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A Note on a Generalized Integral Operator !

S. Latha

Abstract
In this note, we introduce the new subclass SPy(8) of analytic functions

and certain properties of a generalized integral operator are studied.
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1 Introduction

Let P(3) denote the class of analytic functions p(z) defined in the unit disc U =
{z 1 |z| < 1} with the following properties:

i p(0) =1

“ /27r R{e?p(z) — Bcos A}
~Jo 1-p

where, k> 2, Areal, [A\| <3, 0< 3 <1 and z=re? for 0 <r < 1.

Let V) (8) [5] denote the class of analytic functions f defined in U satisfying the

normalization properties f(0) = f/(0) —1 =0 and

2f"(2)
f'(z)

where, k,\ and [ are as above. For 8 = 0 we get the class V,? of functions with

bounded boundary rotation studied by Moulis [4]. Any function f(z) € V}(B) if
and only if

df < kmcos A

1+ e PMB), (zel)

%{ei)‘ <1 + zf”(z))} > fBeosA, for |z] < L]M
f'(2) 2
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A function f defined in U satisfying the normalization properties
£(0) = f'(0) =1 =0 is said to be in the class U} () if
2f'(2)
f(z)

From the definition of the above classes it follows that f(2) € VQ(B) if and only if

2f'(2) €UR(B).
Let SP%(B) be the class of normalized functions f such that

2f'(z) _ |2f'(2)

@) CEED

where, 3 is a real number with 0 < 8 < 1. Now we consider the integral operator
F,(2) [2], defined by

@) Fu(z) =/OZ (flft))al (fnf”)a" i

and we study its property.

ePrB), (zel).

—1| € PXB), (z€lU)

Remark 1 We observe that for n =1 and a1 =1, we obtain the integral operator

of Alexander [1], F(z /f dt .

2 Main Result

Theorem 1 Let o; >0 i € {1,2,....n} and f; be real numbers with the property
-1< ﬁi <1 and f; € SPNB;) for i € {1,2,...,n}. If

0< Z a;(1 — B;) < 1, then the integral operator F,, € V{}(v), where

7:1+Zaz‘(ﬁ

Proof. From ( 2), we have,

Fl(z) = (fl( )) <f”7(z)>a

F e () - e (B8
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F// n
o (
1

1=

so that

which is equivalent to

o o (B

=1

That is,

oo ) Son

Since, f; € SP(B;) fori€{1,2,...,n}

SR\ N, (20| o
%{1-1— FA(Z) }>ZO&¢ fz(Z) "i‘; z(/Bz 1)+1>; Z(ﬂ

i=1

} Zazﬁz Zaz—i—l

Therefore, F, € V) (v), where vy =1+ Z ai(Bi — 1).
i=1

Corollary 1 For parametric values k = 2, A\ = 0, we get Theorem 1 in [3] which

reads as:

Let a; >0, for i € {1,2,....,n}, B; be real numbers with the properties 0 < ; < 1
n

and fi € Sp(B;) for i € {1,2,...,n}. If 0 < Zai < 1, then the integral operator F),
i=1

n
is convex by the order 1 + Z a;(Bi —1).
i=1

Corollary 2 For parametric values k =2, A\ =0 = 3, we get Theorem 2.5 in [2],
stated as:
Let a;, i€ {1,2,. n} be real numbers with the properties o; > 0 for i € {1,2,...,n},

Zaz <1 and 1-— ZO‘Z € [0,1). We consider the functions f; € SP, for

) E {1 2,..,n}. In these conditions, the integral operator defined in F,, is convex by

1-— Z «; order.
i=1

Theorem 2 Let oy, i € {1,2,...,n} be real and positive and f; € Spﬁ(ﬁ) for i€
n

1
{1,2,...,n}. If 0 < Zai < et then the integral operator F),, € V,i‘('yl), where
=1
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= —1Zaz+1

Proof. Usmg( 2), we have,

Fi(2) = (@)al (f”T(Z)Y

so that

2Py (2) N
S Gl (Z )Z?Z“

For fi € SPA(B), i€ {1,2,...,n} we obtain,
zF)(2)
9%{1+ F,()} B-1) Zaz+1

Since, B <1 the above inequality implies

n
Therefore, F, € V}(v1) where v = (8 — 1) Zai + 1.

Corollary 3 For parametric values k =2, A =0, we get Theorem 2 in [3], stated
as.
Let o, for i€ {1,2,..,n}, B; be real positive numbers and f; € Sp(B)

n

1
0<B<1 andforic{l,2,.,n}. If0< Zai < 15 then the integral operator

n
F, is convex by the order (5 — 1) Zai + 1.

By taking n = 1, we obtain the following Corollary.

Corollary 4 Let v be the real number, v > 0. We suppose that the functions f €
1
SP(B) and 0 < v < 5 With these conditions, the integral operator

Fi(z) e V(B -y +1).
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Corollary 5 Let f € Spﬁ(ﬁ) and consisting the integral operator of Alexander,
zf(t
F(z) = / S0 dt.
o ¢
Then, F € V{(B).
z
t
Since F(z) :/ #dt we have,
0

2F(z) _ z2f'(2)

YR T e
That is,
S i b=t AL b o REE

This implies that the Alexander operator belongs to V,;\(ﬁ).

Corollary 6 By taking k = 2, A = 0 = 3, we get the Theorem 2.8 in [2], which
reads as:
We suppose that f € SP. In this condition, the integral operator of Alexander,

2t
defined by Fy(z) = / Q dt is convex.
0
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