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On certain classes of w — p—valent functions !

A. T. Oladipo, Daniel Breaz

Abstract

In this paper we study new subclasses of p—valent function. Coefficient
inequalities, inclusion relation, and extreme points of these classes are studied.
Furthermore, relevant connections of our classes with the existing ones through
various choices of the parameters involved are also considered.
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1 Introduction

Let A, denote the class of functions f(z) of the form

(1) f(z) =2+ Z apz®

k=p+1

which are analytic and p—valent in the open unit disk U = {z : |z| < 1}.
A function f € A, is said to be p-valently starlike of order 3 if it satisfies the
condition

2f'(2)
Re{ B }>5, 0<B<1,z€l)

and this class of functions are usually denoted by S;(8).

Also, a function f € A, is said to be p-valently convex of order 3 if it satisfies the
condition

2f"(2)
f'(2)

Re{l—i— }>ﬂ,(0<ﬁ<1,z€U)
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and this class of functions are usually denoted by K,(f3).

The classes mentioned above have been severally investigated from different point
of view as it could be seen in literatures.

In the recent time, Kanas and Ronning [1], precisely in 1995 introduced a subclass
of our well known class of analytic functions and denote it by A(w) and is of the
form

(2) F2) = (—w)+ 3 ap(z —w)t
k=2

which are normalized with f(w) =0 and f/(w) —1 =0 and w is a fixed point in U.
We also remark here that A(w) C A and S(w) C S the classes of analytic and
univalent functions respectively.

Kanas and Ronning made use of these classes of analytic and univalent functions
to define and studied the following classes of w—starlike and w—convex functions.
These classes were defined as follows

= *w = w) ew z
ST(w) = §*(w) {feS( )i Rem— e >0, eU}

= Cw = w) ew z
CV(w) = 5% w) {fES( ):1+R ) > 0, EU}

where w is a fixed point in U. They obtained several related univalent results [1].
After this, several other authors had further work in this direction, the likes of Acu
and Owa [2], Oladipo [3,4], and Aouf et al [5] and they all obtained some interesting
results.
The motivation for this paper is that the authors wish to extend these classes of
functions to the domain of w — p—valent functions and see its relevant connections
to our usual known classes of p—valent function.
Let w be a fixed point in U. We denote by A,(w) the class of analytic functions of
the form
[e.e]

(3) JE) = G-wr+ S aplz—w)

k=p+1
which are analytic and w — p—valent in the open unit disk.
It is easy to see that A,(0) = A,.
A function f € Ap(w) is said to be w — p—valently starlike of order g if it satisfies
the condition

(z —w)f'(2)
f(z)
and this class of functions shall be denoted by S, (w, 3).

Also a function f € A,(w) is said to be w—p—valently convex of order f3 if it satisfies
the condition

(4) Re >0, (0<p<1, z€U)

(z —w)f"(2)

(5) 1+ Re 7)

>0, (0<p<1, z€U)
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and this class of functions shall be denoted by Kj,(w,).We quickly mention here
that the |w| = d see [1,2,3,4,14].

With the aid of w — p—modified Catas et al derivative operator the authors wish to
give the following definition.

Definition 1 Let w be a fized point in Uym € N,n € Ng,A > 0,1l > 0, >
0,p € N,0 < B < p. Then the function f € Ap(w) is said to be in the class
Tm,n(puaalgu)\7l7w) Zf

mOFEY I ADAE)
©) Re{m;u,w(z)} e

where 17, ,(A\, 1) f(2) is a derivative operator such that I (A1) : Ap(w) — Ap(w) and
it is defined as follows

—1|+5

(7) Iy (WD f(2) = f(2)

LopADF () = LopOW DS (2) = Lo, (A Df(2) (%) + (IB,p(A,l)f(z))’A(%j)p

_ <1+)\(p—1)+l>(z_w)p+ i <1+)\(k—1)+l>ak(z_w)k.

1+1 Ml 1+1
And in general we have
(8) Ig,p()‘a l)f(Z) = Iw,p(A7 l)(‘[g,;l()‘a l)f(Z))
(1 Ap -1 +1\" b = [(LHAE-D+1\" L
_< . (z —w)? + Z 11 ag(z —w)".

k=p+1

With various choices of the parameters involved various new and existing classes
and derivative operators by various authors could be derived. For example we have
the following:

Remark 1 (i) Forw =0 we have f € Ty n(p, o, B, A, 1,0) = Ty n(p, @, B, A, 1) and

RO
fie {Iatpu,wf(z)} g

(i1) For w=0,A=1,1 =0 we have f € Ty, n(p,, 5,1,0,0) = T}, n(p, v, B) and

[Im00se)
f {Iapu,omz)} g

15 (A D f(2)

IO

+ 8

—-1/+2
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(77i) For w=0,A=1,l =0 and o = 0 we have f € Ty, n(p,0,5,1,0,0) = T, n(p, 5)

17,(1,0)£(2)
l%{QALwﬂ@}>ﬁ

(iv) For w=0,A =1,1l =0 and o = 0,5 = 0 we have f € T}, »,(p,0,0,1,0,0) =
J%Ln(pa)

157, (1,0)f (2)
Re {m} >0

(v) Forp=1,A=1,1 =0 we have f € T), n(1,,5,1,0,w) =Ty, n(c, B,w)

17,(1,0)/(2)
fe {133,1(1,0>f<z>} -

Remark 2 (i) For p = 1, the operator I} ,(A\1) = I5(\l) was introduced and
studied by Aouf et al [5].

(i) For p=1,A = 1,1 = 0, operator D} = I} 1(1,0) was introduced and studied by
Acu and Owa [6].

(i4i) For w = 0,p = 1, the operator If1(A\,1) = I"(\,l) was introduced and studied
by Catas et al [7].

(iv) For p = L,w = 0, = 0,\ > 0, the operator DY = Ig;(\,0) = I"()\) was
introduced and studied by Al-Oboudi [8].

(v) For w=0,p = 1,\ = 1, the operator I"(1,1) was recently studied by Cho and
Kim [9],also by Cho and Srivastava [10].

(vi) For w = 0,p = 1,1 = 0,\ = 1, the operator D™ = I"(1,0) was introduced and
studied by Salagean [11].

(vit) For w=0,p = 1,1 = X\ =1 the operator I"™(1,1) was studied by Uralegaddi and
Somanatha [12].

(viii) For w = 0,\ = 1,1 = 0 the operator Dy = I ,(1,0) was studied by Akbulut et
al [13].

Also let Ty, ,(p, o, B, \ Lw)(s = 0,1,2,...) be the subclass of Ap(w) consisting of
functions f(z) which satisfy the condition

(9) T (D B, A Lw) © 15, (A D) f(2) € T (P, @, B, 4,1, w)

2 Coefficient inequalities

Theorem 1 If f(z) € Ap(w) satisfies

(10) > Qmn, kL d N o, B,p,w)|ak] < 2(7™ — Br")
k=p+1
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where
(11) Q(m,n, k,1l,r,d,\, a, B,p,w) =

= (r+d)FP[lo™ — 0" — Bo"| + (6™ — 0" — Bo™) + 2alo™ — o]
and

S T+ XE—-1)+1\" n 1T+ AE—=1)+1\"
B 1+1 1+1

" 1+Ap—1)+1 n_ 1+ Ap—-1)+1\"
T 1+1 - 1+1

m € N,n € Nog,A > 0,1l > 0,k >

Tm,n(pa 7/67A7l7w)

2,p € N for some 0 < B < p, then f €

Proof. Suppose that (10) is true for S(0 < 8 < p),a >0, > 0,A > 0,a > 0 and w
is fixed in U. For f(z) € Ap(w), let us define the function F'(z) by

15,ADf () [ 15(A D f(2)
13,(\ D f(2) 15,(A D f(2)

Fop(z) = -1/ - 8.

It suffices to show that

and w is a fixed point in U.

We note that

F,p(z
F,,(z

) —

)+
SN Df(2) — ae? |17, (D f (= )—Iﬁ,p( (2)] = BI5, (N D f(2) = 15 ,(\ D) f(2)
DA D f(2) = ae |1, (D f(2) = 12, (WD F(2)] = BIZ (D (2) + 12, (X D (2)

w7p
Applyiny (8) to the above equation and transform the right hand side to become

(
(

Fup(z)—1 _
Fup(z)+1

T S (0™ e Mag(z — w)F P
k=p+1

m_ .n_ g.n X m_ n_ a.n o Nk—p _ 6
(7 T BT+ X (o o Bo™ag(z — w) ae
k=p+1

= <
o =] -
(k=BT 4 B (o7t om = foman(s — )P —ael? | — e b B (o7 = oM ag(z — @)k P
c=p c=p
n n _ _m X m _ _n _ n _ k—p _ 6 m _ _n 6 X m _ _n _ k—p
("B -7 )+kE+1\U o = pa"[lag| |(z = W)l ale[*” (T ) + el kE_H\U o[ lagl [(z = w)|
=P =P
=) i i =)
(rm 4T = BT = 3 (o™ = o™ = Bom) fag| (= —w)FTP — el (7 —7m) —aleli® 3 o™ —on| fag||(z — w)[F P

oo
(BT 477 =7 —ar™ £ ar™) 4 By 0™ = 0" = B+ N P larl ko B o™ =™ 0+ @) fag

<

oo oo
(7—7” + T?L — BT’IL — a-r’NL + D”_'n) — E (U’NL — o.'n — BU’”‘)(T + d)kfp ‘a‘k‘ — E ‘U’NL — o.'n‘ (T‘ + d)k*p ‘a’k‘
k=p+1 k=p+1
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The last expression is bounded above by 1, if

oo oo
ﬁ‘rn n M g™ n ar™ + Z ‘a'm _ oM _ Bo_n‘ (7‘ +d)k'7p ‘ak‘ ta Z |O_7n _ an‘ (7‘+ d)k'fp ‘ak‘

k=p+1 k=p+1
oo oo
< Fm n P BT'n —ar™ + ar™ — Z (O_NL _ oM _ Bo‘n)(’r‘ n d)k'fp ‘ak‘ —a Z ‘a'm _ O_nl (7‘ + d)kfp ‘ak‘
k=p+1 k=p+1

which is equivalent to our condition (10), where

Jm <1+>\(k—1)+l>m7 o <1+)\(k:_1)+l>n

141 1+1
" L+ AXp-1)+1\" 1+ Ap—1)+1\"
TV = , T =

1+1 1+1

and we complete the proof of Theorem 1.
In view of Thorem 1 above we have the following.
On setting [ = 0 in Theorem 1 we have

Corollary 1 If f(z) € Ap(w) satisfies

0
Z Q(manvkvoara d7 )‘aaaﬁ>p?w)‘ak| < 2(7_777, - /BTn)
k=p+1

where

Q(m,n, k,0,r,d X\, a, B,p,w) =
= (r+d)fP[lo™ - o™ — Bo"| + (6™ — o™ — Bo™) + 2ale™ — o]

and

o =0+ AXk-1)", o"=04+Nk-1))"

P (L Ap— 1), 7= (14 A(p—1)"
for some 0 < B < p and other parameter as earlier defined then f(z) €
Ty p(p, o, B, A, 0,w).

Also putting A = 1,7 = 0 in Theorem 1 we have

Corollary 2 If f(z) € Ap(w) satisfies

o
Z Q(m7n7 ka 07T7 d7 1704757]77@)‘(%‘ S 2(pm - prn)
k=p+1

where
Q(m7n7 k’()?,r? d’ 17a7187p7w) =

= (r+d)*PE™ — k" — BE"| + (K™ — k™ — BE™) 4 2alk™ — k"]

with every other parameter as earlier defined, then f(z) € Tpn(p, o, (,1,0,w) =
Tm,n(pvavﬁvw)'
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On setting m =1,n =0, =0, A =1 in Theorem 1 we have
Corollary 3 If f(z) € Ap(w) satisfies
[ee]
Z Q(l,O,k‘,O,r, d7 1,a,ﬁ,p,w)\ak\ < 2(p - /8)
k=p+1

where

Q(1,0,k,0,r,d, 1,0, 8,p,w) = (r+d)* P [|k = B + (k — B) + 20k]]
then f(2) € Tyo(p, v, 8,1,0,0) = T(p, a, B,w).
Form=1,n=0,l=0,A=1,p=1 in Theorem 1 we have

Corollary 4 If f(z) € Ai(w) satisfies
> Q(1,0,k,0,7,d, 1,0, 8,1,w)|a| < 2(1 - B)
k=p+1
where
Q(lao’ k‘,O,T, d> 170575’ 1’(")) = (T + d)kil Hk - /3‘ + (k - ﬁ) + 204““‘]

then f € T(a, B,w).
For various choices of the parameters involved various coefficient inequalities both
new and the existing ones could be obtained.

Theorem 2 If f(z) € Ap(w) satisfies

o
(12) > ot Qm,n, kL, d A o, B,pw)lag] < 2(7™ — Br™)
k=p+1

where
Q(m, n, k?, l, T, d7 )‘7 «, /Bupaw)

is as defined by (11) for some f(0 < B < 1,a > 0,A> 0,1 > 0,m € N,n € Ny then
f(z) € Ty (P, B, A L w)

Proof. From
f(z) E T?f’l,n(p? a? 57 )\7 l7w) <:> I(f],p()\7 l)f(z) E Tm,n(p7 a? 57 )\7 l?w)

replacing a; by o°a; in Theorem 1, we have the theorem.
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3 Inclusion Relation for 7, ,(p, A\, a, 5,1, w)
In view of Theorem 1 and Theorem 2, we have
Theorem 3 Ty 1 0+1(P, LA, @, B,w) C T n(p, 1A, o, B,w)

Proof. From Theorem 1 we have that

(13) Z Q(m,n, k, o, B, N\ 1, r,d)ag < Z Qm+1,n+ 1,k a,B,\ 1,1 dag
k=p+1 k=p+1

Therefore, if f(2) € Tht1n+1(p, o, B, A, l,w), then f(z) € T n(p, o, B, A\, l,w). Hence
we get the require result.

4 Extreme point

Now let us determine the extreme point fot the class Ty, (p, o, 5, A, [, w).
Theorem 4 Let f1(z) = (z — w)P and

2(r™ — pr™)
Q(m7n7p + ].,CM,,B,A,Z,T, d)

(14)  fi(z) = (z —w)’ + (z—w), k>2

where Q(m,n,p + 1,a,8,\,l,r,d)is as defined in (10). Then f(z) €
T (ps o, B, A Lw), if and only if it can be expressed in the form

(15) F2) =) wfi(2)
k=p

where

o
’YkZQZ’YkZl

k=p
Proof. Suppose that
s ) Nk
Z’Yk;fk (2 +Z'V(2mnp+1a,ﬁ,)\l7“d)(z g
k=p+1
Then
o0
2(r™ — pr™)
17 0 Lo, B\ 1r,d
a7 3 AmnptLafALndgr st e

k=p+1

= D 2" =B =20 =BT Y

k=p+1 k=p+1
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= 2™ — BT (L~ ) < 2™ — 7).

Then f(z) € Trn(p, o, B, A, l,w) from the definition of the class Tp, ,(p, [, A, o, B, w).
Conversely, suppose that f € Ty, »(p, @, 5, A, [, w). Since

2(r™ — pr™)

18 < k> 1
( ) akiQ(m7nap+]—7a7/67A7l7T7d)’ 7p+
we may set

Q(m,n,p+1,0,8,\1,r,d)
1 =
and

(20) n=1- > %

k=p+1
Then
(21) f) =Y whel2)
k=p+1

This complete the proof.
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