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Certain Classes of Multivalent Functions Defined
by a Fractional Differential Operator !

Tariq O. Salim

Abstract

In this paper, the fractional differential operator DZ”;\I is introduced and ap-

plied to define the classes S\’ (6, 8) and T)'3* (9, 8) of B—uniformly convex and
starlike p—valent functions and p—valent functions with negative coefficients,
respectively. Several results concerning coefficient estimates and extreme points
mainly for the class 7;'30‘ (6, 8) are obtained. Also results for a family of class
preserving integral operators are considered.
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1 Introduction

Let A(p) be the class of functions f(z) of the form

(1) F2) =2+ appt (peN)
k=1

that are analytic and p—valent in the open unit disk £ ={z:2 € C,| z |< 1}

Let T (p) denote the subclass of A(p) consisting of functions that are analytic and
p—valent f(z) expressed in the form

[ee]
(2) [(2) =2 =3 arp™ (arey 2 0,p € N)
k=1

The fractional calculus are defined as follows (e.g.,[9,14])
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Definition 1 The Riemann-Liouville fractional integral of order o is defined for
the function fby

z

(3) Do f(z) = %a) / (z -2 f()dt (o> 0)
0

where the function f(z) is analytic in a simply connected region of the z-plane con-
taining the origin, and the multiplicity of (z—t)*~! is removed by requiring log(z —t)
to be real when z —t > 0.

Definition 2 he Riemann-Liouville fractional derivative of order « is defined for
the function f by

(4) DYf(z) = 1£a2%/z—t )t (0<a<1)
0

where the function f(z) is analytic in a simply connected region of the z-plane con-
taining the origin, and the multiplicity of (z—t)™% is removed by requiring log(z —t)
to be real when z —t > 0.
Definition 3 Under the hypothesis of Definition 1.2, the Riemann-Liouville frac-
tional derivative of order (n + «) is defined for the function f by

d’n
(5) DIt f(z) = D2 f(2) 0<a<l,neNy =NU{0}).

The Gauss’s hypergeometrlc function 9 F} (a, b; ¢; z) is defined for z € E by the series
expression

R = (I

(6) 2Fi(a, b ¢; 2) _ZWH’
k=0

where (o) is the Pochhammer symbol defined, in terms of Gamma functions, by

_T(e+k) (1 ,(k=0,0€ C\{0})
(7) (U)k—W_{g(a—i—l)...(U—i—n—l) (k=neN,oeC)

c#0,-1,-2,.....

Let the function ¢,(a,c; z) be defined as

[ee]
®)  ¢pla,cz) = 2R (1,bicz) =) %zkﬂ’, c#£0,-1,-2,...;2 € E
C)k
k=0

Now, let us define the operator Qf : A(p) — A(p) as

Qo f(2) = %zO‘D?ﬂz) ,aFEp+1l,p+2,...

P+ Dk k
o S 3
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=op(p+1,p—a+1;2)* f(z)

where f * g is the well known Hadamard product (or convolution) written as

(10) (f*9)(2) = 22+ ) apypbraps?
k=1

for any two functions f(z) = 2P + Y oo ak1pz* 1P and g(2) = 2P + > 50 | by p2™ TP
belonging to A(p).

Now we introduce the linear fractional differential operator D;’;f‘ s A(p) — A(p) as
follows

D) = f(2)

a a Az a / o
DS f(z) = (1= NG FE) + Q) = Daf(e)
(11) DXf(z) = DL(DENf(2)
DI f(z) = DD (2)

forneN,A>0and 0 < a < 1.

If f is given by (1), then making use of (9) and (11) we conclude that

(12) DS f(2) =2+ ) k(o A p)ak 2P, neNp
k=1
where
(p+ 1)k e 1"
13 a\p) = | —2F (14
(13) dunlarp) = |14 2

when p = 1, we get the fractional differential operator introduced and studied by
Al-Oboudi and Al-Amoudi [3,4], when p = 1 and a = 0 we get Al-Oboudi differential
operator [2],when & = 0, A = 1 and p = 1 the Séalagean operator is obtained [12], on
setting A =0, n =1 and p = 1 we obtain the Owa-Srivastava fractional differential
operator [10] and when o« = 0 and A = 1, we get the differential operator studied
by Eker and Seker [5].

Note that D;’;‘ f(2) can easily be written in terms of convolution as

(14) DN f(z) = G(2) = f(2)
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where G(2) ={(gp(p+1,p —a+ 1;2) x gpa(2)) x . (@p(p + Lp — a + 1;2) x gpa(2))}

n—times
2P — (1 — 2)ptt
and g, (2) = = 52 If f(2) € T(p)is given by (2), then
(15) D f(2) ZQ/)kn o, \,p)agp2" P, n €Ny

k=1

where ¥y, (o, A, p) is as given by (13).
If (f ® g)(2) is the modified Hadamard product written as

(16) (f®9)(2) = 2" =) ahipbipz™ P, (Ahip: bty > 0)
k=1

for the functions f(z) = 2P — 352, ar4pz"tP and g(z) = 2P — Y22, bpyp2™ P
belonging to 7 (p). Then DZ’ff(z) can be written as

(17) DN f(z) =W(z) ® f(2)
where

W(z) = {(wplp+1L,p—a+1;2) ®hpa(2) ® ... ® (wp(p+ 1,p— a+ 1;2) @ by a(2))},

n—times

wp (p+Lp—a+1;z) = 2Zp—g0p(p +1,p—a+1;2) and hyr(2) = 22P — gp A (2).
Consider the subclass Sg V(6, B) consisting of functions f € A(p) and satisfying

2 (D7) 2 (D5 1()
Reld NP2 7/ 5 A\ PAT )
- RS = Tome

where

(19) z€FE, >0, —p<d<p, 0<a<l1l A>0, peNandneN,.

Define the subclass 7,5"(d, 3) of functions f € T (p) as

(20) T, 8) = SU(6,8) N T(p)

b,

It is interesting to note that the classes S”a(é B) and 7;"1)’\0‘(5, B) extends to the
classes of starlike , convex, S—uniformly starhke and S—uniformly convex for suit-
able choice of the parameters n, o, p, A\, 0 and (. For instant

() For n = 1,A = 0 and p = 1, then S;(5,8) = B — SBa(0) and T;;'(6, )

= [ — TSB,(0) which are the classes introduced and studied by Akbarally and
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Darus [1].
(ii) For a = 0 and n = 0, then Sg:g(é, B) = UST(,5,p) and forn =1, A =0

and a — 1, then S ((5 B) = UCV(d, B,p) where UST (9, 5,p) and UCV (4, 5,p) are
the subclasses of ﬁ unlformly starlike and S—uniformly convex functions studied
recently by Khairnar and More [7]. Several other classes studied by several authors
can be derived from the classes ng‘(é, B) and 7;'})’\0‘(5, B) , see e.g. [6,11,13].

The purpose of the present investigation is to investigate results concerning co-
efficient estimates and extreme points for p—valent functions f(z) of negative coeffi-
cients belonging to the class 7;1)’\0‘ (6, 8). Also, we obtain some results for the integral
operators known as Komatu and Jung-Kim-Srivastava integral operators.

2 Coefficient Estimates
Theorem 1 A function f(z) € A(p)defined by (1) is in S N (6,8) if

(21) D k(14 8) +p — 0]kl \p) larsp| <p -0
k=1

with the limits of parameters given in (19) and Yy n(co, X\, p) given by (13).

Proof. It suffices to show that

 (Ppse) 2 (Dpss)

——ma o P~ Re{ —=ma -0 <p—9¢
ML CI B W P

Notice that / /
m —p| —Re m _
DN f(2) DT (z)

SO ) P
< Dg,ff(z) B i (oA, D) |ak4p|

This expression is bounded by (p — ¢) if

(1 + /8) Z kwk,n(aa )\7p) ‘aker‘ < (p - 5) - (p - 5) Zwk,n(aa )\7p) ‘ak+p|
k=1 k=1

which directly yields the inequality (21). O

Now we state and prove the necessary and sufficient condition for f(z) to belong to

the class 75"(9, 8).
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Theorem 2 A function f(z) € T(p) defined by (2) is in 7';}/’\0‘(5, B) if and only if
(22) S k(1 +B) +p — Ovhkn(as A p)agsy <p—0
k=1

with the limits of parameters given in (19) and Vi n(c, X, p) given by (13).

Proof. In view of Theorem 1, we need only to prove the sufficient part. Let
f(z) e 7;'1)’\0‘((5,@ and z be real. Then by the relations (15) and (20), we get

00 00
p—= Z (k +p)wk,n(a7 )‘>p)ak+pzk Z kwk,n(av )‘>p)ak+pzk
k=1 k=1
00 —0=p 00
1- Z ¢k,n(a7 A7p)a]€+p2’k 11— Z ¢k,n(a7 Aap)ak-f—pzk
k=1 k=1

Allowing z — 1 along the real axis, we get the desired inequality. The result is sharp
for

o p—34 k+p
(23) fz) =z k(L4 B) +p— ldknla, Ap) e

and the proof is complete. ]

Corollary 1 Let the function f(z) € T (p) defined by (2) be in the class 7;'}5\0‘(5, B).
Then

p—34
(24) Qle+p < [k‘(l + ,3) +p— 5]¢k,n(047 )‘ap)7 el

with equality for the function f(z) given by (23) and the limits of parameters are
given in (19) and Yy n (o, A, p) is given by (13).

3 Extreme Points for 7\"(9, 5)
Theorem 3 Let fo(z) = 2P and

D (p—9) Skt
(25) fr(z) =29 [k(1+B) +p — 6]thgn(a, A, p) oren

Then f € 7;}5\0‘((5,[3) if and only if it can be expressed in the form

(26) F(2) = meful2)
k=0

o
where n, >0 and Y np =1, and Yy, (a, A\, p) is given by (13).
k=0
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Proof. Suppose that

- (p—9) k+
= = P D
i kzzg)nkfk 7 an E(1+ ) +p—0)vgn(a, A p)z '
Then
i (1+B) +p— 0|pala, A, p) (p—9) .
r (p—9) (1 + B) +p — 0lnn(a, A p)

o0

Z (1—mn) <1
Therefore, f(z) € T:j\a(é,ﬂ).
Conversely, suppose that f € 7 3%(0,8), thus by (24)

a < o
k+p > [k(l + ﬁ) +p— 5]1/)k,n(05> )\7p)

Setting 7 = B nleds) g ke Nand g = 1 — 352, 7, then f(2)

can be expressed in the form (26), and the proof is complete. O

Corollary 2 The extreme points of 7;“)’\01(5, B) are the functions fo(z) = 2P and

fre(z) = 2P — )

kP ke N, where a, \,p) is given
KL+ 5) +p— brm(@ A7) A
by (13).

4 Family of Class Preserving Integral Operators

In this section, we discuss some class preserving integral operators. We recall here
the Komatu operator [8] defined by

ctp)d T o\ d—
(27) M) = Pl 1) = SE [t (10g )" poya
0

where d > 0,c > —p and z € F.
Also we recall the generalized Jung-Kim-Srivastava integral operator [7] defined by

(8) ()= f(z) = (‘”c“"l)i]#1(1—f)d1f<t>dt

c+p-—1 2¢ z

Theorem 4 If f(z) € 7;?)’\0‘((5,[3), then H(z) € 7;?;\0‘((5,[3).
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Proof. Let the function f(z) € ng\a(é,ﬂ) be defined by (2), then it can be easily
verified that

o d
ctp > kit
29 apyp? P (agyp > 0,p €N
(29) z;(c—l—k—i—p k+p (ak+p p )
Now H(z) € T"5(6, 8) if
S [k<1+5)+p—6]wkn(a,A,p)< c+p )d

30 : <1
) P (p—9) ctk+p) P

Now, by Theorem 2, f(z) € 7;?}\a(5, B) if and only if

i (14 8) +p — Jthpn(a, A p)

A+p <1
— (p—0)

+p
c+k+p

Theorem 5 Letd > 0,c > —p and f(z) € 7;1)’\0‘(5,5). Then H(z) defined by (27) is
p—walent in the disk |z| < Ry, where

Since < 1for k € N, then (30) holds true. Therefore H(z) € 7;?)’\0‘((5, B).

(31)

1
g J PR B) +p = d)(e+ k4 p)MWn( Ap) | k
= f{ 1 p)ct ) —9) }

Proof. In order to prove the assertion , it is enough to show that

H'(z)
(32) prl _p' Sp
Now, in view of (29), we get
H'(2) > c+ d
—pl == k
2P p‘ ' ;( +2) <c+k+p> kv s

o) d
c+p
< Z(k+p) <07+k+p> Qk+p ‘Z‘k

This expression is bounded by p if

k—i— c+ d
(33) yo (k) ( P ) arp |F <1

P c+k+p

Given that f(z) € 7;“’a(5, B), so in view of Theorem 2, we have

+p <1

o~ [k(1+B) +p — 0]t nle, A, p)
Z:l (p—9) o
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Thus, (33) holds if

keN

’ k(1 -4 n 7)\7
(+7) (%ﬁp) o |off < PEOES) +<§—5§¢k’ (@ Ap)

that is

1
o] < {p[k(l +8) +p—0l(c+k+p) P\ p) }E
- (k+p)(c+p)i(p—9)

The result follows by setting |z| = Rj. O

Following similar steps as in the proofs of Theorem 4.1 and Theorem 4.2, we can
state the following two theorems concerning the generalized Jung-Kim-Srivastava
integral operator Z(z).

Theorem 6 If f(z) € 7;?)’\0‘((5,[3), then I(z) € T5%(0,8).

p,

Theorem 7 Letd > 0,c > —p and f(z) € T)5"(6,5). Then Z(2) defined by (28) is
p—walent in the disk |z| < Ra, where

1
(34) R, = i%f {P[k(l +B8)+p—0pn(a,\,p) (p+c+ d)k}k |

(k+p)((p—9) (p+ o)k
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