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Certain classes of p-valent functions
defined by convolution 1

M. K. Aouf, A. O. Mostafa

Abstract

Making use of a differential operator and a given p-valent analytic func-
tion g the authors introduce and study two new classes TS∗

g
(p, q, n, α) and

TCg(p, q, n, α) of p-valent analytic functions with negative coefficients. They
also indicate relevant connections of these classes with sevesral other families
of multivalent functions which were studied by earlier workers as well as new.
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1 Introduction

Let T (p, n) denote the class of functions of the form:

(1.1) f(z) = zp −
∞
∑

k=n+p

akz
k (ak > 0; k > n+ p; p, n ∈ N = {1, 2, ...}),

which are analytic and p-valent in the unit disk U = {z : |z| < 1}.
A function f(z) in the class T (p, n) is said to be p-valently starlike of order α

(0 ≤ α < p) if it satisfies the condition :

(1.2) Re

{

zf ′(z)

f(z)

}

> α (z ∈ U ; 0 ≤ α < p; p ∈ N),

and is said to be p-valently convex of order α (0 ≤ α < p) if it satisfies the condition:

(1.3) Re

{

1 +
zf ′′(z)

f ′(z)

}

> α (z ∈ U ; 0 ≤ α < p; p ∈ N).
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Denote by T ∗

n(p, α) and Cn(p, α) the classes of p-valently starlike and p-valently
convex functions of order α, respectively, which were introduced and studied by
Owa [5]. It is known that (see [3] and [5])

(1.4) f(z) ∈ Cn(p, α) ⇔ zf ′(z)

p
∈ T ∗

n(p, α).

The classes T ∗

1 (p, α) = T ∗(p, α) and C1(p, α) = C(p, α) were studied by Owa [4].
For a function f(z) in the class T (p, n), we define

D0
pf(z) = f(z),

D1
pf(z) = Dpf(z) =

z

p
f ′(z),

D2
pf(z) = D(Dpf(z)),

(1.5) Dσ
p f(z) = D(Dσ−1

p f(z)) = zp −
∞
∑

k=n+p

(
k

p
)σakz

k (σ ∈ N).

For p = n = 1, the differential operator Dσ was introduced by Sālāgean [7].
Let (f ∗ g)(z) denote the Hadamard product (or convolution) of the functions

f(z) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

(1.6) g(z) = zp −
∞
∑

k=n+p

bkz
k (bk > 0),

then

(1.7) (f ∗ g)(z) = zp −
∞
∑

k=n+p

akbkz
k.

For a function f(z) of the form (1.1) we define the classes TS∗

g(p, q, n, α) and
TCg(p, q, n, α) as follows:
Definition 1. Let g(z) be a fixed function defined by (1.6). The function f(z) of

the form (1.1) is said to be in the class TS∗

g(p, q, n, α) if and only if

(1.8) Re

{

z((f ∗ g)(z))(q+1)

((f ∗ g)(z))(q)

}

> α (0 ≤ α < p−q, p ∈ N, q ∈ N0 = N∪{0} ; p > q),

and is in the class TCg(p, q, n, α) if and only if

(1.9)

Re

{

1 +
z((f ∗ g)(z))(q+2)

((f ∗ g)(z))(q+1)

}

> α (0 ≤ α < p− q, p ∈ N, q ∈ N0 = N ∪ {0} ; p > q),
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where

(1.10) f (q)(z) = δ(p, q)zp−q −
∞
∑

k=n+p

δ(k, q)akz
k−q,

(1.11) δ(i, j) =
i!

(i− j)!
=

{

1 (j = 0)
i(i − 1)...(i − j + 1) (j 6= 0).

It follows from (1.8) and (1.9) that

(1.12) f (q)(z) ∈ TCg(p, q, n, α) ⇔
zf (q+1)(z)

p− q
∈ TS∗

g(p, q, n, α).

Several well-known subclasses of functions are special cases of the classes
TS∗

g(p, q, n, α) and TCg(p, q, n, α) for suitable choices of g(z). For example :

(i) for q = 0 and replacing n + p by m, we have, TS∗

g (p, 0, n, α) = TS∗

g(p,m,α)
( Ali et al.[1]);

(ii) for q = 0 and bk = 1 (k > n+ p), we have

TS∗

g(p, 0, n, α) =

{

T ∗

n(p, α) (Owa [5])
Tα(p, n) (Yamakawa [9])

and

TCg(p, 0, n, α) =

{

Cn(p, α) ( Owa [5]
Cα(p, n) (Yamakawa [9].

We also have the following new classes:

(iii) for bk = (k
p
)σ , we get the class:

(1.13) TS∗(p, q, n, α, σ) =

{

f(z) ∈ T (p, n) : Re

(

z(Dσ
p f(z))

(q+1)

(Dσ
p f(z))

(q)

)

> α

}

,

where 0 ≤ α < p− q, p ∈ N, q;σ ∈ N0 = N ∪{0} ; p > q and Dσ
p is defined by (1.5);

(iv) for bk =

(

λ+ k − 1
k − p

)

(λ > −p) we get the class:

(1.14) TS∗(p, q, n, α, λ) =

{

f(z) ∈ T (p, n) : Re

(

z(Ωp,λf(z))(q+1)

(Ωp,λf(z))(q)

)

> α

}

,

where 0 ≤ α < p − q, p ∈ N, q ∈ N0;λ > −p; p > q and Ωp,λ is the extended
Ruscheweyh derivative of order λ which was investigated by Raina and Srivastava
[6];
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(v) for bk =
(α1)k−p(α2)k−p...(αr)k−p

(β1)k−p(β2)k−p...(βs)k−p(k − p)!
> 0 (αj ∈ C, j = 1, 2, ...r;βi ∈

C\ {0,−1,−2, ...} ; j = 1, ...s), we get the class:

TS∗(p, q, n, α, λ) =

{

f(z) ∈ T (p, n) : Re

(

z(Hr
s [α1]f)

(q+1)(z)

(Hr
s [α1]f)(q)(z)

)

> α

}

(0 ≤ α < p− q; z ∈ U ; r ≤ s+ 1; q, r, s ∈ N0; p ∈ N ; p > q).

The operator
Hr

s [α1]f)(z) = Hr
s (α1, ..., αr ;β1, ..., βs)f(z),

is the Dziok-Srivastava linear operator ( see for details [2]).

2 Coefficient Estimate

Theorem 1. Let the function f(z) be in the form (1.1). Then f(z) is in the class

TS∗

g(p, q, n, α) if and only if

(2.1)
∞
∑

k=n+p

(k − q − α)δ(k, q)bkak ≤ (p− q − α)δ(p, q),

where δ(i, j) is given by (1.11).
Proof. Let the function f(z) be in the class TS∗

g (p, q, n, α), then we have

Re

{

z((f ∗ g)(z))(q+1)

((f ∗ g)(z))(q)

}

= Re



















δ(p, q + 1)−
∞
∑

k=n+p

δ(k, q + 1)bkakz
k−p

δ(p, q) −
∞
∑

k=n+p

δ(k, q)bkakzk−p



















> α.

Letting z → 1− through real values, we can see that

δ(p, q + 1)−
∞
∑

k=n+p

δ(k, q + 1)bkak > α



δ(p, q) −
∞
∑

k=n+p

δ(k, q)bkak



 .

Thus we have the required inequality (2.1).
For the converse, let (2.1) holds true, then

∣

∣

∣

∣

z((f ∗ g)(z))q+1

((f ∗ g)(z))q − (p− q)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=n+p

(k − p)δ(k, q)bkakz
k

δ(p, q) −
∞
∑

k=n+p

δ(k, q)bkakzk

∣

∣

∣

∣

∣

∣

∣

∣

∣
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≤

∞
∑

k=n+p

(k − p)δ(k, q)bkak

δ(p, q) −
∞
∑

k=n+p

δ(k, q)bkak

≤ p− q − α.

This shows that the values of
z((f ∗ g)(z))q+1

((f ∗ g)(z))q lie in a circle centered at w = p − q

and whose radius is p − q − α. Hence f(z) ∈ TS∗

g(p, q, n, α) which completes the
proof of Theorem 1.
Theorem 2. Let the function f(z) be in the form (1.1). Then f(z) is in the class

TCg(p, q, n, α) if and only if

(2.2)

∞
∑

k=n+p

(
k − q

p − q
)(k − q − α)δ(k, q)bkak ≤ (p− q − α)δ(p, q).

Proof. Since f (q)(z) ∈ TCg(p, q, n, α) ⇔ zf (q+1)(z)

p− q
∈ TS∗

g(p, q, n, α), we may

replace ak by
(k − q)ak
p− q

in Theorem 1. Thus we have the theorem.

Corollary 1. If the function f(z) of the form (1.1) is in the class TS∗

g(p, q, n, α),
then

(2.3) ak ≤ (p− q − α)δ(p, q)

(k − q − α)δ(k, q)bk
(k > n+ p; p, n ∈ N).

Equality is attained for the function f(z) given by

(2.4) f(z) = zp − (p − q − α)δ(p, q)

(k − q − α)δ(k, q)bk
zk (k > n+ p; p, n ∈ N).

If the function f(z) of the form (1.1) is in the class TCg(p, q, n, α), then

(2.5) ak ≤ (p − q)(p− q − α)δ(p, q)

(k − q)(k − q − α)δ(k, q)bk
(k > n+ p; p, n ∈ N).

Equality is attained for the function f(z) given by

(2.6) f(z) = zp − (p− q)(p− q − α)δ(p, q)

(k − q)(k − q − α)δ(k, q)bk
zk (k > n+ p; p, n ∈ N).

3 Distortion Theorems

Theorem 3. Let the function f(z) defined by (1.1) be in the class TS∗

g(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p, k > n+ p, we have

(3.1)
∣

∣

∣
f (m)(z)

∣

∣

∣
≤
[

δ(p,m) +
(p− q − α)δ(p, q)δ(n + p,m)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp−m,
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and

(3.2)
∣

∣

∣
f (m)(z)

∣

∣

∣
>

[

δ(p,m) − (p− q − α)δ(p, q)δ(n + p,m)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp−m.

The result is sharp for the function f(z) given by

(3.3) f(z) = zp − (p − q − α)δ(p, q)

(n + p− q − α)δ(n + p, q)bn+p

zn+p (z ∈ U).

Proof. Under the hypothesis of Theorem 3, we find from the assertion (2.1) of
Theorem 1 that

(3.4)

∞
∑

k=n+p

k!ak ≤ (p− q − α)(n + p− q)!δ(p, q)

(n+ p− q − α)bn+p

(n, p ∈ N ; q ∈ N0; p > q).

Now, the inequalities (3.1) and (3.2) would follow readily when we make use of (3.4)
in conjunction with the series expansion for f (m)(z) (m ∈ N0) given by (1.10).

Putting m = 0 in Theorem 3, we have
Corollary 2. Let the function f(z) defined by (1.1) be in the class TS∗

g(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p (k > n+ p), we have

(3.5) |f(z)| ≤
[

1 +
(p− q − α)δ(p, q)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp,

and

(3.6) |f(z)| >
[

1− (p− q − α)δ(p, q)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp.

The result is sharp for the function f(z) given by (3.3).
Putting m = 1 in Theorem 3, we have

Corollary 3. Let the function f(z) defined by (1.1) be in the class TS∗

g(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p (k > n+ p), we have

(3.7)
∣

∣f ′(z)
∣

∣ ≤
[

p+
(p− q − α)(n + p)δ(p, q)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp−1,

and

(3.8)
∣

∣f ′(z)
∣

∣ >

[

p− (p− q − α)(n + p)δ(p, q)

(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp−1.

The result is sharp for the function f(z) given by (3.3).
Theorem 4. Let the function f(z) defined by (1.1) be in the class TCg(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p (k > n+ p), we have

(3.9)
∣

∣

∣
f (m)(z)

∣

∣

∣
≤
[

δ(p,m) +
(p− q)(p − q − α)δ(p, q)δ(n + p,m)

(n+ p− q)(n + p− q − α)δ(n + p, q)bn+p

rn
]

rp−m,
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and

(3.10)
∣

∣

∣
f (m)(z)

∣

∣

∣
>

[

δ(p,m) − (p− q)(p − q − α)δ(p, q)δ(n + p,m)

(n + p− q)(n + p− q − α)δ(n + p, q)bn+p

rn
]

rp−m.

The result is sharp for the function f(z) given by

(3.11) f(z) = zp − (p− q)(p − q − α)δ(p, q)

(n+ p− q)(n+ p− q − α)δ(n + p, q)bn+p

zn+p (z ∈ U).

Putting (i) m = 0 and (ii) m = 1 in Theorem 4, we obtain the following results.
Corollary 4. Let the function f(z) defined by (1.1) be in the class TCg(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p (k > n+ p), we have

(3.12) |f(z)| ≤
[

1 +
(p− q)(p− q − α)δ(p, q)

(n+ p− q)(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp,

and

(3.13) |f(z)| >
[

1− (p− q)(p− q − α)δ(p, q)

(n+ p− q)(n+ p− q − α)δ(n + p, q)bn+p

rn
]

rp.

The result is sharp for the function f(z) given by (3.11).
Corollary 5. Let the function f(z) defined by (1.1) be in the class TCg(p, q, n, α).
Then for |z| = r < 1 and bk > bn+p (k > n+ p), we have

(3.14)
∣

∣f ′(z)
∣

∣ ≤
[

p+
(p− q)(p − q − α)(n + p)δ(p, q)

(n+ p− q)(n + p− q − α)δ(n + p, q)bn+p

rn
]

rp−1,

and

(3.15)
∣

∣f ′(z)
∣

∣ >

[

p− (p− q)(p − q − α)(n + p)δ(p, q)

(n+ p− q)(n + p− q − α)δ(n + p, q)bn+p

rn
]

rp−1.

The result is sharp for the function f(z) given by (3.11).

4 Closure Theorems

Let the functions fν(z) (ν = 1, 2, ...l) be defined by

(4.1) fν(z) = zp −
∞
∑

k=n+p

ak,νz
k (ak,ν > 0).

We shall prove the following results for the closure functions in the class TS∗

g (p, q, n, α).
Theorem 5. Let the functions fν(z) (ν = 1, 2, ...l) defined by (4.1) be in the class

TS∗

g(p, q, n, α). Then the function h(z) defined by

(4.2) h(z) =
l
∑

ν=1

cνfν(z) (cν > 0),
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is also in the class TS∗

g (p, q, n, α), where

l
∑

ν=1

cν = 1.

Proof. According to the definition of h(z), it can be written as

h(z) =

l
∑

ν=1

cν [z
p −

∞
∑

k=n+p

ak,νz
k]

=

l
∑

ν=1

cνz
p −

l
∑

ν=1

∞
∑

k=n+p

cνak,νz
k

(4.3) = zp −
∞
∑

k=n+p

l
∑

ν=1

cνak,νz
k.

Furthermore, since the functions fν(z) (ν = 1, 2, ...l) are in the class TS∗

g(p, q, n, α),
then

∞
∑

k=n+p

(k − q − α)δ(k, q)bkak ≤ (p− q − α)δ(p, q).

Hence

∞
∑

k=n+p

(k − q − α)δ(k, q)bk(

l
∑

ν=1

cνak,ν)

=

l
∑

ν=1

cν







∞
∑

k=n+p

(k − q − α)δ(k, q)bkak,ν







≤ (p− q − α)δ(p, q),

which implies that h(z) be in the class TS∗

g (p, q, n, α).

Corollary 6. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the class

TS∗

g(p, q, j, α). Then the function h(z) defined by

(4.4) h(z) = (1− η)f1(z) + ηf2(z) (0 ≤ η ≤ 1),

is also in the class TS∗

g (p, q, n, α).

As a consequence of Corollary 7 there exists extreme points of the class TS∗

g(p, q, n, α).

Theorem 6. Let fp(z) = zp and

(4.5) fk(z) = zp − (p− q − α)δ(p, q)

(k − q − α)δ(k, q)bk
zk (k > n+ p; p, n ∈ N).
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Then the function f(z) is in the class TS∗

g(p, q, n, α) if and only if it can be expressed

in the form:

(4.6) f(z) = λp z
p +

∞
∑

k=n+p

λkfk(z),

where (λp > 0, λk > 0, k > n+ p) and λp +
∞
∑

k=n+p

λn = 1.

Proof. Suppose that f(z) is expressed in the form (4.6).Then

f(z) = λp z
p +

∞
∑

k=n+p

λk

[

zp − (p− q − α)δ(p, q)

(k − q − α)δ(k, q)bk
zk
]

= zp −
∞
∑

k=n+p

(p− q − α)δ(p, q)

(k − q − α)δ(k, q)bk
λkz

k.

Hence

∞
∑

k=n+p

(k − q − α)δ(k, q)bk
(p− q − α)δ(p, q)

.
(p − q − α)δ(p, q)

(k − q − α)δ(k, q)bk
λk

=
∞
∑

k=n+p

λk = 1− λp ≤ 1.

Then, f(z) ∈ TS∗

g(p, q, n, α).
Conversely, suppose that f(z) ∈ TS∗

g(p, q, n, α). We may set

λk =
(k − q − α)δ(k, q)bk
(p− q − α)δ(p, q)

ak,

where ak is given by (2.3).Then

f(z) = zp −
∞
∑

k=n+p

akz
k

= zp −
∞
∑

k=n+p

(p − q − α)δ(p, q)

(k − q − α)δ(k, q)bk
λkz

k

= zp −
∞
∑

k=n+p

[zp − fk(z)]λk

= (1−
∞
∑

k=n+p

λk)z
p +

∞
∑

k=n+p

λkfk(z)

= λpz
p +

∞
∑

k=n+p

λkfk(z).
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This completes the proof of Theorem 6.
Theorem 7. Let the functions fν(z) (ν = 1, 2, ...l) defined by (4.1) be in the class

TCg(p, q, n, α). Then the function h(z) defined by

R(z) =

l
∑

ν=1

cνfν(z) (cν > 0),

is also in the class TCg(p, q, n, α), where

l
∑

ν=1

cν = 1.

Corollary 7. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the class

TCg(p, q, j, α). Then the function h(z) defined by

(4.7) R(z) = (1− η)f1(z) + ηf2(z) (0 ≤ η ≤ 1),

is also in the class TCg(p, q, n, α).
Corollary 8. The extreme points of the class TCg(p, q, n, α) are f(z) = zp and

(4.8) fk(z) = zp − (p− q)(p− q − α)δ(p, q)

(k − q)(k − q − α)δ(k, q)bk
zk (k > n+ p).

5 Modified Hadamard Products

Let the functions fν(z) (ν = 1, 2) defined by (4.1). The modified Hadamard product
of the functions f1(z) and f2(z) is defined by

(5.1) (f1 ∗ f2)(z) = zp −
∞
∑

k=n+p

ak,1ak,2z
k.

Theorem 8. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the

TS∗

g(p, q, n, α) and bn+p > bk (k > n+p). Then we have ( f1∗f2)(z) ∈ TS∗

g(p, q, n, β),
where

(5.2) β = (p−q)− n(p− q − α)2δ(p, q)

(n + p− q − α)2δ(n + p, q)bn+p − (p − q − α)2δ(p, q)
(p, n ∈ N).

The result is sharp for the functions fν(z) given by

(5.3) fν(z) = zp − (p− q − α)δ(p, q)

(n+ p− q − α)δ(n + p, q)bn+p

zn+p (ν = 1, 2).

Proof. Employing the technique used earlier by Schild and Silverman [8 ], we need
to find the largest β = β(p, q, n, α) such that

(5.4)
∞
∑

k=n+p

(k − q − β)δ(k, q)bk
(p− q − β)δ(p, q)

ak,1ak,2 ≤ 1.
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Since the functions fν(z) (ν = 1, 2) belong to the class TS∗

g(p, q, n, α), then from
Theorem 1, we have

(5.5)

∞
∑

k=n+p

(k − q − α)δ(k, q)bk
(p− q − α)δ(p, q)

ak,ν ≤ 1.

By the Cauchy-Schwarz inequality, we have

(5.6)

∞
∑

k=n+p

(k − q − α)δ(k, q)bk
(p− q − α)δ(p, q)

√
ak,1ak,2 ≤ 1.

Thus, it is sufficient to show that

(k − q − β)

(p − q − β)

√
ak,1ak,2 ≤

(k − q − α)

(p − q − α)
,

that is, that

(5.7)
√
ak,1ak,2 ≤

(k − q − α)(p − q − β)

(p − q − α)(k − q − β)
.

But from (5.5) we have

(5.8)
√
ak,1ak,2 ≤

(p− q − α)δ(p, q)

(k − q − α)δ(k, q)bk
.

Consequently, we need only to prove that

(p− q − α)(k − q − β)

(k − q − α)(p − q − β)
≤ (k − q − α)δ(k, q)bk

(p − q − α)δ(p, q)
,

or, equivalently, that

(5.9) β ≤ (p− q)− (k − p)(p− q − α)2δ(p, q)

(k − q − α)2δ(k, q)bk − (p − q − α)2δ(p, q)
.

Since the right hand side of (5.9) is an increasing function of k (k > n+ p). Hence,
we have

β = (p− q)− n(p− q − α)2δ(p, q)

(n+ p− q − α)2δ(n + p, q)bn+p − (p− q − α)2δ(p, q)
.

This completes the proof of Theorem 8.
Theorem 9. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the

TCg(p, q, n, α). Then we have ( f1 ∗ f2)(z) ∈ TCg(p, q, n, β), where

(5.10) β = (p− q)− n(p− q − α)2δ(p, q + 1)

(n+ p− q − α)2δ(n + p, q + 1)bn+p − (p − q − α)2δ(p, q + 1)
.
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The result is sharp for the functions fν(z) given by

(5.11) fν(z) = zp − (p− q − α)δ(p, q + 1)

(n+ p− q − α)δ(n + p, q + 1)bn+p

zn+p (ν = 1, 2).

Theorem 10. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the

TS∗

g(p, q, n, α). Then the function

(5.12) h(z) = zp −
∞
∑

k=n+p

(a2k,1 + a2k,2)z
k,

is in the class TS∗

g (p, q, n, β), where

(5.13) β = (p− q)− 2n(p− q − α)2δ(p, q)

(n + p− q − α)2δ(n + p, q)bn+p − 2(p − q − α)2δ(p, q)
.

The result is sharp for the functions fν(z) (ν = 1, 2) given by (5.3).
Proof. From Theorem 1, we have

∞
∑

k=n+p

{

(k − q − α)δ(k, q)bk
(p − q − α)δ(p, q)

}2

a2k,ν

(5.14) ≤







∞
∑

k=n+p

(k − q − α)δ(k, q)bk
(p − q − α)δ(p, q)

ak,ν







2

≤ 1 (ν = 1, 2).

It follows that

(5.15)
∞
∑

k=n+p

1

2

{

(k − q − α)δ(k, q)bk
(p− q − α)δ(p, q)

}2

(a2k,1 + a2k,2) ≤ 1.

Therefore, we need to find the largest β such that

(k − q − β)

(p− q − β)
≤ 1

2

(k − q − α)2δ(k, q)bk
(p− q − α)2δ(p, q)

(k > n+ p),

that is, that

(5.16) β ≤ (p − q)− 2(k − p)(p − q − α)2δ(p, q)

(k − q − α)2δ(k, q)bk − 2(p− q − α)2δ(p, q)
.

Since the right hand side of (5.16) is an increasing function of k and bk+1 > bk (k >

n + p), then, setting k = n + p in (5.16), we have (5.13). This completes the proof
of Theorem 10.
Theorem 11. Let the functions fν(z) (ν = 1, 2) defined by (4.1) be in the

TCg(p, q, n, α). Then the function h(z) given by (5.12) is in the class TCg(p, q, n, β),
where

(5.17) β = (p−q)− 2n(p − q − α)2δ(p, q + 1)

(n+ p− q − α)2δ(n + p, q + 1)bn+p − 2(p − q − α)2δ(p, q + 1)
.

The result is sharp for the functions f(z) (ν = 1, 2) given by (5.11).
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