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The Fekete-Szego Theorem for Certain Class
of Analytic Functions®

Ma‘moun Harayzeh Al-Abbadi, Maslina Darus

Abstract

In this paper we discuss a well-known class studied by Ramesha [12] and
later by several authors ( see [8, 1, 7]). Next we extend the class to a wider
class of functions f denoted by ul 5 which are normalised and univalent, in
the open unit disc D = {z€ C : |z| < 1} satisfying the condition

(L T0) 4 vcncrvmocrer

where g € S*(7), g(z) # 0and 0 < v < 1, is a normalised starlike function
of order 7. For f € ul 5 we shall obtain sharp bounds for the Fekete-Szegd

functional | as — p a3 | when g is real.
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1 Introduction and Definition

Let S denote the class of normalised analytic univalent functions f of the form:
o

(1) flz) =z + Zan 2", an is complex number
n=2

where z € D = {z€C : |z| < 1}. A classical theorem of Fekete and Szegd [5]
states that for f € S and given by (1),
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for 0 < p < 1 and the inequality is sharp.

For the subclass of S, consisting of convex functions C, starlike functions S* and
close-to-convex functions K. Sharp upper bounds for the functional |a3 — p a3 ‘
have been studied by various authors, namely Keogh and Merkes [9], Koepf [10],
Darus and Thomas [2, 3, 4] and Frasin and Darus [6]. In particular, for f € K and
be given by (1), Keogh and Merkes [9] showed that

1 4 . 1 2
3t i3 <p <3,
az — pa3| <
L, if 2 <p<1,
(dp =3, i p o> 1,

and for each p there is a function in K for which equality holds.

In this paper, we give an estimate for the same functional for our class ul 3 defined
as follows:

Definition 1 For0 < a < 1,0< 8 < 1, and 0 < v < 1. Let the function f be
analytic in D and be given by (1). Then the function f € ulﬂ if and only if there
exist g € S* (v) such that for z € D

W) | 2T ()
® Re( PO g<z>> > 7

Here S*(y) denotes the class of starlike functions of order v. That is g € S*(v) if
and only if ¢ is analytic in D with g(2) = z + bg2? + b3z + ... , and

29 (2)
(3) Re{ ) } > 7, g(z) #0 for z € D.

We first state some preliminary lemmas, required in the proof of our result.

2 Preliminary Results

Lemma 1 (Pommerenke [11]). Let h be analytic in D with Re h(z) > 0 and be
given by,

h(z)=1+ ciz+ 22 +..., for z € D, then

o
Cy) — —
2

| 2

, - La

lcn] <2 where n >1 and < 5
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Lemma 2 (Keogh and Merkes [9]). For 0 < v < 1, let g € S*(v) with g(z) =
2 + boz? + b323... . Then, for u real

b3 — pb3| < (1—ny)max {1, [3 =2y —4u(l-7)[}.
Next, we give our first result as follows:

Lemma 3 Let the function f given by (1) belongs to the class ugﬁ. Then
(a+1)lasf < (2—~v—B)
and
3(20+ 1) [as] < (3—29) (3 — 7 — 28)
where 0 < a<1l, 0 <8 <land0 < v <1.

Proof. Since g € S*(v), it follows from (3) that

(4) 20 (2) = [v + (1 = 7)p(2)] 9(2).

For z € D, with Re p(z) > 0 given by p(z) = 1 + p12z + paz? +p3z® +.... , where
p1, P2, -... , are complex numbers. Equating coefficients in (4), we obtain

(5) by = p1(1—7)

and

(6) 2b3 = (p2+b2p1) (1 — 7).

It also follows from (2) that

(7) a [ (2) + 2f'(2) = g (2) [B+ (1= B)h(2)],

where Re h(z) > 0. Writing h(z) =1+ c12 + 22 + ..., where c1, ca,.... € C.
Now from (7), we have
o0
z—i—Zanz” (an®* —an+n) =
n=2

:Z+(b2+(1—,3)01)22—1—[(1—,3)(02+Clb2)+b3]23+....

Equating coefficients, we have

(8) 2(a+1)a2:cl(1—ﬁ)+b2,
and
(9) 3(2a+1) az = (1 —ﬁ) [02+01b2] +b3.

The result now follows on using classical inequalities, [p1| < 2, [p2| < 2, |c1] <
2, |ea] < 2, and applying the following inequalities, |bo] < 2 (1 — «) and
|bs| < (1 — 7)(3 — 2v), which follow from (5) and (6).

Now, we shall show our main result for the class ul 5
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3 Main result

Theorem 1 Let the function f be given by (1) and belongs to the class uzl 5 - Then,
for0 < a < 1,0 < 1land0< v < 1,

32+ 1) |ag — pa3| <

[(1=9) (7 =48 = 27) +2(1 - )] — EEDEPF

- 2(1-7)(a+1)?
it p < 3(2—'\/16§2a+1)7

2 (a1)2
(1) 2y — 1) +2(1 - §) + 202l Dt

o 2(1—7)(a+1)? 2(a+1)?
if 3(2—716)(20(-1—1) < BS 3@ag1)

.o 2(at1)? 2(2—v)(3—v—28)(a+1)?
2= +0-y, i 3E2a+%> <p< 3(3)—(7—2)2(2«)1(4—1) -

o a2
—[(1 =) (7~ 48 = 29) + 2(1 — §)] + P

i 22-9)B-1-26)(a+1)’
3(2—y—B)*(20+1)

< p.

For each u there is a function in ul’ﬁ such that equality holds.

Proof. Write
3(2a+1) (a3 —,ua%) =32a+1)a3 — 32a+1) pal

From (8) and (9), we have

32a+1) (a3 —pa3) = (1—B)[ca+cibo] + b3
— 3Q2a+1)p (1_5)20%4723:351[)2(1_@].
Then we get
3(2a+1) (a3 — pa3) = bg—%%—@(l—ﬁ)
- g [t oste ]
(10) + boer (1) [1 - %} :
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From (10) gives

IA

200 + 1) pb3
3(2a+1)‘a3—,ua§| ‘b _M

4(a+1)

Ha0-6)- 38007

1 2 2
—— 2(a+1)"-32a+1 c1 (1 —
Tare Pty -3at Dafla@-p)
|b2| |ea| 1 — B ‘ 2
————— 2(a+1)"—-3(2a+1 ‘
e Pl =seat Dy
Now we consider the first case:
2(a+1)>
F=350ar1)
Having,
3(2a+1) p b3
he — 2N T )72
3 4(a+1)2 >0,
and

2(a + 1) = 3QR2a+1)pu > 0,
and by applying the following inequalities,

2] < 2(1—=7), [bs] < 3-27)(1—7)

and

2 ) 2
cﬂl—ﬁ)—‘ﬁ(%ﬁ) _ el =67

follows immediately from Lemma 1. Now by Lemma2 we get

320+ 1) pu(l—~y)°
(o + 1)

3(20+ 1) |as — pa3| < ((3—27)(1—7)+2(1—5)—

320+ 1 plerf (1 - )
4(a+1)

(1=7) [2(a+1)* =32+ 1) | |er (1 - )

(o + 1)?
= ¢(x), say with z = |¢q].

(11) +

Elementary calculation indicates that the function ¢ attains its maximum value at,

201 — 7) [2(a+1)2—3(2a—|—1)u
30— 7)o T )5

Xo =

A straightforward calculation gives us

4(1-9)* (a+1)*

¢ (o) = (1L =@y~ +20 = B) + =5 =
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Now we have

3(2a+1)|ag —paj |
10-7) (@t 1)?

12 < o) = (L —79)(2y—-1)4+2(1 — .
(12 < o) = [(1=) 1)+ 201 - )+ =T
Next, since |z, | < 2, we get the interval

2(1—7) (a+1)? _ 2(a+1)°
< th < —>
3(2_7_@(2@_’_1)7#, in the case #*3(2044—1)

Hence the result (12), and completes the proof for the case

(o + 1)

2(1—7) (a+1)° 2
32a+1)

32—7-F) Ra+1)
We can see that the result is sharp by choosing

<p<

2(1 - 7) ﬂa+1f—3@a+uu]
31-F) Cat ) p
and b3 = (3 —27v) (1 —v), and substituting in (10) to get the desired equality.

o =2,p1 =2,p2=2,bp=2(1—7)

c1 =

Secondly, we consider the case

2(1—7) (a+1)?
H=30-7=B)@a+1)

Write

o, 2= (@t1)? [ 2(1—9) (a+1)? ]2
az — pas = ag

a as.
32-7-B)2a+1) %" |[32-7-8)(2a+1) 2
Now we say that, by using the inequality from Lemma 3,

2—y-8
< - "
la2] < a+1
we obtain the following:
20-7)(@+1)?
32-7-8)(2a+1)?
2(1—7) (a+1)°
32—7—-0)Q2a+1

3(2a+1)‘a3—ua%| < 3(2a+1)laz —

+ 3(2a+1) |ag)?

)_,U

< [1-7E-28)+2(-5)
209 +1? |-y 5
M PO T ITEIET“
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Further computations, we have

32 +1) |ag — paj| < [(1—7)(T—48—2y)+2(1 - pB)]
3u(2a+ 1) (2—y — B)?
(o + 1)

(13)

)

which completes the proof for this case.
Now to find

2(1-9) (a+1)*

3(2a+1) a3—3(2_7_5)(2a+1)a2 ,

we use the previous result (12) already proved for

2(1—7) (a+1)?
S 32-7-8)Q2a+1)

After that, we have to make sure the result is sharp for this case. Upon choosing,
cp=ca=p=p2=2, by =21—-7)and bg = (3—27)(1 —~) in (10) we get
the required result.

Next we consider the case for all
2 (a +1)?
3Q2a +1) —
Consider the case:

2(a+1)° __22-9)@B-7-26)(a+1)’
320+1) T T 32702 2at+1)

First, we take the case

_22-7)(B-7-28) (a+1)’
32—y—-0)*(2a+1)

9

and from (11) we have

2(2—7)(3—7—2ﬁ)(a+1)2a2
32-v-0’@2a+1)
< B=-27)0-m+2(1-58) - 20 7)2(2(2__77_) (53)2_ =20
2-7)B-7v-28)1-8)>|al 22—~
22—~ ) —2(1-p8)1—7) ((2_7> |c1]
= 9 (z), say with = = |¢q].

3(2a+1)|az —
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Assume that ¥ (x) has a maximum value in an interior point of z, € [0, 2]. A
calculation shows that the maximum value occurs at

b 20=7) (28 —1)
T 2= 0-8)B-7-28)

which is a contradiction. Thus the maximum is attained on either o, = Oor z, = 2.

At 29 = 0, we have

BB—7(B+7)+2(y—28—-57)

(o) = $(0) = 2(1 = B) + (1 =) By

And at xg = 2, we have

(1-8)[22=71=8)B=7v=28)+41—-7)(2—-5*—1)]
(2-v-5)

(o) = (2) = 4(0) —

Now since

2-7B-v-28)1-B)+2(1-7)(2—7-5%) >0,

where 0 < f <1 and 0 < v < 1. It is obvious that ¥(2) < ¢(0). Hence ¢ attains
maximum value at z, = 0.

Finally

22-7)B-y-28) (a+1’ ,
500 oPeatrn =

3(2a+1)|as —

But
P(0)<2(1-5)+(1—1),
provided that

(1-7)(2-~v-8% >0, where 0<fB<1and0<~vy<L1.
And therefore, we get the result.

(14) 3(2a+1) |ag — pa| < 2(1— )+ (1—7).

Astonishingly, the proof for the case

:2(2—7)(3—7—26)(a+1)2
32—y—-0)*(2a+1)

9

is simply done compared to the ones solved by Darus and Thomas [2] in 1996 when
a = 0. When

2(a 4 1)?

32a+1)’
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and substitute in last result, (12) gives the following:

2(a+1)°

asz — SQ(l—ﬂ)-ﬁ-(l—’y).

Hence completes the proof for the particular case:

2(a+ 1)

— < <
3(2a+1) 1=

22-7)(3—7-28) (a+1)°
52— 0 at1)

The result is sharp on choosing ¢; = p1 = 0, po = 2,0 = 2, by

49

0 and

b3 = 1 — ~ substituting in (10), and doing a simple calculation, we shall get the

desired equality.

Finally, consider

22 -7)(3—7—28) (a + 1) _
3@ -7 - 2a+1)

Write
9 _2(2—7)(3—’7—25)(04‘1'1)2 2
e T T T e T et )
22-7)(3-7-28) (@ +1? _ ],

3270 2a+1)
Now we say that, by using the inequality again from Lemma 3

2—y-8

<
jaz] < a+1

we obtain the following:

320+ 1) |ag — paj|

2(2-7)(3=7—28)(a+1)* ,
< 32a+1)|az — 32— 5 (2at]) as;
2(2-79)(3—7-28) (a+1)* 2
+ 320 +1) 32— 5 (2at]) —‘Mﬂ
< R2A-8)+10=-9)]+32a+1)

2-v-5)°
(o +1)?

22-9)(B=7-2B)(a+1)
32—v—-p8)>%2a+1)

2

3u(2a+1)(2—v—B)?

= —[(1—9y)(T—48-27)+201-B)] + (@t 1)
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Where we have used the last result (14) already proven for

_22-)(B-7-28) (a+1)?
32-7—-672a+1)

Hence the proof is complete.

The result is sharp on choosing ¢; = p1 = 2i, ¢3 = po = =2, by = 2i(1 — )
and bz = (3 —2v)(y —1) in (10).
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