(2¢9 + a) — 5 sin(3a + 2p2) — cos 2a +

sin 2o + sin 2¢9 + sin(4a 4 2¢9)
+ -
2sin 2«
+(m — 2a) cot v + sin 2a 1= A(po, ¢2,5),

+ cos(2¢0) +

and then it follows that

®) p(s) = A0 #20)

Remark 5 If s = § we obtain o+ ¢3 = § and formulas (6) and (8) gives the same

result for p(d).

7 The case max(b,h) <s < min(J, c)

We note that this case is a common subcase of 2,3,8,9,10,11,12,14,15,16.

Let 9 and ¢; be the two angles introduced in the precedent sections. In this case,

the following relation holds:

O§¢o§a§s01<g.
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We note that if ¢ € |1, 5], then z5(¢) = 0. When ¢ € [0, @0, [0, @], [a, ], we can
compute xs(p) using formulas (5), (2) and (3), respectively. Then p(s) is obtained
by adding formulas (5'), (2”) and (3”).

s b _
/2%(@@, _ a(l—COS¢1)+—<M—cota>+
0

2 sin o

s .
+¢(1 —cosa) — 2 (si:ga + 2(p1 — @) cot a — sin 21+

1 1
+ sin 2o — cos 2a + cos 2@ + 3 sin v — 3 sin(2p + a) +

sin ¢g
2sin «

) = B(po, ¢1,5).

Then, the required probability is:

) p(s) = 2P EL5),

Remark 6 If b < h=s5=0§ < c, we obtain 92 = § — a and ¢ = 7. In this special

case formulas (8) and (9) gives the same result, since A(po, 5 —a, h) = B(po, 5, ).

8 Thecase h<c<s<b

We note that this is a common subcase of 13 and 17. In order to obtain x4(y)
we need the angle () defined by ssinyp; = h. Since s < ¢, then ¢ < « and then
zs(¢ =0), if ¢ € |, Z]. If ¢ € [0, 1], we can use formula (2). Then

S

(2" /:1 zs(p)dp = (a+ ¢)(1 — cos 1) 2(1 — €08 2¢p1),

then

2(a+c¢)(1 —cospr) —s(1 —cos2¢)

(10) pls) = - .

9 The case max(h,§) < < min(a, c)

This case is a common subcase of 1,2,4,5,7,89,11,14,16. Let us consider the angles
©0, ¢1 and @9, defined in the precedent sections (see figure 6). In this case, the
following relation between these angles holds:

0§¢2§W—2a—¢2§¢o§a§¢1§g.

We note that, if ¢ €]pa, T—20—@2[U]¢1, 5], then z4(p) = 0. If ¢ belongs to [0, 2],
[T —2a, [¢o, o] and [, ¢1], we obtain zs(¢) using (5), (5), (2) and (3), respectively.
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\/
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Y1 P2 T —2a— @

Figure 6:

Then [;? 2,()dy is obtained by adding (5"), (5"), (2") and (3").

Bl
/ zs(p)dp = a(l —cosp; —cos gy — cos(2a + p32)) +
0

2sina(cos(a — p9) —cosa + cos(a — pa) +

+ cos(3a — ¢2)) — g (cos 2¢g — cos 2a + sin 2a+

. 1. 1. L.
—sin2p; — =sin(2¢s + ) + —sina — 3 sin(2¢0 + a) +

2 2
1 2 —
——sin(3a + 2p2) + 2(¢ — o) cot o + a—HD,O—HDQ ~
2 sin 2«

sin 2¢ + sin 23 + sin(3a + 202)\
2sin 2a o

= C(§007 ©®1, P2, 8)'
By applying (1) we obtain

o 20(%00,@1,%7278)
(1) pe) = 2l ens),

Remark 7 If h < § = s < ¢, we obtain w2 + @ = § and B(pg,¢1,0) =
C (0, ¢1,5 — @, 0). Then, in this special case, formulas (9) and (11) coincide.
10 The case max(b,c) <s <

We note that this case is a common subcase of 3,10,12,13,15 and 17. In this case
the following relations holds:

0<¢o <¢1<a.

If ¢ € |¢1,%], then z4(p) = 0. If ¢ € [0,¢0[ then z4(p) is obtained using formula
(5), and if ¢ € [¢g, 1], then 24(¢p) is obtained using formula (2). Then [ z4(¢)dp
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is given by formula (5’) and

0

(ZIV) /501 xzs(p)dp = a(cos gy — cos 1) + c(cos(a — p1) — cos(a — ¢p)) +
©®

-1—%(005 2p1 — cos 2¢y).

It follows that

sin av

s ] B
/2 xS(QO)dSO = a(l — COS 901) + §b (M — cot a> +
0

+c(cos(av — 1) — cos ) — 825?;020[ + %(cos 201 +
in 2
—cos 2pp) + s sin(2¢9 + ) — sina — s1.n LU} I
4 sin 2«

= D(@Ov P1, 8)‘

Then
2D $0, P15, S

(12) ps) = Plwears)

D

Remark 8 If b < ¢ = s < 4, then a = ¢ and B(yo,a,c) = D(pg,a,c). Then
formulas (9) and (12) return the same value for p(c).

11 Thecaseb<i<a<s<h

This is a subcase of 6. We note that, in this case, since s < ¢ we obtain g < a. We
consider the angle ¢3 < ¢y determined by the following relation (see figure 7)

ssin(a + ¢3) = asin a.

We note that if ¢ € [0, ¢3], then z5(¢) = 0. If ¢ belongs to [¢s, o[, [0, o, [a, 5],
then in order to compute xs(¢) we use (5), (2), (3) respectively. In particular,

®o b
(SIV) / zs(p)dp = a(cosps — cosyg) + Tens (cos(ax — o) — cos(a — p3)+
®3

5 %Yo —¥3
2  sin2a
sin 2 — sin 2¢p3
sin 2 )> '

+c(cos(a — o) — cos(a — p3)) —

+Z(sin(2gpo + a) —sin(2¢3 + o) —
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In order to compute f;; zs(p)dp, we use (2) and we obtain (2”) and in order to

compute fag zs(p)dp we use (3) and we obtain (3'). Then

2 b
/ zs(p)dp = acosps+ — (cos(a — 2¢p) — cos(a — p3)) +
0 sin 2«

m Yo — ¥3
+c(1 — cos(a — p3)) — s < 5 @ cot av + S sin e > +

~ 4sin 20 (sin 20 — sin 2¢3) — %(sin 2a 4 cos 2¢g +

1
—cos2a + 3 sin(2¢s3 + «)) = E(po, ©3).
Then in this case we obtain the following formula for computing the desired proba-
bility:

2E (0, 3
(13) pls) = 220 28)
wD
Remark 9 If b < § < a = s < h, we obtain g9 = 0 and ¢35 = m — 2. Then, in this

case, formulas (8) and (13) gives the same result for p(a).

12 The case max(c,d, h) < s < min(a,d)
This is a subcase of 1,2,3,8,9,10,11,12,13,14,15,17. The relation between the angles
o, ¥1, w2 are the following:

0< o <m—2a—p2 <y <y <a.

If ¢ €]pa, m — 20 — a[U ] 1, 5], then z4(p) = 0. If ¢ belongs to [0, p2], [ — 2a —
©2,¢0l, [vo,¢1], then we compute zs(¢) using (5), (5) and (2) respectively, and we
obtain (5”), (5”") and (2!V). Then

%

/ zs(p)dp = a(l —cosp; — cospy — cos(2a + p2)) +
0

+ (cos(ar — ) + cos(a — p2) — cosa +

sin «
cos(3a + ¢32)) + c(cos(a — 3) — cos a + cos(3a + 2) +

(2a + o + 299 — ) +

Feosta —¢1) — 5ai9a

-1—%(005 21 — cos 2pg) + Z [sin(2¢9 + a) — sina+

+ sin(2p2 + a) + sin(3a + 2¢p2)+
sin 2pg + sin 2¢9 + sin(4a + 2¢p2)
sin 2«

=: F(QKJO: @1, P23 5)'

Then, in this case we obtain the following formula for the desired probability

(14) p(s) = QF(SD(;T,;L@)
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13 The case max(a,h) < s <c¢

This case is a subcase of 4,6,7,8,16. It is easy to see (figure 7) that the following

Y1 P3

Figure 7:

relations holds:

w3 <o < a< .

If ¢ € [0,93[U]e1, 5], then 24(¢) = 0. If ¢ belongs to [¢s, %o, [0, al, o, 1] we
compute x,(p) using (5), (2), (3), respectively and we obtain (5/V), (2”) and (3").
Then

[SIE]

b
/ zs(p)dp = a(cosps — cosa) + ——— (cos(a — @q) +
0 2sin

—cos(a — @3) + cosa — cos 1) + ¢(1 — cos(a — p3)) +

<ioin_2zl + 2(p1 — a) cot a> + g(sin 2¢1 +

s
2

— sin 2a + cos 2a0 — cos 2¢q) + Z [sin(2¢0 + )+
. sin 2¢3 — sin 2
—sin(2¢3 + a) + s ud

=G .
sin 20 :| ($007 ©1, @3)

Then

(15) p(s) = QG(SOST’gh%)

Remark 10 If h < a = s = c then ¢; =a, p2 =0, p3 =7 — 2 and F(pg, ,0) =
G(¢o,a,m — 2c). Then, in this case, (14) and (15) return the same formula for
pla) = p(c).
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14 Thecased <s<a

This a subcase of 1,2,3,11, 12,13. We note that if ¢ € ]g@g, g], then z5(p) = 0. If
¢ € [0, 3], then we can compute z4(¢) using (5). Then

3 ¥3 1 .
/ S i)y = / z5(p)dp = a(1 — cos p3) + 5b <M_com>
0 0

sin «v

©3 S .
+c(cos(a — p3) — cos Dy 2@) + 1 (sin(2¢p3 + o)+
. sin 23
_ — = H N .
sin o S o ) (S037 5)
Then
2H (3

(16) p(s) = 22L#8)

wD

15 The case max(a,c) < s <d

This is a subcase of 4,5,6,7,8,9,10,14,15,16,17. In this case, it is easy to see (figure
8) that the following relations holds: ¢3 < ¢g < ¢1 < a. We note that if ¢ €

¥3 1
Figure 8:

[0, @3[U]§01,%[, then z5(¢) = 0. If ¢ € [p3, o[ we compute x5(p) using (5) and
then fgio z4(p)dy is given by (5V). If ¢ € [pg, p1] we compute () using (2) and
then f;’;o z4(p)dy is given by (21V). Then

™

[ eoae = [ "o+ ["asorio =

3 ¥0

b
= a(cos(p3 —cos¢1)) + o (cos(a — @g) — cos(a — @3)+

Yo — ¥3
+c(cos(a — p1) — cos(a — ¢3)) 82sin2a
S S, . .
2 (cos 201 — cos 2p0) +  sin(2¢n + ) — sin(2ps + ) +

sin 2¢pg — sin 2¢p3

=1 - 35).
sin 2« > (po, 1, p3;55)
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It follows that

(17) p(S) — 2‘[(%007;‘217¢3)

Remark 11 In 11 and 14, the following special case may be considered: ¢ < s =
a < d. If this condition holds, then ¢ = 0 and @3 = m — 2a. Then, in this case
F(¢o0,¢1,0) = I(po, 1, ™ — 2a) and formulas (14) and (17) coincide.
The special case a = d is common to (13) and (14). Since s < a, then in (13),

lim ¢3(s) =0.

s—a—

In (14), since s < d,

lim p3(s) =B = lim @1(s) = lim @o(s),

s—d— s—d— s—d—

where [ is the angle between a and d. It follows that
lim H(ps)=0= lim I(vo,¢1,¥3)-
s—a~ s—d—

Then
H(0)=0=1I(3,8,8).

16 The distribution function of the chord in 7

As an application of the results obtained in the precedent sections, we are able to
compute the distribution function of the chord in T. Let us consider the function
F : [0,max(a,d)] — [0,4o0c[, which assigns to each s, 0 < s < max(a,d) the
conditioned probability that a straight line intersecting 7, determines on 7 a chord
with length less or equal than s. This function is called distribution function of the
chord in T. In order to compute F' we consider a lattice Rp, with D > max(a, d).
With the introduced notations, we have:

(18) Fs) =12

p(0)
We denote by f := F’ the derivative of F. We note that f is the density of the
distribution function of the chord in 7. When s is small, that is, s < min(b, h), we
obtain (see formula (4)):

F(s) = s- (7r—2a)cota+1—|—sin2o¢—cos2a7
per(T)
(m — 2a) cot o + 1 + sin 2« — cos 2«

per(T)

If s > min(b, h) the distribution function F’ depends on s, since ¢y, ¢1, p2 and @3 are
function of s. In such cases F' is not a linear function of s, since sin¢; and cos ¢;,
for 0 < j < 3 are not linear functions of s. Then if s > min(b, h), f is not a constant
function.
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