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Certain subclasses of meromorphic functions using
convolution and subordination !

T. N. Shanmugam, M. P. Jeyaraman

Abstract
In this paper, we define certain subclasses of meromorphic functions us-
ing convolution and differential subordination and investigate various inclusion
properties of these subclasses.
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1 Introduction

Let M denote the class of functions f defined by
1 [ee]
(1) FA =S+ D e
n=

which are analytic in the punctured unit disc £ = {z : 0 < |2| < 1}, and having a
simple pole at the origin with residue unity. Let 3 will denote the subclass of M
consisting of univalent functions.

Given two function f and g, which are anlytic in the open unit disc A, the
function f is said to be subordinate to g, written as f < g or f(z) < g(2) (z € A),
if there exists a Schwarz function w(z) analytic in A, with w(0) = 0 and |w(z)| < 1
and such that f(z) = g(w(z)).

If ¢ is univalent in A, then f < g if and only if f(0) = g(0) and f(A) C g(A).

The convolution (or Hadamard Product) of two power series f(z), given by (1)

1 o0
and g(z) = B + Z b,z" is defined by
n=0

(F*)E) =5+ anba™
n=0
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In this paper, unless otherwise stated g € M be arbitrary but a fixed function
and H be the class of all functions h which are analytic and univalent in A and for
which h(A) is convex with 2(0) =1 and Re{h(z)} >0 (z € A).

Let MJ(h) denote the class of functions f € M such that

where (g * f)(z) # 0 for z € A.
Let Mg(h) denote the class of functions f € M such that

L e
{” 0 ) }*h( )

where (g % f)'(2) #0 for z € A.
Let Mg (h) denote the class of functions f € M such that

for some ¢ € MJ(h).
Now, we define our new subclasses of meromorphic functions using convolution
and subordination.

Definition 1 Let My(a;h) denote the class of functions f € M such that

_az(z(g * [)(2) + (1 —a)z(g* f)(2) < h(z)

az(g* f)(z) + (1 —a)(g* f)(z)

where (g% )/ (2)(g * £)(2) # 0, a > 0.

Definition 2 Let M R,(cv; h) denote the class of functions f € M such that

g NEN + (=)o V)

az(gx¢)(z) + (1 - a)(g * 9)(2)

for some ¢ € My(o; h) and o > 0.

We note that the class My(0;h) = MJ(h), My(1;h) = M;"(h). For a = 1,

g9(z) = ﬁ and h(z) = %, the class My(o; h) reduces to well known class

of meromorphic convex univalent function of order § (0 < 8 < 1) in A.

Also M« (O, %) is the well known class of meromorphic starlike uni-

z(1—=z

valent function of order 5 (0 < 8 < 1) in A.
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2 Preliminary Result

In proving our main results, we need the following lemmas.

Lemma 1 [2] Let 3,7 € C and h € H(A) be conver univalent in A with h(0) = 1
and Re(Bh(z) +v) >0 in A, and let

p(z) =1+piz+--- € HA).

Then p(z) + () =< h(z) implies p(z) < h(z).

Bp(z) +~
Lemma 2 [3] Let 5,7 € C, h € H(A) be convex univalent in A with h(0) =1 and
Re(Bh(z) +v) > 0 in A. Let ¢ € H(A) with ¢(0) = 1 and q(z) < h(z) in A. If
zp'(2)
Ba(z) +~
Lemma 3 [1, p. 248] Let ¢ € K, the class of convex univalent functions, g € S*

and F € H(A) such that ReF > 0. Then (?;gg) lies in the convex hull of F(E).

Several inclusion properties for the subclasses of analytic functions using con-
volution and subordination were discussed in [3, 4, 5, 6]. Motivated by the above
mentioned work, in this paper, we investigate several inclusion properties of the
classes My(a; h) and M R,4(cv; h). Some applications involving integral operators are
also considered.

p(z) =14+ piz+--- € H(A) then p(z) + < h(z) implies p(z) < h(z).

3 Inclusion Results

Theorem 1 Let h € H with mag (Re{h(2)}) <1 -1,
ze

(0 <a<1). Then My(a;h) € My(0,h) = MJ(h).
e VG gy
Proof. Let f € My(a;h) and p(z) 0= D) Th

az(z(g* f)(2)) + (L = a)z(g = ) (2)
= —az((g* [)(2)p'(2) + (g% [) (2)p(2)) — (L = a)p(2)(g * f)(2)
= —(azp'(2) + p(2)((1 — a) — ap(2)))(g * f)(2),
and
az(gx f)(2) + (1 = a)(g* f)(2) = (—ap(z) + (1 — ) (g * [)(2)-
Hence
az(z(g * f)'(2)) + (1 — a)z(g * f)'(2)
az(g = f)(z) + (1 —a)(g* f)(2)
_ozp'(2) + p(2)((1 — @) — ap(2))
(1 —a)—ap(z)
zp'(z)
—p(2) + (a7t = 1)

=p(z) +
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Since f € My(o; h), we conclude by Lemma 1 that —p(2) < h(z), for Re(—h(z) +
1 1) >0in A, which implies f € M3 (h).

Theorem 2 Let f € My(a;h). Then for 0 < o < 1, we have F' € My(c; h), where

Zlfl/a

@) Plz) = /0 Cat (e,

(07

Proof. From (2), we get
azF'(z) + (1 — a)F(2) = f(2).
This, by convolution with g(z), gives
a(g*2F")(z) + (1 — a)(g + F)(2) = (9* )(2).
Using the fact that (g x zF')(2) = z(g * F')(z), we have
(3) az(gxF)'(z) + (1 —a)(g* F)(2) = (9% f)(2).
Taking logarithmic derivative with respect to z and multiplying by —z, we get

az(z(g F)'(2)) + (1 —a)z(g* F)'(2) _ (g *[f)'(2)
az(g« F)'(2) + (1 —a)(g * F)(z) (g f)(z)

Since f € My(a;h) € Mg (h) (by Theorem 1), we have

(4) -

which implies F' € My (a; h).
Theorem 3 f € My(a;h) iff v = Azf' + (1 = A\)f € M (h).
Proof. Using the fact that

Z(g*f)/:g*zf/, Z2(g*f)”:g*22f”

and the property of Hadamard product, the proof follows immediately.

Theorem 4 If ¢ € K, the set of all convex function and f € My(o; h) then ¢ * f €
My (o h).

Proof. From Theorem 3, if ¢ € K and f € My(a;h) then
Y =oazf + (1 —a)f € Mj(h).
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sl V) + (=g )
bt b = e ) T (= a)g= D) O et F <

Now,
az(z(gx¢* [)(2) + (1 —a)z(gx 9= [)(2)
az(g*x¢x f)(z) + (1 —a)(gxg=*f)(z)
_ o oz(z(ox (g f)(2) + (A —a)z(¢ * (g [)(2)
az(¢ (g% f))(2) + (1 —a)(@=*(g*f))(2)
_(@xfaz(z(g x [)'(2) + (1 —a)z(g * f) (=
(¢ [az(g * f)'(2) + (1L — ) (g * f)(2)
_ (@x[Faz(g = f) + (1 —a)(f*9)])(2)
(¢ [az(g * f)(2) + (1 = a)(f * 9)])(2)
_ 9xF(dxg)
dx(hxg)

Since ¢ € M (h), g * 1 € MS*. Thus, from Lemma 3, we have ¢ * f € My(a; h).
Theorem 5 My (o;h) € Mysg(os h) for every ¢ € K.

Proof. Let f € My(c; h), then by Theorem 4, we have
¢ f € My(a;h). Hence
az(z(g* (¢ + f))(2)) + (1 —a)2(g* (¢ f))(2) h(z)
az(g* (¢ f))(2) + (1 —a)(g* (¢ * [))(z)
in A, which implies f € My.4(a; h).

Next, we prove an inclusion relation for the class M R,(a;h).
Theorem 6 Let h € H with Tecg:(Re{h(z)}) <l-1,0<ax<l.
Then, MRy(a : h) C MRy(0;h) = Mgc(h).

Proof. Let f € My(a;h). By setting

e D
S P T R

we have

az(z(g* f)'(2) + (1 = a)z(g * f)'(2)
az(g*¢)(z) + (1 —a)(g * 9)(2)
) ()

oz (9(2) —p@EGE) - (1 -ap(z)

m -
() + ( g
) az &’:ij . >
p(e) + — 2 ) < h(z),

—a(z) + (5 - 1)
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since f € MR,(a;h). Here, by Theorem 6, ¢(2) < h(z).
Now, by an application of Lemma 2, we have p(z) < h(z), which completes
Theorem 6.

Theorem 7 If f € MRy(a; h) then F € MR,(a;h) where F is as defined in (2),
for 0 < a < 1.

Proof. Differentiating F' as defined in (2) with respect to z, we have
azF'(z) + (1 — a)F(2) = f(2).
This on convolution with g(z) yields
az(g« F)'(2) + (L= a)(g* F)(2) = (g + f)(2),

where we used the identity (g * 2zF")(z) = z(g * F)'(2).
Again differentiating with respect to z we get

(5) —[az(z(g * F)'(2)) + (L — a)z(g = F)'(2)] = —2(g * f) ().
Since f € M Ry(a; h), there exist a ¢ € My(a; h) such that

az(z(g+ f)'(2))" + (1 — a)z(g * [)'(2)
az(gx¢)'(z) + (1 - a)(g * 9)(2)

Then, by Theorem 2, 1 defined by

=< h(z).

(6) bz) =2 “/Zﬁwww

« 0

is in My(o; h).
Differentiating (4) with respect to z and convoluting the result with g(z) yields
after simplification

(7) az(g ) (2) + (1 = a)(g*¥)(2) = (9% 9)(2)
Finally (3) and (5) together yield,

_az(z(gx F)(2) + (1 —a)(g=F)'(2) _ 2(g*[)(2)
az(z(g * ) (2)) + (1 — a)z(g *¥)'(2) (gx)(2)

Since, f € M Ry(a; h), then by Theorem 6, we have

D@
o)) e

Thus, we get F' € M Ry(c; h).

Finally, we define a new class MI,(c; h).
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Definition 3 Let MI,(c;h) denote the class of functions f € M such that

(e 202 = Dy - D

(9% 9)(2)
for some ¢ € Mj(h) and a >0 in A.

Remark 1 When a =0, MIy(a;h) coincides with Mg (c; h). In particular if ¢(z)
is coincide with f(z) then MIy(a,h) is nothing but MJ(h).

Theorem 8
1 If f € MIy(ash) then f € MIy(0,h) = M(a;h) for o < 0.
2. fora < B <0, MIg(osh) C MIg(B;h).

Proof.
1. Let f € MI,(ash).
By setting
e V@ e
T SR R TE
we have
lallgs Q) gx ()
( DO )
(O N
—a (T ) + (- e
zp' (2)
(2) q(2)

/
Since f € M14(c; h), we have p(z) + OZZ](?Z()Z)

< h(z) and ¢(z) < h(z). Now an
application of Lemma 2 yields that p(z) < h(z), which implies f € Mg (a;h).

2. If 8 =0, then this part reduces to part (i). Therefore, we assume that g # 0.
Suppose f € MI,(a;h). Then Jy(o; f(2), #(2)) < h(z).
Let z; be arbitrary point in A. Then

Jo(a; f(z1),0(21)) € h(A).

29 * f)(2)
(9% ¢)(2)

Also, by part (i), we have — =< h(z) and so

_z1(g x ) (=)

o)) <&
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Now,
Jo(B; f(2),9(2))

_ (l . g) Q%) + 2 Uy(as 1(2),020)

Since 0 < g < 1 and h(A) is convex, we have

Jy(B; f(21),9(21)) € h(A).

Therefore J,(8; f(2),¢(2)) < h(z), that is f € M1,(B; f(z),¢(2)), which im-
plies
MIg(a;h) € MIy(B;5h).
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