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Certain classes of p-valent functions
defined by convolution '

M. K. Aouf, A. O. Mostafa

Abstract

Making use of a differential operator and a given p-valent analytic func-
tion g the authors introduce and study two new classes TS;(p,q,n,a) and
TCy(p,q,n, ) of p-valent analytic functions with negative coefficients. They
also indicate relevant connections of these classes with sevesral other families
of multivalent functions which were studied by earlier workers as well as new.
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1 Introduction

Let T'(p,n) denote the class of functions of the form:
o0

(L.1) fle)=2"= > ad® (ar>0k>n+ppneN={12.1}),
k=n+p

which are analytic and p-valent in the unit disk U = {z : |z| < 1}.
A function f(z) in the class T'(p,n) is said to be p-valently starlike of order «
(0 < a < p) if it satisfies the condition :

/
(1.2) Re{zf(z)}>a (zeU;0<a<p;p€eN),
f(z)
and is said to be p-valently convex of order o (0 < o < p) if it satisfies the condition:
"
(1.3) Re{1+zfl(i§)}>a (zeU;0<a<p;p€eN).
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Denote by T (p,a) and C,(p,«) the classes of p-valently starlike and p-valently
convex functions of order «, respectively, which were introduced and studied by
Owa [5]. It is known that (see [3] and [5])

(1.4) F(2) € Culpra) & 2L ;fz)

€T, (p, ).

The classes 17 (p, ) = T*(p, a) and C;(p, o) = C(p, ) were studied by Owa [4].
For a function f(z) in the class T'(p,n), we define

DOf(2) = £(2),
DLf(z) = Dpf(2) = ['(2),
D2f(2) = D(D,f(2)).
(15) DIf(z) = DD () = — S (Eyat (e ).
k=n+p

For p = n = 1, the differential operator D? was introduced by Salagean [7].
Let (f * g)(z) denote the Hadamard product (or convolution) of the functions
f(2) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

(1.6) g(z) =2F = > b2 (b2 0),
k=n-+p
then
(L.7) (frg)(z) =20 = Y abp2".
k=n+p

For a function f(z) of the form (1.1) we define the classes T'S;(p,q,n, ) and
TCy(p,q,n, ) as follows:

Definition 1. Let g(z) be a fized function defined by (1.6). The function f(z) of
the form (1.1) is said to be in the class T'S;(p,q,n, ) if and only if

(¢+1)
(1.8) Re { Z((((J;*:g)((zz))))jq> } >a(0<a<p—gqpeN,qe No=NU{0};p>q),
and is in the class TCy(p,q,n,a) if and only if
(1.9)
(¢+2)
Rell+ Z((((J;f:gg))((;))))(qil) } >a(0<a<p-—qp€N,ge Ng=NU{0};p>q),
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where
(1.10) FD(z) = d(p,q)zP~1 — Z 5(k, q)apz"1,
k=n+p
N (1=0)
(L.11) 26,5) = (i —j)! { (i—1)...(i—j+1) (j #0)

It follows from (1.8) and (1.9) that

zf(q+1)(z)

(1.12) f9() e TC,(p,q,n,a) & p—

€ T'Sy(p,q,n, ).

Several well-known subclasses of functions are special cases of the classes
TS5(p,q,n, ) and TCy(p, q,n, ) for suitable choices of g(z). For example :

(i) for ¢ = 0 and replacing n + p by m, we have, T'S;(p,0,n, ) = T'S;(p, m, )
( Ali et al.[1]);

(1) for ¢ = 0 and by, = 1 (k > n + p), we have

. _ [ Tx(p,a) (Owa [5])
TS,(p,0,n,a) = { Ta(g’ n) (Yamakawa [9])

and

[ Cn(p,a) (Owa [5]
TCg(p, 0,n,a) = { Ca(;n) (Yamakawa [9)].

We also have the following new classes:
(#i7) for by = (%)"7 we get the class:

) 2(Dy f(2))@th)
(1.13) T5*(p,q,n,a,0) = {f(z) € T(p,n): Re (W) > a} ,

where 0 <a<p—gq,p€ N, g;0 € Ng=NU{0};p > qand Dy is defined by (1.5);

(iv) for by = < A Zf; L ) (A > —p) we get the class:
. 2P f(z ))(‘”1
(1.14) TS (p,q,n,oz,)\):{f(z)eT(p,n):Re< A (2))@ ) >a},

where 0 < a < p—gq,p € N, ¢ € No;: A\ > —p;p > ¢ and QP is the extended
Ruscheweyh derivative of order A which was investigated by Raina and Srivastava

[6];
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(1) k—p(a2)k—p---(ar)k—p

for b, =
S PR (25 PR (P ey
C\{0,-1,-2,...} ;5 =1,...5), we get the class:

>0 (0j € Cj =1,2,..15 €

TS*(p’q,n,a,)\) = {f(z) c T(p,n) - Re <Z(Hsr[0é1]f)(q4-1)(z)) S a}

(HE[aa] f)@(z)
(O0<a<p—qzeUyr<s+1,q,rse Ny;peN;p>q).

The operator
Hlon]f)(2) = Hy(ou, ..c; 0 B, ooy Bs) f(2),

is the Dziok-Srivastava linear operator ( see for details [2]).

2 Coefficient Estimate
Theorem 1. Let the function f(z) be in the form (1.1). Then f(z) is in the class
TS;(p,q,n, ) if and only if

e}

(2.1) 7 (k= q—a)d(k, q)brar < (p— g — )3(p,q),
k=n-+p

where (i, 7) is given by (1.11).
Proof. Let the function f(z) be in the class T'S;(p, ¢, n, @), then we have

o
S(pg+1)— X 6(k,q+ Dbgagzt—?

2((f * g)(2) D) } k=ntp
Re = Re 00 - .
{ ((f % 9)(2)@ 5(p,q) — ) Z+ 5(k, q)brayzk—p
i

Letting z — 17 through real values, we can see that

[e.e] (e}
S(prg+1)— Y 8(k,q+ bray > a [5(29, eI 5(k,q)bkak] :
k=n-+p

Thus we have the required inequality (2.1).
For the converse, let (2.1) holds true, then

A((f g
(o Q’)‘
S (k= p)o(k, q)bpars*
_ k=n-+p
o(pq) — > O(k,q)brapz®
k=n+p
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[e.°]

> (k—p)o(k, q)brak
k=n-+p

(pa) = 5 dlk s
(S )

((f *9)(2))?
and whose radius is p — ¢ — a. Hence f(z) € T'S;(p,q,n,«) which completes the

proof of Theorem 1.
Theorem 2. Let the function f(z) be in the form (1.1). Then f(z) is in the class
TCy(p,q,n, ) if and only if

<Sp—qg—a.

This shows that the values of lie in a circle centered at w = p — ¢

(2.2) S <%><k — 4= a)d(k, )brar < (p— a — a)o(p,q).
k=n-+p
2fat)(z)
pP—q

in Theorem 1. Thus we have the theorem.

Proof. Since f(q)(z) € TCy(p,q,n,a) &

k—
replace a by w

pP—4q
Corollary 1. If the function f(z) of the form (1.1) is in the class T'S;(p,q,n, ),
then

€ TS;(p,q,n,a), we may

(p—q—a)d(p,q)
(2.3) ap < (k—q—a)d(k,q)bg

Equality is attained for the function f(z) given by

(k=2n+p;p,neN).

(2.4) f(z) = 2P — (l(gp—_qq—_ao)é;((sl(j,g’qil)ak & (k>n+p;p,neN).

If the function f(z) of the form (1.1) is in the class TCy(p,q,n, ), then

(p—a)p—q—)p.g
(2.5) W=k —q—a)o(kq)

Equality is attained for the function f(z) given by
_ (r—a)p—aq—a)i(p,q)
R ([T eyt

2} (k>=n+p;p,neN).
k

& (k>n+p;p,neN).

3 Distortion Theorems

Theorem 3. Let the function f(z) defined by (1.1) be in the class T'S;(p,q,n, ).
Then for |z| =r <1 and by = byyp, k = n+p, we have

B )| <

)

(p —q— Oé)(s(p, Q)é(n + D, m) n| .p—m
[M%m%%m+p—q—wﬂn+nwmwr g
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and
— g —a)d(p,q)d(n + p,m) -
3.2 (m) Al > |:5 m) — (p q Oé) | pp—m
(32 ‘f ) ®,m) (n+p—q—a)d(n+p,q)bnip

The result is sharp for the function f(z) given by

(p—q—a)i(p,q)
(n+p—q—a)d(n+p,q)buip

(3.3) f(z) =2 — 2P (2 € U).
Proof. Under the hypothesis of Theorem 3, we find from the assertion (2.1) of
Theorem 1 that

i Ka, < P= 2= ) +p=9)(p.g)

(34 (n+p—q— )by

(n,p € N;q € No;p > q).
k=n+p

Now, the inequalities (3.1) and (3.2) would follow readily when we make use of (3.4)

in conjunction with the series expansion for f(™(z) (m € Ny) given by (1.10).
Putting m = 0 in Theorem 3, we have

Corollary 2. Let the function f(z) defined by (1.1) be in the class T'S;(p,q,n, ).

Then for |z| =1 <1 and by = bpyp (kK = n+p), we have

I (p—q—a)i(p,q) n| . »
(3.5) 1f(2)] < _1+ (n+p—q—a)0n+pQbnip |
and

I (p —q—- a)5(p, Q) n-
(3.6) &= | == o) + o by )

The result is sharp for the function f(z) given by (3.3).
Putting m = 1 in Theorem 3, we have

Corollary 3. Let the function f(z) defined by (1.1) be in the

Then for |z| =1 <1 and by = bpyp (kK = n+p), we have

class T'S;(p,q,n, ).

’ [ (p—q—a)in+p)lp,g) ] p
(3.7) ‘fwﬂg_p+m+p—q—®&n+n@%wr Pl
and

/ [ _ (p —q— a)(n +p)5(p7 Q) n Tpfl
(38) 7@ = P i p—q— ) +p, )iy

The result is sharp for the function f(z) given by (3.3).
Theorem 4. Let the function f(z) defined by (1.1) be in the
Then for |z| =1 <1 and by = bpyp (kK = n+p), we have

class TCy(p,q,n, ).

(3.9) [£)

(r—q9)lp—q—a)é(p,q)é(n+p,m) 1 .
= [5(p’m)+ n+p—a)n+p—q—a)d(n+pQbnip |
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and

(m)(,, P =g a)ip,g)dn+pm) ] pom
(310) ‘f ()‘2[5@’ ) (n+p—q)(n+p—q—a)i(n+p,q)bup o

The result is sharp for the function f(z) given by

)P (P—a)(p—q—a)i(p,q) e [,
(3.11)  f(») = TPt p =)0+ p. e (zeU).

Putting (¢) m = 0 and (i¢4) m = 1 in Theorem 4, we obtain the following results.
Corollary 4. Let the function f(z) defined by (1.1) be in the class TCy(p,q,n, ).
Then for |z| =1 <1 and by = bpyp (K = n+p), we have

(r—q)(p—q—a)d(p,q) n
(312)  |f()l < [H R et }
and
_ (P —q)(p—g—)dp,q) .
(3.13) ‘f(z)'%l P — )+ p—q— @30 +p,Dbnry }

The result is sharp for the function f(z) given by (3.11).
Corollary 5. Let the function f(z) defined by (1.1) be in the class TCy(p,q,n, ).
Then for |z| =r <1 and by = b,y (k> n+p), we have

, [ (p—q9)(p—q—a)(n+p)p,q) .
(3.14) @) = _p+ m+p—Q)n+p—a—a)o(n+pQbnsp |
and

, . P-a)Pp—g-a)(n+p)p,g) ] 1
(3.15) FE = P =)t p—a—a)3(n+p,q)bury '

The result is sharp for the function f(z) given by (3.11).

4 Closure Theorems

Let the functions f,(z) (v = 1,2,...l) be defined by

(4'1) fl/(z) =2P - Z ak‘,uzk (ak,u = O)
k=n+p

We shall prove the following results for the closure functions in the class T'Sg (p,q,n, ).
Theorem 5. Let the functions f,(z) (v = 1,2,...1) defined by (4.1) be in the class
TS;(p,q,n, ). Then the function h(z) defined by

l
(4-2) h(Z) = Zcufzz(z) (CV P 0)>
v=1
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is also in the class T'S;(p,q,n,a), where

l

h(z) = ch[zp— Z ar., 2"

v=1 k=n-+p
! ! 00
= E c, 2P — E E cLa
v vk 2
v=1 v=1 k=n+p

[ l
(4.3) = 2P — Z Zc,,ak,l,zk.

k=n+pr=1

Furthermore, since the functions f,(2) (v = 1,2,...l) are in the class T'S;(p, ¢, n, @),
then

o0

7 (k=g —a)d(k.q)brar, < (p — g — a)d(p, q).
k=n-+p

Hence

00 l
Z (k —4q— O‘)é(ka Q)bk(z Cuak,u)

k=n+p v=1
! 0o
= > o Y. (k—q—a)d(k qbrary p < (p—q—a)d(p,q),
v=1 k=n+p

which implies that h(z) be in the class T'S} (p, g, n, a).
Corollary 6. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the class
TS5(p,q,j,). Then the function h(z) defined by

(4.4) h(z) = (1 =) fi(z) +nfa(z) (0<n<1),

is also in the class T'S;(p,q,n, a).
As a consequence of Corollary 7 there exists extreme points of the class T'Sj (p, ¢, n, a).
Theorem 6. Let fy(z) = 2P and

(4.5) Fulz) = 27 — 2= 4= )P 3)

k
2 (k=2n+p;p,neN).
k—q—a)oth b )
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Then the function f(z) is in the class T'S;(p, q,n, «) if and only if it can be expressed
in the form:

(4.6) FR) =2+ > Meful2),

k=n+p

o0
where (A, =20, 2 0,k=>n+p)and N\, + > N, =1
k=n-+p
Proof. Suppose that f(z) is expressed in the form (4.6).Then

- o0 (p—q—a)i(p,q)
flz) = X Zp"‘kzzn;rp)\k [Zp— (k_q_a)d(k:,q)kak

— (p—q—a)lp.q) |
= P Azt
’ k; (h—q— ok, q)bx

Hence

53 (k—q—a)d(k, )b, (p—q—a)d(p.q)
hMm(p—q—aW@ﬂ)Kk—q—aﬁ%ﬂwkk

[ee]
= > M=1-)<L
k=n-+p

Then> f(Z) € TS;(p>Q>n7 Oé).
Conversely, suppose that f(z) € T'S}(p, ¢, n,a). We may set

(k —q—a)d(k,q)by

AR PR T

ag,

where ay, is given by (2.3).Then

flz) = 22— Z apz"

_ o N ma=0)ipg) |
- 2 gt ab

k=n+p

= = ) P @)
k=n+p

= (1= > WP+ > Mful2)
k=n+p k=n+p

= )\pzp—i— Z )\kfk(z)

k=n+p
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This completes the proof of Theorem 6.
Theorem 7. Let the functions f,(z) (v = 1,2,...1) defined by (4.1) be in the class
TCy(p,q,n,c). Then the function h(z) defined by

l

R(Z) = Zcufz/(z) (C,/ P 0)7

v=1

is also in the class TCy(p,q,n,a), where

Corollary 7. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the class
TCy(p,q,j,c). Then the function h(z) defined by

(4.7) R(z) = (1 =n)f1(z) +nf2(z) (0<n<1),

is also in the class TCy(p,q,n, ).
Corollary 8. The extreme points of the class TCy(p,q,n, ) are f(z) = 2P and

_ o =0 —g-2)p.q) 4 .
4 MOk gtk g F2TY

5 Modified Hadamard Products

Let the functions f,(z) (v = 1,2) defined by (4.1). The modified Hadamard product
of the functions fi(z) and fy(z) is defined by

(5.1) (f1 f2)(z Z ar10k22"

k=n+p

Theorem 8. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the
TS;(p,q,n, ) and byyp 2> by, (k > n+p). Then we have ( fixf2)(z) € T'S;(p,q,n, B),
where

N n(p —q—a)’i(p,q)
(52) =b-9) (n+p—q—0a)23(n+p,@)bptp — (p —q — @)?(p,q) B, € N).
The result is sharp for the functions f,(z) given by
(5.3)  fulz) =2~ =1=000.0) ___ nip (=1 )

(n+p—q—a)d(n+p,q)bnip

Proof. Employing the technique used earlier by Schild and Silverman [8 ], we need
to find the largest 8 = B(p, ¢, n, ) such that

oo

(k — g — B)(k, )by
" kzrz;p (p—q—B)o(p,q) agaak2 < 1.
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Since the functions f,(2) (v = 1,2) belong to the class T'S;(p, q,n, ), then from
Theorem 1, we have

— (k—q—a)d(k,q)by
) D e e B

By the Cauchy-Schwarz inequality, we have

(56) Z (k — 49— O‘)(s(kvcﬂbk \/m <1.

o, (P=a—a)i(p,q)
Thus, it is sufficient to show that

(k—q—5) (k—q—a)

(p—q—3) Vg2 < p—q—a)
that is, that
(k—g—a)lp—q—5)
>0 VRG2S ) ) (k=g = B)
But from (5.5) we have
(p—gq—a)ilp,q)
o) VARITRE S T g~ a)sth, )

Consequently, we need only to prove that

Pw—g-a)k—q=F) _ (k—q—a)i(k,q)by
(k—q—a)lp—q—8) = (p—q—a)ilp,q) ’

or, equivalently, that

(k—p)(p—q— a)?(p,q)
(k—q—a)?6(k,q)by, — (p — q — @)?6(p,q)

Since the right hand side of (5.9) is an increasing function of k (k > n + p). Hence,
we have

(5.9) B<(p—a)—

n(p—q—a)*4(p,q)
(n+p—q—a)?5(n+p,Q)bpip — (P —q—@)%(p,q)

B=m—-q) —

This completes the proof of Theorem 8.
Theorem 9. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the
TCy(p,q,n, ). Then we have ( f1* f2)(z) € TCy(p,q,n,B3), where

n(p—q—a)*i(p,q+1)
m+p—qg—a)?(n+p,q+ 1)bpip — (p —q—)?6(p,qg+ 1)

(5.10) B=(p—q) —
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The result is sharp for the functions f,(z) given by

(P—q—a)i(p,g+1)
5.11 (2) = 2P — 2P (v =1,2).
(>0 o) (n+p—qg=0a)d(n+p,q+1)bnip ( )
Theorem 10. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the

TS5 (p,q,n, ). Then the function

[ee]
(5.12) h(z) = 2P — Z (a%l + a%a)zk,
k=n-+p
is in the class T'S;(p,q,n, B), where
2n(p — g — @)*6(p, q)
513) B=(p—q)— .
(5.13) -9 (n+p—q—a)*5(n+p,Qbpip — 2(p — ¢ — )*6(p, q)

The result is sharp for the functions f,(z) (v =1,2) given by (5.3).
Proof. From Theorem 1, we have

o)

E:‘Fk—q—®ﬂh®%}2ﬁy

(p—q—a)i(p,q)

k=n-+p
2
(k=g 0)d(k, q)by
(5.14) <{ 2 ar, ¢ <1(r=1,2).
k=n+p (p —q- Oé)(s(p, Q)
It follows that
1 (k- g~ )s(k, )b\
1 <+ , ) .

o k:zn;rp 2 { (p—q—a)i(p,q) } (ak,1 + aj) <

Therefore, we need to find the largest 5 such that

(k=q=8) _1(k—q—a?kobs .
(p—q—ﬂ)SQ (p—q—a)?5(p,q) (k>n+p),

that is, that

2(k —p)(p — g — @)*3(p, q)
(k—q—a)(k,q)bx —2(p — ¢ — @)?3(p,q)’
Since the right hand side of (5.16) is an increasing function of k and by41 > by (k >
n + p), then, setting k = n + p in (5.16), we have (5.13). This completes the proof
of Theorem 10.
Theorem 11. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the
TCy(p,q,n,c). Then the function h(z) given by (5.12) is in the class TCy(p, q,n, ),
where

(5.16) B<(p—q) -

2n(p —q—a)*(p,q +1)
(n+p—q—a)?6(n+p,q+1)bpp —2(p — ¢ — )?6(p,g +1)
The result is sharp for the functions f(z) (v =1,2) given by (5.11).

(5.17) B=(p—q)—
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