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A Generalized Integral Operator Associated with
Functions of Bounded Boundary Rotation 1
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Abstract

In this paper, we define the subclass Vλ

k
(β, δ, n) of analytic functions by

using the generalized Al-Oboudi differential operator. We determine certain
properties of the integral operator In(f1, · · · , fm) for the functions belonging
to the class Vλ

k
(β, δ, n).
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1 Introduction

Let A denote the class of all analytic functions of the form

(1) f(z) = z +

∞
∑

j=2

ajz
j

defined in the open unit disc U = {z ∈ C : |z| < 1}. Let S be the subclass of A
containing univalent functions defined in U . Let Pλ

k (β) denote the class of analytic
functions p(z) defined in U satisfying the following properties

i. p(0) = 1.

ii.

∫

2π

0

∣

∣

∣

∣

ℜeiλp(z)− β cos λ

1− β

∣

∣

∣

∣

dθ ≤ kπ cos λ
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where k ≥ 2, λ is real, |λ| < π
2
, 0 ≤ β < 1, z = reiθ, 0 ≤ r < 1.

Let Vλ
k (β) [7] denote the class of functions f(z) analytic in U satisfying the nor-

malization conditions f(0) = f ′(0) − 1 = 0 and

1 +
zf ′′(z)

f ′(z)
∈ Pλ

k (β)

where k, λ and β are as above.
For β = 0 we get the classVλ

k of functions with bounded boundary rotation studied
by Moulis [6].
Any function f(z) ∈ Vλ

k (β) if and only if

ℜ
{

eiλ
(

1 +
zf ′′(z)

f ′(z)

)}

> β cos λ, |z| < k −
√
k2 − 4

2
.

A function f ∈ U with the normalization properties f(0) = f ′(0) − 1 = 0 is said

to be in the class Uλ
k (β) if

zf ′(z)

f(z)
∈ Pλ

k (β).

For f ∈ A, Sǎlǎgean [10] introduced the differential operator
Dn : A −→ A, n ∈ N defined as

D0f(z) = f(z), D1f(z) = Df(z) = zf ′(z)

Dnf(z) = D(Dn−1f(z)).

Al-Oboudi [2] generalized this operator by considering Dn
δ : A −→ A,

n ∈ N, δ > 0 defined by

D0

δf(z) = f(z)

D1

δ = (1− δ)f(z) + δzf ′(z) = Dδf(z)

Dn
δ = D(Dn−1

δ f(z)).

From the above definition, if f is of the form ( 1), we have

(2) Dn
δ f(z) = z +

∞
∑

j=2

[1 + (j − 1)δ]najz
j , n ∈ N0,

with Dn
δ f(0) = 0.

Let Vλ
k (β, δ, n) denote the class of functions f(z) analytic in U with the normal-

ization properties f(0) = f ′(0)− 1 = 0 and

z(Dn
δ f(z))

′

Dn
δ f(z)

∈ Pλ
k (β)

where k ≥ 2, λ is real, |λ| < π

2
, 0 ≤ β < 1, z = reiθ, 0 ≤ r < 1.

For δ = 1, n = 1, we get the class Vλ
k (β) studied by Moulis [7].
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If δ = 1, n = o, we get the class Uλ
k studied by Moulis [6].

Any function f(z) ∈ Vλ
k (β, δ, n) if and only if

ℜ
{

eiλ
(

1 +
z(Dn

δ f(z))
′

Dn
δ f(z)

)}

> β cos λ, |z| < k −
√
k2 − 4

2
.

Let n,m ∈ N0 and αi > 0, 1 ≤ i ≤ m. We define the integral operator
In : An −→ A

(3) In(f1, · · · , fm)(z) =

∫ z

0

(

Dn
δ f1(t)

t

)α1

· · ·
(

Dn
δ fm(t)

t

)αm

dt, z ∈ U ,

where fi ∈ A and Dn
δ is the Al-Oboudi differential operator .

For parametric values of n = 0, δ = 1 we have the integral operator

I0(f1, · · · , fm)(z) =

∫ z

0

(

f1(t)

t

)α1

· · ·
(

fm(t)

t

)αm

dt,

introduced in [4].

If n = 0, δ = 1, m = 1, α1 = · · · = αm = 0 and
D0f1(z) = D0f(z) = f(z) ∈ A, we have the integral operator of Alexander

I0(f)(z) =

∫ z

0

f(t)

t
dt introduced in [1].

For n = 0, δ = 1, m = 1, α1 = α ∈ [0, 1], α2 = · · · = αm = 0 and
D0f1(z) = D0f(z) = f(z) ∈ S, we have the integral operator

I(f)(z) =

∫ z

0

(

f(t)

t

)α

dt studied in [9].

If αi ∈ C for 1 ≤ i ≤ m, then we have the integral operator
In(f1, · · · , fm) studied in [8].

2 Main Result

Theorem 1 Let fi ∈ Vλ
k (βi, δ, n) for 1 ≤ i ≤ m with 0 ≤ βi < 1, and

n ∈ N0, also let αi > 0, 1 ≤ i ≤ m. If
m
∑

i=1

αi(1− βi) ≤ 1, then

In(f1, · · · , fm) ∈ Vλ
k (γ), with γ = 1 +

m
∑

i=1

αi(βi − 1).

Proof: From ( 2), for 1 ≤ i ≤ m, we have

Dn
δ fi(z)

z
= 1 +

∞
∑

j=2

[1 + (j − 1)δ]najz
j−1, n ∈ N0
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and
Dn

δ fi(z)

z
6= 0, ∀z ∈ U .

Consider,

In(fi, · · · , fm)(z) =

∫ z

0

(

Dn
δ f1(t)

t

)α1

...

(

Dn
δ fm(t)

t

)αm

dt.

On successive differentiation of In(f1, · · · , fm), we get

In(f1, · · · , fm)′(z) =

(

Dn
δ f1(z)

z

)α1

· · ·
(

Dn
δ fm(z)

z

)αm

In(f1, · · · , fm)′′(z) =

m
∑

i=1

αi

(

Dn
δ fi(z)

z

)αi−1 z(Dn
δ fi(z))

′ −Dn
δ fi(z)

z2

m
∏

j=1, j 6=i

(

Dn
δ fj(z)

z

)αj

In(f1, · · · , fm)′′(z)

In(f1, · · · , fm)′(z)
=

m
∑

i=1

αi

[

z(Dn
δ fi(z))

Dn
δ fi(z)

− 1

z

]

.

Thus we obtain,

zIn(f1, · · · , fm)′′(z)

In(f1, · · · , fm)′(z)
+ 1 =

m
∑

i=1

αi

[

z(Dn
δ fi(z))

Dn
δ fi(z)

]

−
m
∑

i=1

αi + 1.

This relation is equivalent to

ℜ
{

eiλ
(

zIn(f1, · · · , fm)′′(z)

In(f1, · · · , fm)′(z)
+ 1

)}

=
m
∑

i=1

ℜeiλ
{

αi

z(Dn
δ fi(z))

′

Dn
δ fi(z)

−
m
∑

i=1

αi

}

+ 1.

Since fi ∈ Vλ
α(βi, δ, n), we get

ℜ
{

eiλ
(

zIn(f1, · · · , fm)′′(z)

In(f1, · · · , fm)′(z)
+ 1

)}

>

m
∑

i=1

ℜeiλαi −
m
∑

i=1

αi + 1

1 +

m
∑

i=1

αi(βi − 1).

Hence In(f1, · · · , fm)(z) ∈ Vλ
k (γ), where γ = 1 +

m
∑

i=1

αi(βi − 1).
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Corollary 1 For parametric values n = 0, δ = 1, k = 2, λ = 0, we get the follow-
ing result [3].
Let αi, i ∈ {1, 2, ..., n} be real numbers with the properties αi > 0 for i ∈ {1, 2, ..., n}

and

n
∑

i=1

αi ≤ n+ 1. We suppose that the functions fi,

i ∈ {1, 2, ..., n} are the starlike functions of order 1

αi
, i ∈ {1, 2, ..., n}, that is

fi ∈ S∗
(

1

αi

)

for all

i ∈ {1, 2, ..., n}. Then the integral operator defined in ( 3) is convex.

For β1 = β2 = · · · ,= βm = β, δ = 1, and n = 0, similarly we prove the following
theorem.

Theorem 2 Let αi be real numbers with the properties αi > 0 for

i ∈ {1, 2, ..., n} with

m
∑

i=1

αi ≤ 1. We suppose that the function

fi ∈ Vλ
k (β, 1, 0). Then the integral operator defined in ( 3) belongs to Vλ

k (γ), where

γ = 1−
m
∑

i=1

αi.

Corollary 2 For parametric values n = 0, δ = 1, k = 2, λ = 0, we get the follow-
ing result [3].
Let αi, i ∈ {1, 2, ..., n} be real numbers with the properties αi > 0 for i ∈ {1, 2, ..., n}

and
n
∑

i=1

αi ≤ 1. We suppose that the functions fi,

i ∈ {1, 2, ..., n} are the starlike functions. Then the integral operator defined in ( 3)

is convex by order 1−
n
∑

i=1

αi.
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