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Another Ostrowski type inequality via
Pompeiu’s mean value theorem 1

Silvestru Sever Dragomir

Abstract

In this paper, a new Ostrowski type inequality via Pompeiu’s

mean value theorem is proved. Some applications for special

means are also given.
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1 Introduction

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem,

now known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1 (Pompeiu, 1946 [6]) For every real valued function f dif-

ferentiable on an interval [a, b] not containing 0 and for all pairs x1 ̸= x2

in [a, b] , there exists a point ξ between x1 and x2 such that

(1)
x1f (x2)− x2f (x1)

x1 − x2
= f (ξ)− ξf ′ (ξ) .
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Following [6, p. 84 – 85], we will mention here a geometrical inter-

pretation of Pompeiu’s theorem.

The equation of the secant line joining the points (x1, f (x1)) and

(x2, f (x2)) is given by

y = f (x1) +
f (x2)− f (x1)

x2 − x1
(x− x1) .

This line intersects the y−axis at the point (0, y) , where y is

y = f (x1) +
f (x2)− f (x1)

x2 − x1
(0− x1)

=
x1f (x2)− x2f (x1)

x1 − x2
.

The equation of the tangent line at the point (ξ, f (ξ)) is

y = (x− ξ) f ′ (ξ) + f (ξ) .

The tangent line intersects the y−axis at the point (0, y) , where

y = −ξf ′ (ξ) + f (ξ) .

Hence, the geometric meaning of Pompeiu’s mean value theorem is that

the tangent of the point (ξ, f (ξ)) intersects on the y−axis at the same

point as the secant line connecting the points (x1, f (x1)) and (x2, f (x2)) .

In 1938, A. Ostrowski [4] proved the following result in the estimating

the integral mean:

Theorem 2 (Ostrowski, 1938 [4]) Let f : [a, b] → R be continuous

on [a, b] and differentiable on (a, b) with |f ′ (t)| ≤ M < ∞ for all t ∈
(a, b) . Then for any x ∈ [a, b] , we have the inequality

(2)

∣∣∣∣f (x)− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣ ≤
1
4
+

(
x− a+b

2

b− a

)2
M (b− a) .

The constant 1
4
is best possible in the sense that it cannot be replaced by

a smaller quantity.
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In order to provide another approximation of the integral mean, by

making use of the Pompeiu’s mean value theorem, the author proved the

following result:

Theorem 3 (Dragomir, 2005 [3]) Let f : [a, b] → R be continuous

on [a, b] and differentiable on (a, b) with [a, b] not containing 0. Then for

any x ∈ [a, b] , we have the inequality∣∣∣∣a+ b

2
· f (x)

x
− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣(3)

≤ b− a

|x|

1
4
+

(
x− a+b

2

b− a

)2
 ∥f − ℓf ′∥∞ ,

where ℓ (t) = t, t ∈ [a, b] .

The constant 1
4
is sharp in the sense that it cannot be replaced by a

smaller constant.

In [7], E. C. Popa using a mean value theorem obtained a generaliza-

tion of (3) as follows:

Theorem 4 (Popa, 2007 [7]) Let f : [a, b] → R be continuous on [a, b]

and differentiable on (a, b) . Assume that α /∈ [a, b] . Then for any x ∈
[a, b] , we have the inequality∣∣∣∣(a+ b

2
− α

)
f (x) +

α− x

b− a

∫ b

a

f (t) dt

∣∣∣∣(4)

≤

1
4
+

(
x− a+b

2

b− a

)2
 (b− a) ∥f − ℓαf

′∥∞ ,

where ℓα (t) = t− α, t ∈ [a, b] .

In [5], J. Pečarić and S. Ungar have proved a general estimate with

the p-norm, 1 ≤ p ≤ ∞ which for p = ∞ give Dragomir’s result.
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Theorem 5 (Pečarić & Ungar, 2006 [5]) Let f : [a, b] → R be con-

tinuous on [a, b] and differentiable on (a, b) with 0 < a < b. Then for

1 ≤ p, q ≤ ∞ with 1
p
+ 1

q
= 1 we have the inequality

(5)

∣∣∣∣a+ b

2
· f (x)

x
− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣ ≤ PU (x, p) ∥f − ℓf ′∥p ,

for x ∈ [a, b] , where

PU (x, p) : = (b− a)
1
p
−1

[(
a2−q − x2−q

(1− 2q) (2− q)
+
x2−q − a1+qx1−2q

(1− 2q) (1 + q)

)1/q

+

(
b2−q − x2−q

(1− 2q) (2− q)
+
x2−q − b1+qx1−2q

(1− 2q) (1 + q)

)1/q
]
.

In the cases (p, q) = (1,∞) , (∞, 1) and (2, 2) the quantity PU (x, p) has

to be taken as the limit as p→ 1,∞ and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f − ℓαf ′,

where ℓα (t) = t− α, t ∈ [a, b] and α /∈ [a, b] see [1] and [2].

In this paper, a new Ostrowski type inequality via Pompeiu’s mean

value theorem is proved. Applications for special means are also given.

2 Another Ostrowski Type Inequality Via

Pompeiu’s Result

The following new result holds.

Theorem 6 Let f : [a, b] → R be continuous on [a, b] and differentiable

on (a, b) with b > a > 0. Then for any x ∈ [a, b] , we have the inequality∣∣∣∣f (x)x
− 1

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣(6)

≤ 2

b− a
∥f − ℓf ′∥∞

(
ln

x√
ab

+
a+b
2

− x

x

)
,
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where ℓ (t) = t, t ∈ [a, b] .

The constant 2 is best possible in (6).

Proof. Applying Pompeiu’s mean value theorem [6] (see also [8, p. 83]),

for any x, t ∈ [a, b] , there is a ξ between x and t such that

tf (x)− xf (t) = [f (ξ)− ξf ′ (ξ)] (t− x)

giving

|tf (x)− xf (t)| ≤ sup
ξ∈[a,b]

|f (ξ)− ξf ′ (ξ)| |x− t| = ∥f − ℓf ′∥∞ |x− t|

for any t, x ∈ [a, b] , or, by dividing with x, t > 0, equivalently to

(7)

∣∣∣∣f (x)x
− f (t)

t

∣∣∣∣ ≤ ∥f − ℓf ′∥∞

∣∣∣∣1x − 1

t

∣∣∣∣
for any t, x ∈ [a, b] .

Integrating over t ∈ [a, b] , we get∣∣∣∣f (x)x
(b− a)−

∫ b

a

f (t)

t
dt

∣∣∣∣ ≤ ∫ b

a

∣∣∣∣f (x)x
− f (t)

t

∣∣∣∣ dt(8)

≤ ∥f − ℓf ′∥∞
∫ b

a

∣∣∣∣1x − 1

t

∣∣∣∣ dt
and since∫ b

a

∣∣∣∣1x − 1

t

∣∣∣∣ dt = [∫ x

a

(
1

t
− 1

x

)
dt+

∫ b

x

(
1

x
− 1

t

)
dt

]
=

(
ln
x

a
− x− a

x
+
b− x

x
− ln

b

x

)
=

(
ln
x2

ab
+
a+ b− 2x

x

)
= 2

(
ln

x√
ab

+
a+b
2

− x

x

)

for any x ∈ [a, b] , then we deduce from (8) the desired result (6).
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Now, assume that (6) holds with a constant k > 0, i.e.,∣∣∣∣f (x)x
− 1

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣(9)

≤ k

b− a
∥f − ℓf ′∥∞

(
ln

x√
ab

+
a+b
2

− x

x

)
,

for any x ∈ [a, b] .

Consider f : [a, b] → R, f (t) = 1. Then

∥f − ℓf ′∥∞ = 1,
1

b− a

∫ b

a

f (t)

t
dt =

1

b− a
ln
b

a
,

and by (9) we deduce∣∣∣∣1x − 1

b− a
ln
b

a

∣∣∣∣ ≤ k

b− a

(
ln

x√
ab

+
a+b
2

− x

x

)
for any x ∈ [a, b] .

If we take in this inequality x = a, we get∣∣∣∣1a − 1

b− a
ln
b

a

∣∣∣∣ ≤ k

b− a

(
ln

a√
ab

+
b− a

2a

)
(10)

=
k

2 (b− a)

(
ln
a2

ab
+
b− a

a

)
=

k

2 (b− a)

(
ln
a

b
+
b− a

a

)
.

In we multiply (10) with 2 (b− a) we get

2

∣∣∣∣b− a

a
− ln

b

a

∣∣∣∣ ≤ k

(
b− a

a
− ln

b

a

)
which implies that k ≥ 2.

The following interesting particular case holds.

Corollary 7 With the assumptions in Theorem 6, we have

(11)

∣∣∣∣∣f
(
a+b
2

)
a+b
2

− 1

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣∣ ≤ 2

b− a
∥f − ℓf ′∥∞ ln

(
a+b
2√
ab

)
.
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Remark 1 If we consider the function ψ : [a, b] → R given by

ψ (x) := ln
x√
ab

+
a+b
2

− x

x
,

then we observe that

ψ′ (x) =
x− a+b

2

x2
,

which shows that

inf
x∈[a,b]

ψ (x) = ψ

(
a+ b

2

)
= ln

(
a+b
2√
ab

)
,

meaning that the inequality (11) is the best possible one can get from (6).

Remark 2 We can state from (6) the following inequality as well:

∣∣∣∣∣∣
f
(√

ab
)

√
ab

− 1

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣∣∣(12)

≤ 2

b− a
∥f − ℓf ′∥∞

(
a+b
2

−
√
ab

√
ab

)
.

Corollary 8 Let f : [a, b] → R be continuous on [a, b] and differentiable

on (a, b) with b > a > 0. Then we have the inequality

∣∣∣∣∫ b

a

f (x) dx− a+ b

2

∫ b

a

f (t)

t
dt

∣∣∣∣(13)

≤ ∥f − ℓf ′∥∞
[(

b2 + a2

2

)
ln b− ln a

b− a
− 1

]
.
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Proof. Utilizing (6) we have∣∣∣∣∫ b

a

f (x) dx− a+ b

2

∫ b

a

f (t)

t
dt

∣∣∣∣(14)

≤
∫ b

a

∣∣∣∣f (x)− x

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣ dx
≤ 2

b− a
∥f − ℓf ′∥∞

(∫ b

a

x ln
x√
ab
dx+

∫ b

a

(
a+ b

2
− x

)
dx

)
=

2

b− a
∥f − ℓf ′∥∞

∫ b

a

x ln
x√
ab
dx.

Since ∫ b

a

x ln
x√
ab
dx =

x2

2
ln

x√
ab

∣∣∣∣b
a

− 1

2

∫ b

a

xdx

=
b2

2
ln

b√
ab

− a2

2
ln

a√
ab

− 1

2
(b− a)

=
b2

2
ln

√
b

a
− a2

2
ln

√
a

b
− 1

2
(b− a)

=

(
b2 + a2

2

)
ln

√
b

a
− 1

2
(b− a)

=

(
b2 + a2

4

)
ln
b

a
− 1

2
(b− a) ,

then
2

b− a

∫ b

a

x ln
x√
ab
dx =

(
b2 + a2

2

)
ln b− ln a

b− a
− 1

and by (14) we deduce the desired result (13).

3 The Weighted Case

We consider now the weighted integral case.
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Theorem 9 Let f : [a, b] → R be continuous on [a, b] and differentiable

on (a, b) with [a, b] with b > a > 0. If w : [a, b] → R is nonnegative

integrable on [a, b] , then for each x ∈ [a, b] , we have the inequality:

(15)

∣∣∣∣f (x)x

∫ b

a

w (t) dt−
∫ b

a

f (t)

t
w (t) dt

∣∣∣∣
≤ ∥f − ℓf ′∥∞

[∫ x

a

w (t) dt

t
−
∫ b

x

w (t)

t
dt

+
1

x

(∫ b

x

w (t) dt−
∫ x

a

w (t) dt

)]
.

Proof. Using the inequality (7), we have∣∣∣∣f (x)x

∫ b

a

w (t) dt−
∫ b

a

f (t)

t
w (t) dt

∣∣∣∣
≤
∫ b

a

∣∣∣∣f (x)x
− f (t)

t

∣∣∣∣w (t) dt

≤ ∥f − ℓf ′∥∞
∫ b

a

∣∣∣∣1x − 1

t

∣∣∣∣w (t) dt

= ∥f − ℓf ′∥∞
[∫ x

a

(
1

t
− 1

x

)
w (t) dt+

∫ b

x

(
1

x
− 1

t

)
w (t) dt

]
= ∥f − ℓf ′∥∞

[∫ x

a

w (t) dt

t
− 1

x

∫ x

a

w (t) dt

+
1

x

∫ b

x

w (t) dt−
∫ b

x

w (t)

t
dt

]
= ∥f − ℓf ′∥∞

[∫ x

a

w (t) dt

t
−
∫ b

x

w (t)

t
dt

+
1

x

(∫ b

x

w (t) dt−
∫ x

a

w (t) dt

)]
,

from where we get the desired inequality (15).

Remark 3 If we take in (15) w (t) = t, then we have the following
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estimate for the integral mean∣∣∣∣b2 − a2

2
· f (x)

x
−
∫ b

a

f (t) dt

∣∣∣∣
≤ 1

x
∥f − ℓf ′∥∞

[(
x− a+ b

2

)2

+

(
b− a

2

)2
]

for x ∈ (a, b) , that is equivalent to (6) for 0 < a < b.

If we take in (15) w (t) = t2, then we have∣∣∣∣b3 − a3

3
· f (x)

x
−
∫ b

a

f (t) tdt

∣∣∣∣(16)

≤ ∥f − ℓf ′∥∞
[
2x3 − 3x (a2 + b2) + 2 (b3 + a3)

6x

]
for x ∈ (a, b) .

4 Applications for Special Means

In the following we will use the following inequality obtained in Corollary

7,

(17)

∣∣∣∣∣f
(
a+b
2

)
a+b
2

− 1

b− a

∫ b

a

f (t)

t
dt

∣∣∣∣∣ ≤ 2

b− a
∥f − ℓf ′∥∞ ln

(
a+b
2√
ab

)
provided 0 < a < b.

1. Consider the function f : [a, b] ⊂ (0,∞) → R, f (t) = tp, p ∈
R\ {−1, 0} . Then

f

(
a+ b

2

)
= Ap,

1

b− a

∫ b

a

f (t)

t
dt = Lp−1

p−1, p ∈ R\ {0, 1} ,

∥f − ℓf ′∥[a,b],∞ =


(1− p) ap if p ∈ (−∞, 0) \ {−1} ,

|1− p| bp if p ∈ (0, 1) ∪ (1,∞) ,
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where

Lp = Lp(a, b) :=

[
bp+1 − ap+1

(p+ 1) (b− a)

] 1
p

, p ∈ R\{−1, 0}, a, b > 0, a ̸= b

is the p-Logarithmic mean and A = A(a, b) := a+b
2
, a, b ≥ 0 is the

arithmetic mean.

Consequently, by (17) we deduce

∣∣Ap−1 − Lp−1
p−1

∣∣ ≤ 2

b− a
ln

(
A

G

)
(18)

×


(1− p) ap if p ∈ (−∞, 0) \ {−1} ,

|1− p| bp if p ∈ (0, 1) ∪ (1,∞) .

2. Consider the function f : [a, b] ⊂ (0,∞) → R, f (t) = 1
t
. Then

f

(
a+ b

2

)
=

1

A
,

1

b− a

∫ b

a

f (t)

t
dt =

1

G2
, ∥f − ℓf ′∥[a,b],∞ =

2

a
,

where

G(a, b) :=
√
ab, a, b > 0,

is the Geometric mean.

Consequently, by (17) we deduce

(19) 0 ≤ A2 −G2 ≤ 4

(b− a) a
A2G2 ln

(
A

G

)
.

3. Consider the function f : [a, b] ⊂ (0,∞) → R, f (t) = ln t. Then

f

(
a+ b

2

)
= lnA,

1

b− a

∫ b

a

f (t)

t
dt =

ln2 b− ln2 a

2 (b− a)
,

∥f − ℓf ′∥[a,b],∞ = max

{∣∣∣ln(a
e

)∣∣∣ , ∣∣∣∣ln(be
)∣∣∣∣} ,
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where

I = I(a, b) :=
1

e

(
bb

aa

) 1
b−a

, a, b > 0, a ̸= b

is the Identric mean.

Consequently, by (17) we deduce∣∣∣∣ lnAA − ln2 b− ln2 a

2 (b− a)

∣∣∣∣(20)

≤ 2

b− a
max

{∣∣∣ln(a
e

)∣∣∣ , ∣∣∣∣ln(be
)∣∣∣∣} ln

(
A

G

)
.

If we use the Logarithmic mean, i.e.

L =
b− a

ln b− ln a
, a, b > 0, a ̸= b,

then (20) can be written as

(21)

∣∣∣∣ lnAA − lnG

L

∣∣∣∣ ≤ 2

b− a
max

{∣∣∣ln(a
e

)∣∣∣ , ∣∣∣∣ln(be
)∣∣∣∣} ln

(
A

G

)
.
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The non-normalized subordination chains
with asymptotically spirallike mapping in

several complex variables 1

S. Rahrovi, A. Ebadian and S. Shams

Abstract

In the present paper we generalize the results of [4]. Indeed,

we introduce the notion of A(t)- asymptotic spirallike and A(t)-

parametric representation, where A : [0,∞] → L(Cn,Cn), and

prove that if
∫∞
0 ∥e

∫ t
s [A(τ)−2m(A(τ)In]dτ∥dt < ∞, then a mapping

f ∈ S(Bn) is A(t)- asymptotic spirallike if and only if f has A(t)-

parametric representation, i.e., if and only if there exists a uni-

valent subordination chain f(z, t) such that Df(0, t) = e
∫ t
0 A(τ)dτ ,

{e−
∫ t
0 A(τ)dτf(z, t)}t≥0 is a normal family on Bn and f = f(., 0).

Also, we prove that the set of non-normalized biholomorphic map-

pings of Bn, namely the set S0
A(t)(B

n) of mappings which have

A(t)-parametric representation, is compact.
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1 Introduction and Preliminaries

Let Cn denote the space of n complex variables z = (z1, . . . , zn) with

the Euclidean inner product < z,w >=
∑∞

j=1 zjw̄j and Euclidean norm

∥z∥ = < z, z >1/2. The open ball {z ∈ Cn : ∥z∥ < r} is denoted by

Bn
r and the unit ball Bn

1 by Bn. The closed ball {z ∈ Cn : ∥z∥ ≤ r} is

denoted by B̄n
r . In the case of one complex variable, B1 is denoted by U .

Let L(Cn,Cm) be the spase of linear and continuous operators from

Cn to Cm with the standard operator norm and let In be the identity in

L(Cn,Cn). If Ω is a domain in Cn, let H(Ω) be the set of holomorphic

mappings from Ω into Cn. Let Ω be a domain in Cn which contains

the origin and f ∈ H(Ω), we say that f is normalized if f(0) = 0 and

Df(0) = In. Let S(B
n) be the set of normalized biholomorphic mappings

on Bn, the set S(B1) is denoted by S. Also, let S∗(Bn) be the subset of

S(Bn) consisting of starlike mappings on Bn.

If f ∈ H(Bn), we say that f is locally biholomorphic on Bn if Jf (z) ̸=
0, z ∈ Bn, where Jf (z) = detDf(z) and Df(z) is the complex Jacobian

matrix of f at z. Let LSn be the set of normalized locally biholomorphic

mappings on Bn. In the case of one variable, the set LS1 is denoted by

LS.

If f, g ∈ H(Bn), we say that f is subordinate to g (f ≺ g) if there

exists a Schwarz mapping υ ( i.e., υ ∈ H(Bn) and ∥υ(z)∥ ≤ ∥z∥, z ∈ Bn)

such that f = goυ.

Definition 1 A mapping f : Bn × [0,∞] → Cn is called a univalent

subordination chain if f(., t) is biholomorphic on Bn, f(0, t) = 0 for

t ≥ 0, and f(., s) ≺ f(., t), 0 ≤ s ≤ t < ∞. In addition, if f(., t)

is biholomorphic on Bn for t ≥ 0, we say that f(z, t) is a univalent

subordination chain. If Df(0, t) = etIn for t ≥ 0, we say that f(z, t) is a

Loewner chain ( or a normalized univalent subordination chain ).

The above subordination implies the existence of the transition mapping
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υ(z, s, t) associated with f(z, t), such that f(z, t) = f(υ(z, s, t), t) for

z ∈ Bn and t ≥ s ≥ 0 .

The following classes of mappings in H(Bn) play a key role in our

discussion (see [3, 8, 9, 16, 17] ):

N = {h ∈ H(Bn) : h(0) = 0, Re < h(z), z > > 0, z ∈ H(Bn)\{0}}

and

M = {h ∈ N : Dh(0) = In}.

Some properties of mappings in the classes N and M can be found

in [25− 26].

Several notation from operator theory play a role in studying special

classes of holomorphic mappings on Bn or in proving estimates or existing

the theorems for the general Loewner differential equation. These notions

involve properties of the numerical radius or the spectrum or a linear

operator.

If A ∈ L(Cn,Cn), let m(A) = min{Re < A(z), z >: ∥z∥ = 1}, and
k(A) = max{Re < A(z), z >: ∥z∥ = 1}.

Let |V (A)| = max∥z∥=1 | < A(z), z > | be the numerical radius of

operator A. Then ∥A∥ ≤ 2|V (A)| by [13, Theorem 1.3.1]. Also let

k+(A) = max{Reλ : λ ∈ σ(A)} be the upper exponential index of A,

where σ(A) is the spectrum of A. It is known that k+(A) = limt→∞
ln ∥etA∥

t

and for each w > k+(A), there exists a positive number δ = δ(w) such

that

∥etA∥ ≤ δewt, t ≥ 0.(1)

We need the following result, whose proof is similar to in [4, Theo-

rem 1.2]. The proof uses the fact that if h ∈ N has the homogeneous

expansion

h(z) = A(z) +
∞∑

m=2

Pm(z), z ∈ Bn,

then ∥Pm∥ ≤ 4mk(A) for m ≥ 2.
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Lemma 1 Let h : Bn → Cn be a mapping such that h ∈ N , Dh(0) =

A(t) and m(A(t)) > 0 for t ≥ 0. Then ∥h(z)∥ ≤ 4r
(1−r)2

|V (A(t))| for all

∥z∥ ≤ r < 1.

In this paper, we use liner operators which depended measurably on t and

which satisfy the assumptions of Definition 2. We remark that condition

(2) is satisfied if A(t) is constant or if A(t) is diagonal (for details, see

[5]).

Definition 2 Let A : [0,∞] → L(Cn,Cn) be a measurable mapping such

that m(A(t)) > 0 for t ≥ 0 and
∫∞
o
m(A(t))dt = ∞. Moreover, assume

that ∥A(.)∥ is uniformly bounded on [0,∞] and

∫ t

s

A(τ)dτ o

∫ s

r

A(τ)dτ =

∫ s

r

A(τ)dτ o

∫ t

s

A(τ)dτ, t ≥ s ≥ r ≥ 0.

(2)

The estimates (3)and (4) below may be found in [4] Remark 1.6(v).

Lemma 2 Let A : [0,∞) → L(Cn,Cn) satisfies the conditions in Defi-

nition 2. Then

e
∫ t
s m(A(τ))dτ ≤ ∥e

∫ t
s A(τ)dτ (u)∥ ≤ e

∫ t
s k(A(τ))dτ , t ≥ s ≥ 0, ∥u∥ = 1,(3)

e−
∫ t
s k(A(τ))dτ ≤ ∥e−

∫ t
s A(τ)dτ (u)∥ ≤ e−

∫ t
s m(A(τ))dτ , t ≥ s ≥ 0, ∥u∥ = 1.

(4)

Definition 3 Let A : [0,∞] → L(Cn,Cn) be a locally Lebesgue integrable

mapping such that m(A(t)) > 0 for t ≥ 0 . Also let Ω be a domain in Cn

which contains the origin, we say that Cn is generalized spirallike with

respect to A if e−
∫ t
s A(τ)dτ (w) ∈ Ω for all w ∈ Ω and t ≥ s ≥ 0.

A mapping f ∈ S(Bn) is called generalized spirallike with respect to

A if f(Bn) is a generalized spirallike domain with respect to A. This

condition is characterized by [Df(z)]−1A(t)f(z) ∈ N .
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Remark 1 A mapping f is called spirallike of type α ∈ (−π
2
, π
2
) if f is

spirallike with respect to A(t) ≡ A = e−iαIn (see [14];cf. [26] ) Hence

f ∈ S∗(Bn) if and only if f is spirallike of type zero.

Hamada and Kohr [14] showed that spirallikeness of type α has the fol-

lowing characterization in terms of Loewner chain: f ∈ LSn is spirallike

of type α if and only if f(z, t) = e(1−ia)tf(eiatz) is a Loewner chain, where

a = tanα. In particular, f ∈ S∗(Bn) if and only if f(z, t) = etf(z) is a

Loewner chain.

We remark that if A(t) is a constant linear operator in Cn, then Def-

inition 3 reduce to the usual definition of spirallikeness (see [26]). Also,

if A(t) = In we obtain the usual notion of spirallikeness (see [8, 11, 26]

). Various results concerning spirallike mapping with respect to constant

linear operators may be found in [2, 12, 14, 15, 21, 22, 26].

The authors [?] proved the following characterizations of generalized

spirallikeness (see [2 Proposition 3.7.5] and [4 Corollary 2.12] for A(t) ≡
A).

Lemma 3 Let A : [0,∞] → L(Cn,Cn) be a locally Lebesgue integrable

mapping which satisfies the condition(2). Assume that m(A(t)) > 0 for

t ≥ 0. Let f ∈ H(Bn) be a normalized mapping then f is generalized

spirallike with respect to A if and only if f(z, t) = e
∫ t
0 A(τ)dτf(z) is a

univalent subordination chain.

Lemma 4 Let A : [0,∞) → L(Cn,Cn) be a measurable mapping which

satisfies the conditions in Definition 2 and let f ∈ LSn. Then f is

generalized spirallike with respect to A if and only if there exists h(., t) ∈
N for a.e. t ≥ 0, where h(z, t) = [Df(z)]−1A(t)f(z). In addition, if the

condition

sup
s≥o

∫ ∞

s

∥e
∫ t
s [A(τ)−2m(A(τ)In]dτ∥dt <∞,(5)
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holds, then the limit limt→∞ e
∫ t
0 A(τ)dτυ(z, s, t) = f(z, s) holds locally

uniformly on Bn, where υ = υ(z, s, t) is the unique Lipschitz continuous

solution on [s,∞) of the initial value problem

∂υ

∂t
= −h(υ, t) a.e. t ≥ s, υ(z, s, s) = z,

for each s ≥ 0 and z ∈ Bn.

Example 1 Let n = 2 and f : B2 → C2 be given by f(z) = (z1, z2+αz
2
1)

for z = (z1, z2) ∈ B2, where α ∈ C2\{0}. Also, let b > 0 and a :

[0,∞) → C be a measurable function such that Rea(t) > 0, |a(t)| ≤ b

for t ≥ 0. Suppose that A : [0,∞) → L(C2,C2) be defined by A(t) =

diag(a(t), 2a(t)) for t ≥ 0. Also, let f(z, t) = e
∫ t
0 A(τ)dτf(z). On the

other hand, since |a(t)| ≤ b for t ≥ 0, it follows that ∥A(.)∥ is uniformly

bounded on [0,∞). Since

Re < [Df(z)]−1A(t)f(z), z ≥ Re a(t)(|z1|2 + 2|z2|2) > 0, z ∈ B2\{0},

it follows from Lemma 4 that f is a generalized spirallike mapping with

respect to A. Then f(., t) is biholomorphic on B2, f(0, t) = 0, Df(0, t) =

e
∫ t
0 A(τ)dτ for t ≥ 0 and f(z, .) is differential on [0,∞) for z ∈ B2. Hence

f(z, t) is a univalent subordination chain by Lemma 3.

Definition 4 Let A : [0,∞) → L(Cn,Cn) be a measurable mapping

which satisfies the conditions in Definition 2 and let f ∈ H(Bn) be a

normalized mapping. We say that f has A(t)-parametric representa-

tion if there exists a mapping h : Bn × [0,∞] → Cn such that h(., t) ∈
N , Dh(0, t) = A(t) for a.e. t ≥ o and h(., t) is measurable function on

[0,∞) for z ∈ Bn and f(z) = limt→∞ e
∫ t
0 A(τ)dτυ(z, t) locally uniformly on

Bn, where υ = υ(z, t) is the unique locally absolutely continuous solution

of the initial value problem

∂υ

∂t
= −h(υ, t) a.e. t ≥ 0, υ(z, 0) = z,(6)

for all z ∈ Bn.
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Not that if A(t) = A is a constant operator, then Definition 4 reduce to

[4] Definition 1.5. If A(t) = In and f has In-parametric representation,

then f has parametric representation in the usual sense ( see [3], [8]; cf.

[19] ).

Remark 2 A mapping f ∈ S(Bn) has parametric representation if and

only if there exists a Loewner chain f(z, t) such that {e−tf(., t)}t≥0 is

a normal family on Bn and f(z) = f(z, 0), z ∈ Bn ( see [3], [8], [9];

cf.[20]).

Denote by S0(Bn) the class of mappings which have parametric represen-

tation and by S0
A(t)(B

n) the class of mapping which have A(t)-parametric

representation, also we write S0
In
(Bn) = S0(Bn). If n = 1, S0(U) = S (

see [18] ), but S0(Bn) $ S(Bn) for n ≥ 2 ( see [3] and [8] ). However,

important subclasses of S(Bn) are also subclasses of S0(Bn). For exam-

ple, S∗(Bn) $ S0(Bn) and any spirallike mapping of type α ∈ (−π
2
, π
2
)

belongs to S0(Bn), too ( see [14] ).

We next introduce the notion of asymptotic spirallikeness, a natural

generalization of spirallikeness.

Definition 5 Let Ω ⊆ Cn be a domain which contains the origin, and

A : [0,∞) → L(Cn,Cn) satisfy the condition in Definition 2. We say

that Ω is A(t)-asymptotically spirallike if there exists a mapping Q =

Q(z, t) : Ω× [0,∞) → Cn which satisfies the following conditions

(i) Q(., t) is a holomorphic mapping on Ω, Q(0, t) = 0,

DQ(0, t) = A(t), t ≥ 0 and the family {Q(., t)}t≥0 is locally

uniformly bounded on Ω;

(ii) Q(z, .) is measurable on [0,∞) for all z ∈ Ω;

(iii) the initial value problem

∂ω

∂t
= −Q(ω, t) a.e. t ≥ s, ω(z, s, s) = z,(7)
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has a unique solution ω = ω(z, s, t) for each z ∈ Ω and

s ≥ 0, such that ω(., s, t) is a holomorphic mapping of Ω

in to Ω for t ≥ s, ω(z, s, t) is locally absolutely continuous on

[0,∞) locally uniformly with respect to z ∈ Ω for s ≥ 0, and

limt→∞ e
∫ t
0 A(τ)dτω(z, 0, t) = z locally uniformly on Ω.

A domain Ω ⊆ Cn which contains the origin is called asymptotically

spirallike if there exists the mapping A : [0,∞) → L(Cn,Cn) which

satisfies the conditions in Definition 2 and m(A(t)) > 0 for t ≥ 0 such

that Ω is A(t)-asymptotically spirallike.

Note that if A = In in Definition 5, then is asymptotically starlike ([5

Definition 2.1] and [20 Definition 3] in the case of the maximum norm).

Definition 6 Let f : Bn → Cn be a normalized holomorphic mapping,

and let A : [0,∞) → L(Cn,Cn) satisfies the condition Definition 2, we

say that f is A(t)-asymptotically spirallike ( asymptotically spirallike )

if f is biholomorphic on Bn and f(Bn) is an A(t)-asymptotically spiral-

like ( asymptotically spirallike ) domain. In particular, we say that f

is asymptotically starlike if f is biholomorphic on Bn and f(Bn) is an

asymptotically starlike domain.

Remark 3 (i) If Q(., t) ≡ A(t) ≡ A : [0,∞) → L(Cn,Cn) be a locally

Lebsgue integrable mapping such that m(A(t) ≥ 0 for t ≥ o satisfies

in Definition 5, then Ω is generalized spirallike with respect to A. In

particular, if Q(., t) ≡ In in Definition 5, then Ω is starlike. Indeed,

the initial value problem (1.7) has the the unique solution ω(z, s, t) =

e−
∫ t
s A(τ)dτz, such that ω(z, s, t) ∈ Ω, z ∈ Ω, t ≥ s. Hence Ω is generalized

spirallike with respect to A;

(ii) Conversely, if Ω is generalized spirallike with respect to A : [0,∞) →
L(Cn,Cn) which A(t) be a locally Lebsgue integrable mapping such that

m(A(t) ≥ 0 for t ≥ 0, then Ω is A(t)-asymptotically spirallike. Indeed,

let Q ≡ A(t), then Q ∈ H(Ω), Q(0) = 0, DQ(0) = A(t) and since A(t)
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is Lipschite in Cn, the initial value problem

∂ω

∂t
(z, s, t) = −A(ω(z, s, t)), ω(z, s, s) = z

has the unique solution ω(z, s, t) = e−
∫ t
s A(τ)dτz, for all z ∈ Ω and t ≥

s ≥ 0. Then ω(., s, t) is a holomorphic mapping of Ω into Ω is spi-

rallike with respect to A, ω(z, s, t) is a mapping C∞ on [s,∞), and

e
∫ t
0 A(τ)dτω(z, 0, t) = z for z ∈ Ω and t ≥ 0. Hence Ω is A(t)-asymptotically

spirallike;

(iii) If Q(., t) ≡ Φ in Definition 5, where Φ ∈ H(Ω) such that

Φ(0) = 0, DΦ(0) = A(t) and A : [0,∞) → L(Cn,Cn) be a locally Lebsgue

integrable mapping such that m(A(t) ≥ 0 for t ≥ o, then Ω is a Φ-like

domain in the sense of Gurganus [12].

Now, in view of Remark 2 (ii) the following natural questions arise:

Question I. Let A(t) : [0,∞) → L(Cn,Cn) be a locally Lebsgue

integrable mapping such that m(A(t) ≥ 0 for t ≥ 0, find conditions on

the operator A(t), such that if f : Bn → Cn is generalized spirallike

mapping with respect to A, then f has A(t)-parametric representation.

Question II. Does there exist a connection betweenA(t)-asymptotically

spirallikeness and A(t)-parametric representation?

Question III. Does there exist a connection between non- normalized

univalent subordination chains and asymptotically spirallike mapping?

Theorem 1 Let A : [0,∞) → L(Cn,Cn) satisfy the conditions in Defi-

nition 2. Assume that

sup
s≥o

∫ ∞

s

∥e
∫ t
s [A(τ)−2m(A(τ)In]dτ∥dt <∞.(8)

Also let h = h(z, t) : Bn × [0,∞) → Cn be a mapping which satisfies the

following conditions:

(i) h(., t) ∈ N and Dh(0, t) = A(t) for t ≥ 0;
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(ii) h(z, .) is measurable on [0,∞) for z ∈ Bn.

Then for each s ≥ 0 and z ∈ Bn, the initial value problem

∂υ

∂t
= −h(υ, t) a.e. t ≥ s, υ(z, s, s) = z,(9)

has a unique locally absolutely continuous solution υs,t(z) = υ(z, s, t)

such that υ(z, s, t) is a univalent Schwarz mapping and Lipschits func-

tion on [s,∞) locally uniformly with respect to z ∈ Bn, Dυ(0, s, t) =

exp(−
∫ t

s
A(τ)dτ) for t ≥ s ≥ 0,

∥υ(z, s, t)∥
(1− ∥υ(z, s, t)∥)2

≤ e−
∫ t
s m(A(τ))dτ ∥z∥

(1− ∥z∥)2
, z ∈ Bn, t ≥ s ≥ 0,

(10)

and

e−
∫ t
s k(A(τ))dτ ∥z∥

(1 + ∥z∥)2
≤ ∥υ(z, s, t)∥

(1 + ∥υ(z, s, t)∥)2
, z ∈ Bn, t ≥ s ≥ 0.

(11)

We remark that if

sup
s≥0

∫ ∞

s

∥e
∫ t
s [A(τ)−2m(A(τ))In]dτ∥dt <∞,

then the solution of the initial value problem (9) generates a univalent

subordination chain, whose first element has A(t)-parametric representa-

tion ( cf. [8 Theorem 8.1.5]. This result is a generalization of [3, Theorem

1.4] and [9, Lemma 1.3].

Theorem 2 Let A : [0,∞) → L(Cn,Cn) be the mapping which sat-

isfies the condition (8) and the assumptions of Definition 2, also let

h = h(z, t) : Bn × [0,∞) → Cn which satisfies the assumptions of Theo-

rem 1, and let υ(t) = υ(z, s, t) be the unique Lipschitz continuous solution

of the initial value problem (9). Then for each s ≥ 0, the limit

lim
t→∞

e
∫ t
0 A(τ)dτυ(z, s, t) = f(z, s) s ≥ 0,(12)
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exists locally uniformly on Bn, f(., s) is univalent on Bn and f(z, s) =

f(υ(z, s, t), t) for all z ∈ Bn and 0 ≤ s ≤ t < ∞. Hence f(z, t) is a

univalent subordination chain such that {e−
∫ t
0 A(τ)dτf(z, t)}t≥0 is a normal

family on Bn. In addition, f(z, .) is a locally Lipschitz function on [0,∞)

locally uniformly with respect to z ∈ Bn. Finally, f = f(., 0) has A(t)-

parametric representation.

Corollary 1 Let A : [0,∞) → L(Cn,Cn) satisfies the condition (8) and

the assumptions of Definition 2. Assume that f : Bn → Cn has A(t)-

parametric representation. Then there exists a univalent subordination

chain f(z, t) such that Df(0, t) = e
∫ t
0 A(τ)dτ , t ≥ 0 and {e−

∫ t
0 A(τ)dτf(., t)}t≥0

is a normal family on Bn and f = f(., 0).

Theorem 3 Let A : [0,∞) → L(Cn,Cn) be a locally Lebesgue integrable

mapping which satisfies the condition (8) and the assumptions of Defini-

tion 2. Suppose that r ∈ (0, 1) and that ft(z) = f(z, t) = e
∫ t
0 A(τ)dτz + . . .

is a mapping from Bn
r × [0,∞) into Cn such that ft ∈ H(Bn

r ), f(0, t) = 0,

Df(0, t) = e
∫ t
0 A(τ)dτ , t ≥ 0, and f(z, t) is a locally absolutely continuous

function of t ∈ [0,∞) locally uniformly with respect to z ∈ Bn
r . Suppose

that h = h(z, t) : Bn × [0,∞) → Cn which satisfies the condition of

Theorem 1, satisfies the Loewner differential equation

∂f

∂t
(z, t) = Df(z, t)h(z, t), a.e. t ≥ o for all z ∈ Bn

r(13)

and {e−
∫ t
0 A(τ)dτf(., t)}t≥0 is a normal family on Bn

r . Further, suppose

there exists a mapping F ∈ H(Bn
r ) and a sequence {tm}m∈N, m ≥ 0

increasing to ∞, such that

lim
m→∞

e−
∫ tm
0 A(τ)dτf(z, tm) = F (z)

locally uniformly on Bn
r . Then f(z, t) extend to a univalent subordination

chain g : Bn × [0,∞) → Cn and

lim
t→∞

e
∫ t
0 A(τ)dτυ(z, s, t) = g(z, s)



28 S. Rahrovi, A. Ebadian and S. Shams

locally uniformly on Bn for each s ≥ 0, where υ(t) = υ(z, s, t) is the

unique Lipschitz continuous solution on [s,∞) of the initial value prob-

lems
∂υ

∂t
= −h(υ, t) a.e. t ≥ s, υ(z, s, s) = z

for all s ≥ 0 and z ∈ Bn
r . Moreover, f(., t) has A(t)-parametric repre-

sentation.

Remark 4 Theorem 3 dose not hold if

sup
s≥o

∫ ∞

s

∥e
∫ t
s [A(τ)−2m(A(τ)In]dτ∥dt = ∞.(14)

Hence the condition (8) is sharp for the uniqueness result in Theorem

3.

Proof. It suffices to consider the case n = 2. Let b > 0 and a :

[0,∞) → C be a measurable function such that Rea(t) > 0, |a(t)| ≤ b

for t ≥ 0, and
∫∞
0
Re a(τ)dτ = ∞. Also let f : B2 → C2 be given by

f(z) = (z1, z2 + αz21) for z = (z1, z2) ∈ B2, where α ∈ C2\{0}. Let A :

[0,∞) → L(C2,C2) be defined by A(t) = diag (a(t), 2a(t)) for t ≥ 0. It is

easy to see that k(A(t)) = k+(A(t)) = 2Re a(t) and m(A(t)) = Re a(t)

for t ≥ 0. Also it is not difficult to deduce that the condition (2.24)

holds. In view of Example 1, we know that f is a generalized spirallike

mapping with respect to A. Next, let h(z, t) = (a(t)z1, 2a(t)z2), t ≥ 0.

Then h(., t) ∈ N , t ≥ 0 and

∂f

∂t
(z, t) = Df(z, t)h(z, t), t ≥ 0, z ∈ B2.

Therefore, f(z, t) is a univalent subordination chain which satisfies the

condition (2.20) and {e−
∫ t
0 A(τ)dτf(., t)}t≥0 is a normal family on B2. Let

υ(z, s, t) be the unique solution of the initial value problem

∂υ

∂t
= −h(υ, t), t ≥ s, υ(z, s, s) = z.
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Then υ(z, s, t) = (e−
∫ t
s a(τ)dτz1, e

−2
∫ t
s a(τ)dτz2) by direct computations.

Hence e
∫ t
0 A(τ)dτ υ(z, s, t) = (e

∫ s
0 a(τ)dτz1, e

2
∫ s
0 a(τ)dτz2) does not convergent

to f(z, s). This completes the proof.

Corollary 2 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the condition (8). Assume that m(A(t)) > 0 for

t ≥ 0, also f : Bn → Cn is generalized spirallike mapping with respect to

A. Then f has A(t)-parametric representation.

In this paper we deal with the standard solutions (Definition 1) f(z, t) to

the Loewner differential equation (13) with the normalization f(0, t) =

0 and Df(0, t) = e
∫ t
0 A(τ)dτ for t ≥ 0, where A : [0,∞] → L(Cn,Cn)

is a measurable mapping which satisfies certain conditions. The case

A(t) ≡ In was considered by Graham et al [10], and the case A(t) ≡ A ∈
L(Cn,Cn) by Duren et al [1]. Also, we study the connection between

univalent subordination chain and A(t)-asymptotic spirallikeness.

2 Asymptotic spirallike and univalent sub-

ordination chains

In this section, we consider the connection between univalent subordi-

nation chain and asymptotic spirallike. the following result provides a

large number of examples of asymptotic spirallike mapping that can be

imbedded in non- normalized univalent subordination chain which satis-

fies the assumptions of Theorem 2. This result was obtained in [4] for

Dh(0, t) = A and for Dh(0, t) = In, t ≥ 0 ( [5] in the Euclidean norm )

and [20 Theorem 1] ( in the maximum norm ).

Theorem 4 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the condition (8) and let m(A(t)) > 0 for t ≥ 0.

Assume that h = h(z, t) : Bn × [0,∞) → Cn) satisfies the assumptions
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of Theorem 1 with Dh(0, t) = A(t) for t ≥ 0. Also let f(z, t) be the

univalent subordination chain given by (12) and let f = f(., 0). Then f

is A(t)- asymptotically spirallike.

Proof. Let Ω = f(Bn). In view of (12), we have

f(z, s) = lim
t→∞

e
∫ t
0 A(τ)dτυ(z, s, t)

locally uniformly on Bn for each s ≥ 0, where υ = υ(z, s, t) is the

unique of solutions to the initial value problem (9) such that υ(z, s, t)

is Lebsgue continuous on [s,∞), is a univalent Schwarz mapping and

Dυ(0, s, t) = e−
∫ t
s A(τ)dτ . Now, let F : Ω × [0,∞ → Cn) be given by

F (w, t) = Df(z)h(z, t) for w = f(z) ∈ Ω and t ≥ 0. The F (., t) ∈ H(Ω),

F (0, t) = 0, DF (0, t) = A(t) for t ≥ 0 and F (w, .) is measurable on

[0,∞) for w ∈ Ω by measurability of h(z, .) on [0,∞) for z ∈ Bn. Let

b = |V (A(t))|, by lemma 1, we obtain

∥h(z, t)∥ ≤ 4rb

(1− r)2
= k(ρ, b), ∥z∥ ≤ ρ, t ≥ 0.

Since f in uniformly bounded on each closed ball B̄n
ρ , ρ ∈ (0, 1), it follows

in view of the of the above relation that for each ρ ∈ (0, 1) there exists

L = L(ρ, b) > 0 such that

∥F (w, t)∥ = ∥F (f(z), t)∥ ≤ L(ρ, b), ∥z∥ ≤ ρ, t ≥ 0.

Therefore, the family {F (., t)}t≥0 is locally uniformly bounded on Ω.

Now, let V (w, s, t) = f(υ(z, s, t)) for w = f(z) ∈ Ω and t ≥ s ≥ 0. Then

V (., s, t) if a holomorphic mapping of Ω into Ω, V (0, s, t) = f(υ(0, s, t)) =

f(0) = 0 and V (f(z), s, .) is locally Lipschitz continuous on [s,∞) locally

uniformly with respect to z ∈ Bn. In view of (9), we have

∂V

∂t
(w, s, t) = −h(υ(z, s, t))Df(υ(z, s, t)) = −F (υ(f(z), s, t), t)
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thus

∂V

∂t
(w, s, t) = −F (V (f(z), s, t), t), a.e. t ≥ s, V (f(z), s, s) = f(z),

(15)

for each z ∈ Bn and s ≥ 0. In view of the uniqueness of solutions to

the initial value problem (9), it follows that the initial value problem (15)

has the unique locally absolutely continuous solution V = V (f(z), s, t) =

f(υ(z, s, t)) on [s,∞) for z ∈ Bn and t ≥ 0. Since f is normalized, it has

a power series expansion near the origin of the form

f(z) = z +
1

2
D2f(0)(z, z) +R(z)

where R(z)
∥z∥2 → 0 as ∥z∥ → 0. Since m(A(t)) > 0, it follows in view of

the relation (10) that υ(z, t) → 0 locally uniformly on Bn as t → ∞.

Moreover, in view of the relation (8) and Theorem 3 that there exists a

sequence {tm}m∈N such that 0 < tm → ∞ and ∥e
∫ tm
0 (A(τ)−2m(A(τ))In)dτ∥ →

0 as m→ ∞. From (10) and this relation

∥υ(z, tm)∥2∥e
∫ tm
0 A(τ)dτ∥ ≤ ∥e

∫ tm
0 (A(τ)−2m(A(τ))In)dτ∥ ∥z∥2

(1− ∥z∥)4
→ 0

locally uniformly on Bn asm→ ∞. Therefore, ∥υ(z, tm)∥2e
∫ tm
0 A(τ)dτ → 0

locally uniformly on Bn as m→ ∞. Hence

∥e
∫ tm
0 A(τ)dτD2f(0)(υ(z, tm), υ(z, tm))∥

≤ ∥D2f(0)∥ ∥e
∫ tm
0 A(τ)dτ∥ ∥υ(z, tm)∥2 → 0

locally uniformly on Bn as m→ ∞. It shows that

lim
m→∞

e
∫ tm
0 A(τ)dτf(υ(z, tm)) = lim

m→∞
e
∫ tm
0 A(τ)dτυ(z, tm)

+ lim
m→∞

{1
2
e
∫ tm
0 A(τ)dτD2f(0)(υ(z, tm), υ(z, tm))

+ e
∫ tm
0 A(τ)dτ∥υ(z, tm)∥2

R(υ(z, tm))

∥υ(z, tm)∥2
}

= f(z)
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locally uniformly on Bn. As in Theorem 2, {e
∫ t
0 A(τ)dτf(υ(z, t))}t≥0 con-

verges to a holomorphic mapping locally uniformly on Bn as t → ∞.

Therefore, we deduce that e
∫ t
0 A(τ)dτf(υ(z, t)) → f(z) locally uniformly

on Bn as t→ ∞.

Consequently, f(Bn) is an A(t)- asymptotically spirallike domain and

since f ∈ S(Bn), we conclude that f is an A(t)- asymptotically spiral-

like, as desired. This completes the proof.

Theorem 5 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the condition (8) and let m(A(t)) > 0 for t ≥ 0.

Assume that f : Bn → Cn has A(t)-parametric representation. Then f

has A(t)- asymptotically spirallike.

Proof. Taking into account Definition 4, Corollary 1 and Theorem 4,

we abtain above result. ( for A(t) ≡ A ∈ L(Cn,Cn) see [4] and for

A(t) ≡ A = In see [5] and [20] in the case of maximum norm. )

Taking into account Theorem 3 and 4, we obtain the following conse-

quence which provides examples of A(t)- asymptotically spirallike map-

pings that are generated by the solutions of the Loewner differential

equation (13).

Corollary 3 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the condition (8) and let m(A(t)) > 0 for t ≥ 0.

Assume that f(z, t) is a univalent subordination chain which satisfies the

assumptions of Theorem 3. Then f(., 0) is A(t)- asymptotically spirallike.

Theorem 6 Let f ∈ S(Bn). Then f ∈ S0
A(t)(B

n) if and only if f is

A(t)- asymptotically spirallike.

Proof. Let Ω = f(Bn). First, we assume that f ∈ S0
A(t)(B

n). Since

f ∈ S0
A(t)(B

n) , there exists a mapping h = h(z, t) : Bn × [0,∞) → Cn),

which satisfies the conditions in Definition 3, such that

lim
t→∞

e
∫ t
0 A(τ)dτυ(z, t) = f(z)
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locally uniformly on Bn, where υ = υ(z, t) is the unique locally absolutely

continuous solution on [0,∞) of the initial value problem

∂υ

∂t
(z, t) = −h(υ, t) a.e. t ≥ 0, υ(z, 0) = z.(16)

Then υ(z, t) is a biholomorphic Schwarz mapping and Dυ(0, t) =

e−
∫ t
0 A(τ)dτ . On the other hand, since f ∈ S0

A(t)(B
n), there exists a uni-

valent subordination chain f(z, t) such that {e−
∫ t
0 A(τ)dτf(z, t)}t≥0 is a

normal family on Bn and f(z) = f(z, 0). Also, let V (z, s, t) be the tran-

sition mapping associated with f(z, t). Then V (z, s, t) is a biholomorphic

Schwarz mapping such that DV (0, s, t) = e−
∫ t
s A(τ)dτ and V (z, s, t) is Lip-

schitz continuous on [0,∞) locally uniformly with respect to z ∈ Bn for

s ≥ 0.

Now for each s ≥ 0

f(z, s) = lim
t→∞

e
∫ t
0 A(τ)dτV (z, s, t),(17)

where the above limit holds locally uniformly on Bn. Moreover,

V (z, s, t) satisfies the initial value problem

∂V

∂t
= −h(V, t) a.e. t ≥ s, V (z, s, s) = z.(18)

for all z ∈ Bn and s ≥ 0. In view of (16) and (18) we deduce that

υ(z, t) = V (z, 0, t) for z ∈ Bn and t ≥ 0. Next, let Q : Ω× [0,∞) → Cn

be given by

Q(w, t) = Df(z)h(z, t), w = f(z) ∈ Ω, t ≥ 0.

Then Q(., t) ∈ H(Ω), Q(0, t) = 0 and DQ(0, t) = A(t) for t ≥ 0. Clearly,

Q(w, .) is measurable on [0,∞) for w ∈ Ω. In view of the measurability

of h(z, t) on [0,∞). On the other hand, since for each ρ ∈ (0, 1) there

exists M =M(ρ, b) > 0 such that

∥h(z, t)∥ ≤M(ρ, b), ∥z∥ ≤ ρ, t ≥ 0.
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Since f is bounded on B̄n
ρ , we deduce that for each ρ ∈ (0, 1) there exists

M∗ =M∗(ρ, b) > 0 such that

∥Q(f(z), t)∥ ≤M∗(ρ, b), ∥z∥ ≤ ρ, t ≥ 0.

Hence {Q(z, t)}t≥0 is locally uniformly bounded on Ω.

Let υ(w, s, t) = f(V (z, s, t)) for w = f(z) ∈ f(Bn), t ≥ s ≥ 0.

Then υ(., s, t) is a holomorphic mapping of Ω into Ω, υ(0, s, t) = 0 for

t ≥ s ≥ 0 and υ(w, s, .) is a locally absolutely continuous on [s,∞) locally

uniformly with respect to w ∈ Ω, υ(w, s, s) = w for w ∈ Ω and s ≥ 0. A

short computation yields that

∂υ

∂t
(z, t) = −Df(V (z, s, t))h(V (z, s, t), t) = −Q(f(V (z, s, t), t)),

for almost all t ≥ s and for all z ∈ Bn. Therefore, υ(w, s, t) is a solution

of the initial value problem

∂υ

∂t
= −Q(υ, t) a.e. t ≥ s, υ(w, s, s) = w.(19)

for all w ∈ Ω and s ≥ 0. By the uniqueness of the solution to the

initial value problem (17), we deduce that (19) has the unique locally

absolutely continuous solution υ = υ(w, s, t) = f(V (z, s, t)) on [s,∞) for

w = f(z) ∈ f(Bn), t ≥ s ≥ 0.

Moreover, taking into account the relation (2.3), the normalization

of f , the fact that V (z, 0, t) → 0 locally uniformly Bn as t → ∞ and

DV (z, 0, t) = e−
∫ t
0 A(τ)dτ . We deduce that

lim
t→∞

e
∫ t
0 A(τ)dτυ(w, 0, t) = lim

t→∞
e
∫ t
0 A(τ)dτf(V (f−1(w), 0, t)) = w

locally uniformly Ω.

Therefore Ω = f(Bn) is A(t)-asymptotically spirallike. Since f is a bi-

holomorphic on Bn, it follows that f is A(t)- asymptotically spirallike,

as desired.
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Conversely, assume that f is A(t)- asymptotically spirallike. Let Q :

Ω×[0,∞) → Cn be a mapping that satisfies the assumptions of Definition

3. also let υ = υ(f(z), s, t) be the unique solution of the initial value

problem

∂υ

∂t
= −Q(υ, t) a.e. t ≥ s, υ(f(z), s, s) = f(z),(20)

for all z ∈ Bn and s ≥ 0. Then υ(., s, t) is biholomorphic on f(Bn)

into f(Bn), υ(0, s, t) = 0 for t ≥ s and υ(f(z), s, .) is locally absolutely

continuous on [s,∞) locally uniformly with respect to f(z) ∈ f(Bn).

Moreover, we know that

lim
t→∞

e
∫ t
0 A(τ)dτυ(w, 0, t) = w,(21)

locally uniformly Ω = f(Bn).

Let V = V (z, s, t) be defined by

V (z, s, t) = f−1(υ(f(z), s, t)) z ∈ Bn, t ≥ s.

Then V (., s, t) is a Schwarz mapping. Moreover, V (z, s, .) is locally ab-

solutely continuous on [s,∞) locally uniformly with respect to z ∈ Bn

and V (z, s, s) = z for z ∈ Bn. In view of (21) and the fact that f is

normalized, we deduce that

lim
t→∞

e
∫ t
0 A(τ)dτV (z, 0, t) = f(z),(22)

and the above limit holds locally uniformly on Bn.

Next, let h = h(z, t) : Bn × [0,∞) → Cn) be given by

h(z, t) = [Df(z)]−1Q(f(z), t), z ∈ Bn, t ≥ 0.

Then h(z, t) ∈ H(Bn) for t ≥ 0, h(z, .) is measurable on [0,∞) for

z ∈ Bn, and since Q(., t) and f are normalized, it follows that h(., t) is

normalized too for t ≥ 0. Since {Q(z, t)}t≥0 is locally uniformly bounded
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family on f(Bn), it follows that for each ρ ∈ (0.1), there exists L =

L(ρ) > 0 such that

∥Q(f(z), t)∥ ≤ L(ρ), ∥z∥ ≤ ρ, t ≥ 0.

Further, since f is biholomorphic on Bn, [Df(z)]−1 is uniformly bounded

on each closed ball B̄n
ρ , and hence for each ρ ∈ (0.1), there exists L∗ =

L∗(ρ) > 0 such that

∥h(z, t)∥ ≤ L∗(ρ), ∥z∥ ≤ ρ, t ≥ 0.(23)

Next, taking into account (20), we deduce

∂V

∂t
= −[Df(V (z, s, t))]−1Q(f(V (z, s, t), t)) = −h(V (z, s, t), t),

for almost all t ≥ s and all z ∈ Bn. Hence V (z, s, t) is a solution to the

initial value problem

∂V

∂t
= −h(V, t) a.e. t ≥ s, V (z, s, s) = z.(24)

By the uniqueness of the solutions to (20), we deduce that V (z, s, t) =

f−1(υ(f(z), s, t)) is the unique locally absolutely continuous solution of

(24). Moreover, in view of (23) and (24) we deduce that

∥V (z, s, t1)− V (z, s, t2)∥ = ∥
∫ t2

t1

h(V (z, s, t), t)dt∥ ≤ L∗(ρ)(t2 − t1),

(25)

for all ∥z∥ ≤ ρ < 1 and s ≤ t1 ≤ t2 <∞. Hence V (z, s, .) is Lipschitz

continuous on [s,∞) locally uniformly with respect to z ∈ Bn.

We next prove that V (z, ., t) is Lipschitz continuous on [0, t] locally

uniformly with respect to z ∈ Bn. To this end, we first note that the

uniqueness of the solutions to the initial value problem (24) easily yield

the following semigroup property

V (z, s, u) = V (V (z, s, t), t, u), z ∈ Bn, 0 ≤ s ≤ t ≤ u <∞.(26)
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Next, fix t ≥ 0 and 0 ≤ s1 ≤ s2 ≤ t. Since

∥V (z, s2, t)− V (z′, s2, t)∥ ≤ ∥z − z′∥
∫ 1

0

∥DV ((1− τ)z + τz′, s2, t)∥dτ,

it follows in view of the Cauchy integral formula for holomorphic mapping

and the relation ∥V (z, s2, t)∥ ≤ ∥z∥ that for each ρ ∈ (0, 1) there exists

K = K(ρ) > 0 such that

∥V (z, s2, t)− V (z′, s2, t)∥ ≤ K(ρ) ∥z − z′∥, ∥z∥ ≤ ρ, ∥z′∥ ≤ ρ.

Replacing z′ by V (z, s1, s2) in above inequality and using (2.11) and

(2.12), we deduce for each z ∈ B̄n
ρ that

∥V (z, s1, t)−V (z, s2, t)∥ ≤ K(ρ) ∥z−V (z, s1, s2)∥ ≤ K(ρ) L∗(ρ)(s2−s1).

Hence, V (z, ., t) is Lipschitz continuous on [0, t] locally uniformly with

respect to z ∈ Bn, as claimed.

Further, using the Lipschitz continuity of V (z, s, , ) locally uniformly

with respect to z ∈ Bn and Vitali′s theorem for holomorphic mappings

in several complex variables, we deduce the ∂V
∂t
(., s, t) exists and is a

holomorphic mapping on Bn for almost all t ≥ s.

Next, fix η > 0 and let x = V (z, s, t). From (25) we have

V (z, s, t+ η)− V (z, s, t)

η
=
V ((V (z, s, t)), t, t+ η)− V (z, s, t)

η

=
V (x, t, t+ η)− x

η
, z ∈ Bn, t ≥ s ≥ 0.(27)

Since the limit of left- hand side of (27) exists for η → 0+ and is equal

to ∂V
∂t
(z, s, t) for almost all t ≥ s, we deduce that the limit of right- hand

side of (27) also exists for η → 0+. Using the relation (24) and (27), we

deduce for a set of measure zero in t ≥ s that

lim
η→0+

x− V (x, t, t+ η)

η
= h(V (z, s, t), t), for all z ∈ Bn.
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On the other hand, since ∥V (x, t, t+ η)∥ ≤ ∥x∥ it follows in view of the

above relation that

Re < h(V (z, s, t), t), V (z, s, t) > ≥ 0, t ≥ s, for all z ∈ Bn.(28)

Let Q+ be the set of nonnegative rational numbers and let µ be the

usual Lebsegue measure in R. Then for each sk ∈ Q+ there exists Ek ⊂
[sk,∞) such that µ(Ek) = 0 and

Re < h(V (z, sk, t), t), V (z, sk, t) > ≥ 0, t ∈ [sk,∞)\Ek,(29)

by (27). Let E =
∪

k∈NEk. Then µ(E) = 0 and if t ∈ [0,∞)\E is

fixed, we deduce in view of (28) that

Re < h(V (z, sk, t), t), V (z, sk, t) > ≥ 0, z ∈ Bn, sk ∈ Q+ sk ≤ t, k ∈ N.

Further, letting {sv(k)}k∈N ⊂ Q+, sv(k) ↗ t in the above relation

and using the fact that V (z, ., t) is continuous on [0, t], we deduce that

Re < h(z, t), z > ≥ 0, z ∈ Bn. Since h(0, t) = 0 and Dh(0, t) = A(t)

for t ≥ 0, and m(A(t)) > 0, it follows in view of the minimum principal

for harmonic functions that

Re < h(z, t), z > ≥ 0, z ∈ Bn\{0}.

Hence h(., t) ∈ N for t ∈ [0,∞)\E. Finally, let h̃ = h̃(z, t) : Bn ×
[0,∞) → Cn be given by

h̃(z, t) =

{
h(z, t), z ∈ Bn, t ∈ [0,∞)\E,
A(t)z, z ∈ Bn, t ∈ E.

Then h̃(z, t) ∈ N and h̃(0, t) = 0, Dh̃(0, t) = A(t). It follows from

Theorems 1 and 2, that

lim
t→∞

e
∫ t
0 A(τ)dτV (z, s, t) = f(z, s),(30)
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exists locally uniformly on Bn for each s ≥ 0, and f(z, s) is a univalent

subordination chain such thatDf(0, s) = e
∫ s
0 A(τ)dτ and {e−

∫ s
0 A(τ)dτf(z, s)}s≥0

is a normal family on Bn. From (22) and (30), it is clear that f = f(., 0).

In addition, f has A(t)-parametric representation by Definition 4. This

completes the proof.

We conclude this paper with the compactness result for the set S0
A(t)(B

n).

For this purpose we first prove the lemma below.

Lemma 5 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the condition (8). Assume that m(A(t)) > 0 for

t ≥ 0. Then every sequence of univalent subordination chain {fk(z, t)}k∈N,
such that Dfk(0, t) = e

∫ t
0 A(τ)dτ , {e−

∫ t
0 A(τ)dτfk(z, t)}t≥0 is a normal fam-

ily on Bn for each k ∈ N, contains a subsequence that converges locally

uniformly on Bn to a univalent subordination chain f(z, t) for each fixed

t ≥ 0, such that Df(0, t) = e
∫ t
0 A(τ)dτ , {e−

∫ t
0 A(τ)dτf(z, t)}t≥0 is a normal

family.

Proof. Using this fact that {e−
∫ t
0 A(τ)dτfk(z, t)}t≥0 is a normal family,

we deduce that for each r ∈ (0, 1) and T > 0 there exists the constant

N = N(r, T ) such that for all k ∈ N

∥fk(z, t)− fk(z, s)∥ ≤
∫ s

t

∥∂fk
∂t

(z, t)∥dt ≤ N(r, T )(s− t),

for all ∥z∥ ≤ r, 0 ≤ s ≤ t ≤ T . Also, using the Cauchy integral formula

for holomorphic mapping, we see that for each r ∈ (0, 1) and T > 0 there

exists the constant L = L(r, T ) such that

∥fk(z, t)− fk(w, t)∥ ≤ L(r, T )∥z − w∥

for all ∥z∥ < r, ∥w∥ < r, t ∈ [0, T ] and k ∈ N. These estimates together

that the mappings fk(z, t), k ∈ N are equicontinuous on {(z, t) : ∥z∥ <
1− 1

m
, 0 ≤ t ≤ m}, m = 1, 2, . . .. The Arzela- Ascoli theorem ( see [24]

p.167−169) implies that form fixed, there exists a sequence {fkρ(z, t)}ρ∈N
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which convergence point wise on Bn
1− 1

m

× [0,m] to a limit f̃m(z, t), and

furthermore the convergence is uniform on B̄n
1− 1

m

× [0,∞). A diagonal

sequence argument shows that we can fixed a subsequence, again denoted

by {fkρ(z, t)}ρ∈N, which convergence point wise on Bn× [0,∞) to a limit

f(z, t), and also the convergence is uniform on each compact subset of

Bn × [0,∞). In particular, fkρ(z, t) → f(z, t) locally uniformly on Bn

for each t ≥ 0 and f(z, t) is holomorphic in z. Since fkρ(0, t) = 0 and

Dfkρ(0, t) = e
∫ t
0 A(τ)dτ , ρ ∈ N, it follows that same is true for f(z, t).

Hence this limit must be univalent on Bn. Also from the subordina-

tion property fkρ(z, s) ≺ fkρ(z, t), 0 ≤ s ≤ t < ∞, z ∈ Bn, it follows

that there exists univalent Schwarz mappings υkρ = υkρ(z, s, t) such that

Dυkρ(0, s, t) = e−
∫ t
s A(τ)dτ and

fkρ(z, s) = fkρ(υkρ(z, s, t), t), ρ = 1, 2, . . . .(31)

The fact that ∥υkρ(z, s, t)∥ ≤ ∥z∥, ρ = 1, 2, . . ., implies that {υkρ(z, s, t)}ρ∈N
is a normal family. Therefore, there exists a subsequence {k′ρ}, ρ ∈ N
such that υk′ρ(z, s, t) → υ(z, s, t) locally uniformly on Bn. This limit is

univalent on Bn and satisfies the conditions υ(0, s, t) = 0, Dυ(0, s, t) =

e−
∫ t
s A(τ)dτ and ∥υ(z, s, t)∥ ≤ ∥z∥. Taking limit in (31) through subse-

quence {k′ρ}, we deduce that

f(z, s) = f(υ(z, s, t), t), z ∈ Bn, 0 ≤ s ≤ t <∞

this proves that f(z, t) is a univalent subordination chain. Moreover,

since {e−
∫ t
0 A(τ)dτ fkρ(z, t)}t≥0 is a normal family, we deduce that {e−

∫ t
0 A(τ)dτf(z, t)}t≥0

is a normal family. This completes the proof.

Theorem 7 Let A : [0,∞) → L(Cn,Cn) be a locally Lebsgue integrable

mapping which satisfies the conditions in Definition 2 and let m(A(t)) >

0 for t ≥ 0. Then S0
A(t)(B

n) is compact set.

Proof. It follows from the proof of Theorem 2 that S0
A(t)(B

n) is a locally

uniformly bounded family on Bn. It suffices to show that S0
A(t)(B

n) is
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closed. For this purpose, let {fk}k∈N ⊂ S0
A(t)(B

n) be such that fk →
f locally uniformly on Bn as k → ∞ and Dfk(0, t) = e

∫ t
0 A(τ)dτ . For

each k ∈ N, there is a univalent subordination chain fk(z, t) such that

{e−
∫ t
0 A(τ)dτfk(z, t)}t≥0 is a normal family and fk(z) = fk(z, 0), z ∈ Bn;

from Lemma 5 we deduce that there exists a subsequence {fkρ(z, t)}ρ∈N
such that fkρ(z, t) → f(z, t) locally uniformly on Bn for each t ≥ 0,

f(z, t) is a univalent subordination chain and {e−
∫ t
0 A(τ)dτf(z, t)}t≥0 is a

normal family. It is obvious that f(z) = f(z, 0), z ∈ Bn, and in view of

Theorem 3 one conclude that f ∈ S0
A(t)(B

n). This completes the proof.

3 Examples of asymptotically spirallike map-

pings

In [23], Roper and Suffridge have introduced an extension operators, as

follows, let Φn : LS → LS be given by Φn(f) = F where

F (z) = Φn(f)(z) = (f(z1), z̃
√
f ′(z1), z = (z1, z̃) ∈ Bn.

We choose the branch of the square root for which
√
f ′(z1)|z1=0 = 1.

This operator known as the Roper- Suffridge extension operator.

Roper and Suffridge [23] prove that this operator preserves convexity,

i.e., if f is convex on U , then Φn(f) is convex mapping on Bn. Graham

and kohr [7] prove that Φn also preserves starlikeness , i.e., if f ∈ S∗ then

Φn ∈ S∗(Bn).

Example 2 Let f ∈ S. If f has A(t)-parametric representation on unit

disc, then F = Φn(f) has A(t)-parametric representation on Bn. In

addition, F is also A(t)- asymptotically spirallike on Bn.

Proof. Given f ∈ S and f has A(t)-parametric representation, we em-

bed f as the initial element of univalent subordination chain f(z1, t).
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Consider the extension

F (z, t) = (f(z1, t), z̃e
t/2(f ′(z1, t))

1
2 ), z = (z1, z̃) ∈ Bn, t ≥ 0

the branch of the power function is chosen to be positive when z1 = 0. It

is clear that F (z, t) is univalent and DF (0, t) = e
∫ s
0 A(τ)dτ . Using the dif-

ferential equation satisfied by f(z1, t), it may be shown that Re h(z, t) =

Re[DF (z, t)]−1 ∂F
∂t
> 0 for t ≥ 0. Hence the Loewner differential equation

is satisfied. It can be seen that {e−
∫ t
0 A(τ)dτF (z, t)}t≥0 is a normal family.

Graham, Hamada, Kohr and Suffridge [6] consider the operator

F (z) = Ψn,α,β(f)(z) = (f(z1), z̃(
f(z1)

z1

α

)(f ′(z1))
β), z = (z1, z̃) ∈ Bn

where α ∈ [0, 1] and β ∈ [0, 1/2] be such that α + β ≤ 1. The branch of

the power functions are chosen so that

(
f(z1)

z1

α

)|z1=0 = 1, (f ′(z1))
β|z1=0 = 1.

This operator provides other example of asymptotically spirallike on the

unit ball Bn.

Example 3 Let α ∈ [0, 1] and β ∈ [0, 1
2
] be such that α+ β ≤ 1. Let

F (z) = Ψn,α,β(f)(z) = (f(z1), z̃(
f(z1)

z1

α

)(f ′(z1))
β), z = (z1, z̃) ∈ Bn.

If f has A(t)-parametric representation on U , then Ψn,α,β(f) has

A(t)-parametric representation on Bn. In addition, F = Ψn,α,β(f) is

A(t)- asymptotically spirallike on Bn.
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The generalization of certain results for
Kantorovich operators 1

Dan Miclăuş

Abstract

The present article continues earlier research by author in or-
der to reach two goals. Firstly, we give a general formula concern-
ing calculation of the test functions by Kantorovich operators and
secondly, we establish a Voronovskaja type theorem, the uniform
convergence and the order of approximation using the modulus of
continuity, for the same operators.
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1 Introduction

Let N be the set of positive integers and N0 = N ∪ {0}. The operators
Bn : C[0, 1] → C[0, 1] given by

(1) Bn(f ; x) =
n∑

k=0

pn,k(x)f
(
k
n

)
=

n∑
k=0

(
n
k

)
xk(1− x)n−kf

(
k
n

)
.
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for any n ∈ N, any k = 0, n and x ∈ [0, 1], are called Bernstein operators.
These operators were first introduced by S.N. Bernstein [3] in 1912.
The operators Kn : L1[0, 1] → C[0, 1] given by

(2) Kn(f ;x) = (n+ 1)
n∑

k=0

(
n
k

)
xk(1− x)n−k

∫ k+1
n+1

k
n+1

f(t)dt,

for any n ∈ N, any k = 0, n and x ∈ [0, 1], are called Kantorovich
operators. These operators were introduced first by L.V. Kantorovich [6]
in 1930, for approximation of functions in space L1[0, 1], which means∫ 1

0
|f(x)|dx <∞.

Remark 1 More results and properties concerning (1) and (2) can be
found in monographs [2], [1] and [10].

The purpose of this paper is to generalize certain results for Kantorovich
operators. Firstly, we give a general formula concerning calculation of
the test functions and next, taking this into account we establish the mo-
ments up to the fourth order. Secondly, using some known results which
we will citied at the adequate moment, we shall prove a Voronovskaja
type theorem, the uniform convergence and the order of approximation
up to twice continuously differentiable functions, for the same operators.

2 Auxiliary results

Of the greatest utility in the calculus of finite differences, in number
theory, in the calculation of the Bernstein polynomials are the numbers
introduced in 1730 by J. Stirling in his Methodus differentialis [11], sub-
sequently called ”Stirling numbers” of the first and second kind. For any

x ∈ R and n ∈ N0, let (x)n :=
n−1∏
i=0

(x− i), where (x)0 := 1 be the falling

factorial denoted by Pochhammer symbol. It is well-known that

(3) xj =

j∑
i=0

S(j, i)(x)i



The generalization of certain results for Kantorovich operators 49

holds, for any x ∈ R and j ∈ N0, where S(j, i) are the Stirling numbers
of second kind. Now, let i, j ∈ N0 be natural numbers, then the Stirling
numbers of second kind have the following properties:

(4) S(j, i) :=


1, if j = i = 0; j = i or j > 1, i = 1

0, if j > 0, i = 0

0, if j < i

i · S(j − 1, i) + S(j − 1, i− 1), if j, i > 1.

Let ej(x) = xj, with j ∈ N0 be the test functions. A further way to
derive information on all moments of linear operators is given in:

Proposition 1 [5] For a linear operator L and j ∈ N0 one has

L
(
(e1 − x)j; x

)
= L(ej;x)−

j−1∑
i=0

(
j
i

)
xj−iL

(
(e1 − x)i;x

)
.

In what follows, we recall some results from [8], which we shall use af-
terwards in the paper. Let I, J be real intervals and I ∩ J ̸= ∅. For any
n, k ∈ N0, n ̸= 0 consider the functions φn,k : J → R, with the prop-
erty that φn,k(x) ≥ 0, for any x ∈ J and the linear positive functionals
An,k : E(I) → R.
For any n ∈ N define the operator Ln : E(I) → F (J) by

(5) Ln(f ;x) =
n∑

k=0

φn,k(x)An,k(f),

where E(I) is a linear space of real-valued functions defined on I and
F (J) is a subset of the set of real-valued functions defined on J .

Remark 2 [8] The operators (Ln)n∈N are linear and positive on E(I∩J).

For n ∈ N and i ∈ N0 define T ∗
n,i by

(6) T ∗
n,i(Ln;x) = niLn

(
ψi
x;x
)
= ni

n∑
k=0

φn,k(x)An,k

(
ψi
x

)
, x ∈ I ∩ J,

where ψi
x = (t − x)i, t ∈ I ∩ J . In what follows s ∈ N0 is even and we

assume that the next two conditions hold:
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• there exists the smallest αs, αs+2 ∈ [0,+∞), so that

(7) lim
n→∞

T ∗
n,j(Ln;x)

nαj = Bj(x) ∈ R,

for any x ∈ I ∩ J and j ∈ {s, s+ 2},

(8) αs+2 < αs + 2

• I ∩ J is an interval.

Theorem 1 [8, 9] If f ∈ E(I) is a function s times differentiable in a
neighborhood of x ∈ I ∩ J , then

(9) lim
n→∞

ns−αs

(
Ln(f ;x)−

s∑
i=0

f (i)(x)
i!·ni T

∗
n,i(Ln;x)

)
= 0.

Assume that f is s times differentiable function on I and there exists an
interval K ⊆ I ∩ J , such that, there exist n(s) ∈ N and the constants
kj ∈ R depending on K, so that for n ≥ n(s) and x ∈ K, the following
hold

(10)
T ∗
n,j(Ln;x)

nαj ≤ kj,

for j ∈ {s, s+ 2}. Then, the convergence expressed by (9) is uniform on
K and moreover

ns−αs

∣∣∣∣∣Ln(f ; x)−
s∑

i=0

f (i)(x)
i!·ni T

∗
n,i(Ln; x)

∣∣∣∣∣(11)

≤ 1
s!
(ks + ks+2) · ω1

(
f (s), 1√

n2+αs−αs+2

)
,

for any x ∈ K and n ≥ n(s), where ω1(f, ·) denotes the modulus of
continuity of the function f .
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3 The computation of the moments

In order to reach the first aim of this paper, we need to recall the following
result, which had been proved earlier by S. Karlin and Z. Ziegler [7]. The
authors established a general formula concerning the computation of the
test functions by Bernstein operators, in terms of the Stirling numbers
of second kind

Bn(ej; x) =
1
nj

j∑
i=1

S(j, i)(n)ix
i,

for any j, n ∈ N, j ≤ n. Having in mind this result, we want to establish
an appropriate relation for Kantorovich operators, given by the following:

Proposition 2 For any n, p ∈ N, j ∈ N0 and x ∈ [0, 1], the following
holds

(12) Kn(ep;x) =
1

(p+1)(n+1)p

p∑
j=0

(
p+1
j

) j∑
i=0

S(j, i)(n)ix
i.

Proof. For the proof of this proposition we use the relation (3), such
that we get

Kn(ep; x) = (n+ 1)
n∑

k=0

(
n
k

)
xk(1− x)n−k

∫ k+1
n+1

k
n+1

tpdt

= 1
(p+1)(n+1)p

n∑
k=0

(
n
k

)
xk(1− x)n−k

p∑
j=0

(
p+1
j

)
kj

= 1
(p+1)(n+1)p

p∑
j=0

(
p+1
j

) j∑
i=0

S(j, i)
n∑

k=0

(k)i
(
n
k

)
xk(1− x)n−k

= 1
(p+1)(n+1)p

p∑
j=0

(
p+1
j

) j∑
i=0

S(j, i)(n)ix
i.

To verify the accuracy of the above result we give the following:
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Application 1 In the following, for j = 1, 2, 3, 4 we present the first
four cases concerning computation of the test functions by Kantorovich
operators.

Kn(e1; x) =
1

2(n+1)

1∑
j=0

(
2
j

) j∑
i=0

S(j, i)(n)ix
i = 1+2nx

2(n+1)

= nx
n+1

+ 1
2(n+1)

= x+ 1−2x
2(n+1)

.

Kn(e2;x) =
1

3(n+1)2

2∑
j=0

(
3
j

) j∑
i=0

S(j, i)(n)ix
i =

1+3nx+3(nx+n(n−1)x2)
3(n+1)2

= n(n−1)x2

(n+1)2
+ 2nx

(n+1)2
+ 1

3(n+1)2
= x2 + 1+6nx−3(3n+1)x2

3(n+1)2
.

Kn(e3;x) =
1

4(n+1)3

3∑
j=0

(
4
j

) j∑
i=0

S(j, i)(n)ix
i

=
1+4nx+6(nx+n(n−1)x2)+4(nx+3n(n−1)x2+n(n−1)(n−2)x3)

4(n+1)3

= n(n−1)(n−2)x3

(n+1)3
+ 9n(n−1)x2

2(n+1)3
+ 7nx

2(n+1)3
+ 1

4(n+1)3

= x3 +
1+14nx+18(n2−n)x2−4(6n2+n+1)x3

4(n+1)3
.

Kn(e4; x) =
1

5(n+1)4

4∑
j=0

(
5
j

) j∑
i=0

S(j, i)(n)ix
i

=
1+5nx+10(nx+n(n−1)x2)+10(nx+3n(n−1)x2+n(n−1)(n−2)x3)

5(n+1)4

+
5(nx+7n(n−1)x2+6n(n−1)(n−2)x3+n(n−1)(n−2)(n−3)x4)

5(n+1)4

= n(n−1)(n−2)(n−3)x4

(n+1)4
+ 8n(n−1)(n−2)x3

(n+1)4
+ 15n(n−1)x2

(n+1)4
+ 6nx

(n+1)4
+ 1

5(n+1)4

= x4 +
1+30nx+75(n2−n)x2+40(n3−3n2+2n)x3−5(10n3−5n2+10n+1)x4

5(n+1)4
,

where the Stirling numbers of second kind were given at (4).

The computation of higher order moments is tedious, but rather mechan-
ical work. Using the Proposition 1, once we know the moments of low
orders, we get the ones of higher order. So, it follows the following:
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Lemma 1 The Kantorovich operators satisfy
Kn(e1 − x;x) = 1−2x

2(n+1)
,

Kn ((e1 − x)2;x) = (n−1)x(1−x)
(n+1)2

+ 1
3(n+1)2

,

Kn ((e1 − x)3;x) = 5nx(1−x)(1−2x)
2(n+1)3

+ x2(1−2x)
2(n+1)3

− x(1−x)
(n+1)3

+ 1
4(n+1)3

,

Kn ((e1 − x)4;x) = 5nx(1−x)(1−2x)2

(n+1)4
+ 3n2x2(1−x)

(n+1)4
− x(1−x)(1−x+x2)

(n+1)4
+ 1

5(n+1)4
.

Proof. Taking into account the Proposition 1 and Application 1, the
computation of the moments up to the fourth moment is established.

4 The Voronovskaja type theorem

Now, using the construction from the second section we assume that
I = J = [0, 1], E(I) = L1[0, 1], F (J) = C[0, 1]. The functions φn,k :
[0, 1] → R let be defined by φn,k(x) := pn,k(x), for any x ∈ [0, 1], any
n, k ∈ N0, n ̸= 0 and the functionals An,k : L1[0, 1] → R let be defined

by An,k(f) := (n+ 1)
∫ k+1

n+1
k

n+1

f(t)dt, for any n, k ∈ N0, n ̸= 0.

In this way, we get the Kantorovich operators.

Lemma 2 For any n ∈ N and x ∈ [0, 1], the following hold
T ∗
n,0(Kn;x) = 1,

T ∗
n,1(Kn;x) =

n(1−2x)
2(n+1)

,

T ∗
n,2(Kn;x) =

n2(n−1)x(1−x)
(n+1)2

+ n2

3(n+1)2
,

T ∗
n,3(Kn;x) =

5n4x(1−x)(1−2x)
2(n+1)3

+ n3x2(1−2x)
2(n+1)3

− n3x(1−x)
(n+1)3

+ n3

4(n+1)3
,

T ∗
n,4(Kn;x) =

5n5x(1−x)(1−2x)2

(n+1)4
+ 3n6x2(1−x)

(n+1)4
− n4x(1−x)(1−x+x2)

(n+1)4
+ n4

5(n+1)4
.

Proof. Taking into account that Kantorovich operators reproduce con-
stants, the relation (6), Application 1 and Lemma 1, it follows the above
identities.

Lemma 3 For any n ∈ N and x ∈ [0, 1], the following hold

(13) lim
n→∞

T ∗
n,0(Kn;x) = 1,

(14) lim
n→∞

T ∗
n,2(Kn;x)

n
= x(1− x),
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(15) lim
n→∞

T ∗
n,4(Kn;x)

n2 = 3x2(1− x),

then there exist

(16) Tn,0(Kn;x) = 1 = k0,

(17)
T ∗
n,2(Kn;x)

n
≤ 1

4
= k2,

(18)
T ∗
n,4(Kn;x)

n2 ≤ 3
4
= k4,

for any n ∈ N and x ∈ [0, 1].

Proof. The identities (13)–(15) follow immediately form Lemma 2, while
(16)–(18) yield from (13)–(15).

Theorem 2 Let f ∈ L1[0, 1] be a function. If x ∈ [0, 1] and f is s times
differentiable in a neighborhood of x, then

(19) lim
n→∞

Kn(f ; x) = f(x),

for s = 0;

(20) lim
n→∞

n(Kn(f ;x)− f(x)) = 1−2x
2
f (1)(x) + x(1−x)

2
f (2)(x),

for s = 2;

lim
n→∞

n2
(
Kn(f ; x)− f(x)− 1−2x

2(n+1)
f (1)(x)− 1+3(n−1)x(1−x)

6(n+1)2
f (2)(x)

)
(21)

= 5x(1−x)(1−2x)
12

f (3)(x) + x2(1−x)
8

f (4)(x),

for s = 4.
Assume that f is s times differentiable on [0, 1], then the convergence
from (19)–(21) is uniform on [0, 1]. Moreover, we get

(22) |Kn(f ; x)− f(x)| ≤ 5
4
· ω1

(
f, 1√

n

)
,

for s = 0 and

n
∣∣∣Kn(f ; x)− f(x)− 1−2x

2(n+1)
f (1)(x)− 1+3(n−1)x(1−x)

6(n+1)2
f (2)(x)

∣∣∣(23)

≤ 1
2
· ω1

(
f (2), 1√

n

)
,

for s = 2.
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Proof. It follows from Theorem 1, with α0 = 0, α2 = 1 and α4 = 2,
taking into account Lemma 2 and Lemma 3.

Remark 3 The above theorem generalizes the asymptotic behavior of
Kantorovich operators. From among particular cases presented, for s = 2
we get formula (20), which represents a Voronovskaja type formula for
twice continuously differentiable functions in the sense of Voronovskaja
formula [12], respectively for s = 4, we get formula (21), which rep-
resents a Voronovskaja type formula for four continuously differentiable
functions in the sense of Voronovskaja formula [4].
Concerning quantitative form of Voronovskaja result we get estimates for
continuously function (22), respectively for twice continuously differen-
tiable functions (23), in terms of the modulus of continuity.
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Abstract

The solutions of the operator equations U∗XU = λX and

XU = λUX, λ ∈ C, the set of all complex numbers, are termed

as λ− Toeplitz and λ−analytic Toeplitz operators respectively,

where U denotes the unilateral shift on H2. In this paper, we

completely solve the equation XU = λUX, λ ∈ C and study

the behaviours of the essentially λ−Toeplitz operators, defined as

the operators X satisfying U∗XU − λX = K, for some compact

operator K on H2.
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1 Introduction

Toeplitz operators are introduced by O. Toeplitz [13] in the year 1911 and

are characterized by the operator equation U∗XU = X [5], where U is

the forward unilateral shift operator on H2, the Hardy space of analytic

functions on the unit disc D. The solutions of the operator equation

XU = UX are named as analytic Toeplitz operators. Barŕıa and Halmos

[4] studied a generalization of the equation U∗XU = X and asked about

the solutions of the equation U∗XU = λX, for general complex number

λ, the solutions of which we refer as λ−Toeplitz operators. This problem

was completely solved by S. Sun [12] in the year 1983, where he proved

that the only λ−Toeplitz operator for |λ| > 1 is the zero operator and

the equation U∗XU = λX has non-zero bounded solutions if and only if

|λ| ≤ 1. Moreover,

1. If |λ| = 1, then each λ−Toeplitz operator is of the form DλT , where

T is a Toeplitz operator and Dλ is the diagonal unitary operator

defined as Dλen = λ
n
en for all n.

2. If |λ| < 1, then each λ−Toeplitz operator is compact and of the

form
∞∑
n=0

λn(Unf ⊗ en + en ⊗ Ung) for f, g ∈ H2.

The formal companions of Toeplitz operators are the Hankel opera-

tors, precisely, characterized by the operator equation U∗X = XU [10].

The study of Hankel operators gained momentum with its various gen-

eralizations over different spaces. Avendaño in [2] generalized the notion

of Hankel operators to λ−Hankel operators, λ ∈ C, as the operators X

satisfying U∗X−XU = λX. In [3], he discussed the notion of essentially

Hankel operators, defined as operators X satisfying U∗X − XU = K

for some compact operator K on H2. The set of all essentially Hankel

operators is denoted by essHank. This class was further extended to

essentially λ−Hankel operators in [1].



On some generalizations of Toeplitz operators... 59

In 1982, Barŕia and Halmos [4], characterised the set of essential

commutant of the forward unilateral shift operator and this set is referred

as the set of essentially Toeplitz operators (an operator X is called an

essentially Toeplitz operator [2] if it satisfies U∗XU −X = K for some

compact operator K on H2). The set of essentially Toeplitz operators is

denoted by essToep. Since U is essentially unitary, X ∈ essToep if and

only if UX −XU ∈ K, the ideal of compact operators on H2.

Motivated from the above study, we extend the study of Toeplitz

operators to λ−analytic Toeplitz operators and essentially λ−Toeplitz

operators, λ ∈ C. It is shown in [6] that the only solution of the equation

UX−XU = λX is the zero operator. However, nothing has been known

about the solutions of the equation XU = λUX, which we prefer to call

as λ−analytic Toeplitz operators.

It is shown that the class of essentially λ−Toeplitz operators does not

form an algebra and we describe its connection with the class of Toeplitz

and essentially Toeplitz operators. It is also found that, in general, the

class of essentially λ−Toeplitz operators, which shares many properties

with the class of essentially λ−Hankel operators and essentially Han-

kel operators, is neither contained in the class of essentially λ−Hankel

operators nor contains the class of essentially λ−Hankel operators. We

completely solve the equation XU = λUX for complex number λ.

We now begin with the notations and preliminaries that are needed

in the paper.

H2 is the Hardy space of analytic functions in the open unit disc D
and is defined as H2 =

{
f(z) =

∞∑
n=0

anz
n : ∥f∥2 =

∞∑
n=0

|an|2 <∞
}
.

The space ℓ2 is taken in identification of the Hardy space H2 so that

any vector (a0, a1, a2, .......) ∈ ℓ2 can be identified with the analytic func-

tion f(z) =
∞∑
n=0

anz
n in H2. The unilateral shift U on H2 is the mul-

tiplication operator induced by ϕ(z) = z, i.e., given by Uf(z) = zf(z).

This on ℓ2 act as the unilateral forward shift given by Uen = en+1, n ≥ 0,
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whose adjoint is the backward shift defined as U∗en = en−1 for n ≥ 1

and U∗e0 = 0.

For the basic properties of the spaces L2, H2, H∞ and ℓ2, we refer

[7,8] and the references therein. The algebra of all bounded operators

on the Hilbert space H2 is denoted by B(H2). The symbols Ran(A)

and Ker(A) are used to denote the range and kernel of an operator A

acting on H2 respectively. We use the symbol K to represent the set of

all compact operators on H2.

2 Essentially λ−Toeplitz Operators

We begin this section with the following definition.

Definition 1 A bounded linear operator X on H2 is said to be essentially

λ−Toeplitz operator, λ ∈ C, if it satisfies

U∗XU − λX ∈ K.

We denote the set of all essentially λ−Toeplitz operators by essToepλ.

For λ = 1, the class of essentially λ−Toeplitz operators coincides with

the class of essentially Toeplitz operators. The following properties are

immediate from the definition.

Proposition 1 The following are equivalent

1. X ∈ essToepλ

2. U∗X − λXU∗ = K, for some K ∈ K.

3. λUX −XU = K, for some K ∈ K.

Proposition 2 K ∩ essToepλ = K.

Proposition 3 I /∈ essToepλ, λ ̸= 1.
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Proposition 4 essToepλ, λ ̸= 1, is a norm closed vector subspace of

B(H2).

Now we find a condition, in fact a generalization, for the product

of two essentially λ−Toeplitz operators to be an essentially λ−Toeplitz

operator.

Proposition 5 Let λ ̸= 1. A necessary and sufficient condition for

the product of two essentially λ−Toeplitz operators A and B to be an

essentially λ−Toeplitz operator is that AUB is compact.

Proof. Let A,B ∈ essToepλ, λ ̸= 1. Suppose λUA − AU = K1 and

λUB −BU = K2, where K1, K2 ∈ K. A simple computation shows that

λU(AB)− (AB)U = (λUA)B − A(BU)

= ((AU +K1)B − A(λUB −K2)

= (1− λ)AUB +K,

where K = K1B + AK2 ∈ K. This yields that AB ∈ essToepλ if and

only if AUB is compact.

For λ = 1, essToepλ = essToep, which is a C∗−algebra [4]. To know

whether essToepλ, λ ̸= 1, in general, is an algebra or not, we raise the

following question:

Does essToepλ contain non compact operators A and B so that AUB

is not a compact operator?

Proposition 5 suggests that an affirmative answer to this question

means that essToepλ, λ ̸= 1, is not an algebra. For, we construct the

following example.

Example 1 Let |λ| = 1 and λ ̸= 1. Let A = B = Dλ, where Dλ is the

diagonal unitary operator defined as Dλen = λnen for all n ≥ 0. Then

we have

U∗DλU = λDλU
∗U = λDλ,
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so that A is a λ−Toeplitz operator on H2. Thus A ∈ essToepλ. Also

being unitary operator, A is not compact. If we assume that AUB is

compact then U(= A∗AUBB∗) is compact. This is a contradiction and

justifies that AUB is not a compact operator.

In the next result, we find another property of essToepλ, where it

differ from the class of essentially Toeplitz operators. For λ = 1, essToepλ

= essToep, is self adjoint but for general λ, this is not so, which can be

seen from the following theorem.

Theorem 1 If T ∈ essToepλ, λ ̸= 1, then T ∗ ∈ essToepλ.

Proof. This follows immediately as if U∗TU − λT = K, K is compact,

then T ∗ satisfies U∗T ∗U − λT ∗ = K∗, K∗ is compact. Hence the result.

The class essHankλ is self adjoint when λ is purely imaginary (see

[1]), however for the class essToepλ, we have the following.

Corollary 1 For purely real number λ, essToepλ is self adjoint.

If we compare two essToepλ classes, we find that the common portion

between them is the set K of compact operators.

Theorem 2 For complex numbers λ ̸= µ, essToepλ ∩ essToepµ = K.

Proof. Let T ∈ essToepλ ∩ essToepµ. Then U∗T − λTU∗ and U∗T −
µTU∗ are compact operators. Hence, the difference of these operators is

a compact operator. Being λ ̸= µ this provides that T ∈ K. Therefore,

essToepλ ∩ essToepµ ⊆ K.

The reverse inclusion is obvious.

An immediate consequence of Theorem 2 is the following.

Corollary 2 essToep ∩ essToepλ = K, λ ̸= 1.

In Corollary 1, we have seen that if λ is purely real then essToepλ is

self adjoint. However, we prove that whenever essToepλ contains a non

compact self adjoint operator then λ is purely real.
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Corollary 3 If essToepλ contains a non compact self adjoint operator

then λ must be real.

Proof. Let T be a non compact self adjoint operator in essToepλ. Then

T ∈ essToepλ ∩ essToepλ. This implies (λ− λ)T is compact. Since T is

non compact, this is feasible only if λ is purely real.

In Example 1, it is seen that for some λ ̸= 1, the class essToepλ

contains some non compact operators (A used in the example is always

a non compact essentially λ−Toeplitz operator). Now we observe that

the collection of all non compact operators in essToepλ is playing a vital

role in deciding the nature of λ as real. This we prove in the following

form.

Corollary 4 The class of all non compact essentially λ−Toeplitz oper-

ators is self adjoint if and only if λ is purely real.

Proof. If part follows by applying Corollary 1 and only if part can be

proved by using Corollary 3.

Let λ be a complex number with λ ̸= λ and |λ| = 1. Consider X =

DλT , where Dλ is the diagonal unitary operator defined as Dλen = λnen

for n ≥ 0 and T is a non-zero Toeplitz operator. Then X ∈ essToepλ

(as it is λ−Toeplitz operator proved by S.Sun [12]). If we assume that

X is a compact operator then it gives that T is a compact operator,

which is not feasible as there is no non-zero compact Toeplitz operator

on H2. Therefore, X is a non compact essentially λ−Toeplitz operator

for |λ| = 1. In view of Corollary 3 we find that X∗ /∈ essToepλ.

Theorem 3 For λ ̸=1, a non-zero Toeplitz operator can not be in essToepλ.

Proof. Let T be a non-zero Toeplitz operator. Let, if possible T ∈
essToepλ. This gives

U∗TU − λT = K
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for some compact operator K. T being Toeplitz, we get (1 − λ)T is

compact. Hence T is compact. This is impossible being T is a non-zero

Toeplitz operator. Therefore T /∈ essToepλ.

From the above theorem we conclude that

essToepλ ∩ τ =

τ if λ = 1

{0} if λ ̸= 1,

where τ denotes the set of all Toeplitz operators.

Theorem 4 Let X ∈ essToepλ, |λ| ̸= 1. Then σe(X), the essential

spectrum of X, contains 0.

Proof. Let U∗X−λXU∗ = K, for some compact operatorK. If possible,

σe(X) does not contain 0. Then X is essentially invertible operator. This

gives that U∗ and λU∗ are essentially similar. This is not possible as their

spectrum can not be same. Therefore 0 ∈ σe(X).

We have seen that essToepλ does not form an algebra in general.

However, we prove in the next result that the product of a Toeplitz

operator with an essentially λ−Toeplitz operator is always an essentially

λ−Toeplitz operator.

Theorem 5 If T is a Toeplitz operator and X is in essToepλ then XT

and TX are also in essToepλ.

Proof. Let T be a Toeplitz operator and X ∈ essToepλ. Then, TU−UT
and U∗XU − λX are compact operators. This shows that U∗(XT )U −
λ(XT ) ∈ K. Hence XT ∈ essToepλ. Similarly, we find that TX ∈
essToepλ.

Last result can further be improved by showing that the product of

an essentially Toeplitz operator with an essentially λ−Toeplitz operator

is always an essentially λ−Toeplitz operator.
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Theorem 6 If T ∈ essToep and X ∈ essToepλ, λ ̸= 1 then XT and

TX both lie in essToepλ.

Proof. Let T ∈ essToep and X ∈ essToepλ. Let TU − UT = K and

U∗XU−λX = K1, for someK,K1 ∈ K. Then simple computations show

that U∗(XT )U − λXT and U∗(TX)U − λTX are compact operators so

that XT, TX ∈ essToepλ.

This theorem gives the following information.

Corollary 5 essToep
∩
essToepλ, λ ̸= 1, is an algebra without identity.

It can be easily seen along the lines of arguments in [1] that compact

perturbations of λ−Toeplitz operators are always essentiallly λ−Toeplitz

operators. Also if X ∈ essToepλ then U(RanX)⊥ ⊆ Ran(X +K)
⊥
for

some compact operator K on the space H2.

A Rhaly matrix is a lower triangular matrix with constant row seg-

ments or given a sequence a = {an} of scalars, the Rhaly matrix (terraced

matrix) is Ra = [αij], where

αij =

ai if i ≥ j

0 if i < j
.

It is known [9] that if {nan} is bounded, then the Rhaly matrix Ra

represents a bounded linear operator on the Hardy space H2, but this is

not a necessary condition.

In [3], R.A.M. Avendaño proved that the Rhaly operator Ra (gener-

ated by a bounded Rhaly matrix) is essentially Toeplitz if and only if it

is essentially Hankel, which can be restated as Ra ∈ essHank if and only

if Ra ∈ essToepλ for λ = 1. But this is not true for general λ ∈ C. For

this, we have the following.

Theorem 7 Let Ra ∈ essHank, a = {an} ∈ ℓ2. Then Ra ∈ essToepλ,

λ ̸= 1, if and only if (n+ 1)|an| → 0 as n→ ∞.
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Proof. Let Ra ∈ essHank, where the determining sequence a = {an} ∈
ℓ2. Now Ra ∈ essToepλ, λ ̸= 1 iff Ra ∈ essToepλ ∩ essToep. Result

follows by using Corollary 2 and the fact (see [9]) that Ra is compact iff

(n+ 1)|an| → 0 as n→ ∞.

From above result, we conclude that non compact Rhaly operators

are not in essToepλ. So the Cesaro operator (Rhaly operator with de-

termining sequence { 1
n
}) can not be in essToepλ for any choice of λ ̸= 1.

But, it is an essentially λ−Hankel operator for λ = 0. This justifies that

in general, the class of essentially λ−Toeplitz operators does not contain

the class of essentially λ−Hankel operators.

Further, we find that the class of essentially λ−Toeplitz operators is

not contained in the class of essentially λ−Hankel operators. For, take

|λ| = 1 and if we assume that X = Dλ satisfies (U∗ − λI)X −XU = K

for some compact operator K on H2. Then we find that λU∗ − λI − U

is a compact operator. Thus

−(λ+ 1)I = (U − I − λU∗) + (λU∗ − λI − U)

= λ(λU∗ − λI − U)∗ + (λU∗ − λI − U),

is a compact operator. This is feasible only if λ = −1. Thus, if λ ̸= −1

and |λ| = 1, then X = Dλ is an essentiallyλ−Toeplitz operator but not

an essentially λ−Hankel operator.

It is known that the solutions of the equation U∗XU = X need not

be solution of the equation XU = UX so is the case with the solutions

of U∗XU = λX and XU = λUX, λ ∈ C. The equation U∗XU = λX is

completely solved by Sun [12] and nothing is known about the solutions

of equation XU = λUX. It is apparent from Proposition 1 that an

operator X satisfies U∗XU − λX ∈ K if and only if XU − λUX ∈ K. In

the next result, we completely solve XU = λUX for λ ∈ C.

Theorem 8 Let λ ∈ C. Then the equation XU = λUX has non-zero

solution if and only if |λ| ≤ 1. Further,



On some generalizations of Toeplitz operators... 67

1. If |λ| = 1, then all the solutions of the equation XU = λUX are of

the form DλT , where T is an analytic Toeplitz operator and Dλ is

the diagonal unitary operator defined as Dλen = λnen for all n.

2. If |λ| < 1, then each solution of the equation XU = λUX is com-

pact and of the form
∞∑
n=0

λn(Unϕ)⊗ en for ϕ ∈ H2.

Proof. Let |λ| > 1. The equation XU = λUX can be rewritten as

λUX−XU = µX, where µ = 0 and by [6,Theorem 2.6] the only solution

of latter is the zero operator. Now we prove (1). Let |λ| = 1. If X is a

λ−analytic Toeplitz operator, i.e., XU = λUX then it is a λ−Toeplitz

operator. By [12] X = DλT , where T is a Toeplitz operator and Dλ is

the diagonal unitary operator defined as Dλen = λnen for all n. This

provides that T = DλX and it can be easily verified that T becomes an

analytic Toeplitz operator. The reverse part is obvious. The proof of (2)

follows by [2,Theorem 4.2].

A simple computation prove the following.

Theorem 9 Let λ ∈ C. Then

1. For |λ| = 1, if X is a λ−analytic Toeplitz operator then DλX is

analytic Toeplitz operator.

2. For 0 < |λ| ≤ 1, if X is an analytic Toeplitz operator then DλX is

a λ−analytic Toeplitz operator.

3. For |λ| > 1, if X is an analytic Toeplitz operator then D 1
λ
X is

1
λ
−analytic Toeplitz operator.
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1 Introduction

Let A denote the class of functions of the form

(1.1) f(z) = z +
∞∑
n=2

anz
n,
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which are analytic in the open unit disc U = {z : |z| < 1}. Let K
denote the class of functions f(z) ∈ A which are convex in U and let

M(α) denote the subclasses of A consisting of functions f(z) which satisfy

the inequality:

(1.2) Re

{
zf

′
(z)

f(z)

}
< α

for some α(α > 1). Replacing f(z) in (1.2) by zf
′
(z) we have the con-

dition:

Re

{
1 +

zf ′′ (z)

f ′ (z)

}
< α

required for the function f to be in the subclass N(α) (α > 1) ( see [13],

[14], [15] and [18] ).

The Hadamard product (or convolution) (f ∗ g)(z) of the functions

f(z) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by g(z) =

z +
∞∑
n=2

bnz
n, is defined by:

(1.3) (f ∗ g)(z) = z +
∞∑
n=2

anbnz
n = (g ∗ f)(z).

If f and g are analytic functions in U , we say that f is subordinate to g,

written f ≺ g if there exists a Schwarz function w, which (by definition)

is analytic in U with w(0) = 0 and |w(z)| < 1 for all z ∈ U, such that

f(z) = g(w(z)), z ∈ U. Furthermore, if the function g is univalent in U,

then we have the following equivalence (cf., e.g., [3] and [12]):

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

Definition 1 ( Subordinating Factor Sequence ) [21]. A sequence {bn}∞n=1

of complex numbers is said to be a subordinating factor sequence if, when-

ever f of the form (1.1) is analytic, univalent and convex in U, we have

the subordination given by

(1.4)
∞∑
n=1

bnanz
n ≺ f(z) (z ∈ U ; a1 = 1).
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We begin our investigation by recalling that the general Hurwitz-Lerch

Zeta function Φ(z, s, a) defined by ( see [4])

(1.5) Φ(z, s, b) =
∞∑
n=0

zn

(n+ b)s
,

(b ∈ C\Z−
0 = {0,−1,−2, ...};Z−

o = Z\N,Z =
{
0,+− 1,+− 2, ...

}
;

N = {1, 2, 3, ...} ; s ∈ C when |z| < 1;R{s} > 1 when |z| = 1).

Some interesting properties and characteristics of the Hurwitz-Lerch Zeta

function Φ(z, s, b) can be found in [5], [8], [9], [11] and [20].

Recently, Srivastava and Attiya [19] introduced the linear operator

Js,b : A→ A, defined in terms of the Hadamard product, by

(Js,bf)(z) = Gs,b(z) ∗ f(z) (z ∈ U ; b ∈ C\Z−
0 ; s ∈ C),

= z +
∞∑
n=2

(
1 + b

n+ b

)s

anz
n,(1.6)

where, for convenience,

(1.7) Gs,b(z) = (1 + b)s[Φ(z, s, b)− b−s] (z ∈ U).

For α > 1, 0 ≤ λ ≤ 1, b ∈ C\Z−
0 , s ∈ C and for all z ∈ U, let Qλ

s,b(α)

denote the subclass of A consisting of functions f(z) of the form (1.1)

and satisfying the analytic criterion

(1.8) Re

(
z(Js

b f)
′
(z) + λz2(Js

b f)
′′
(z)

(1− λ)(Js
b f)(z) + λz(Js

b f)
′(z)

)
< α.

We note that for suitable choices of s, λ and b, we obtain the following

subclasses studied by various authors.

(1) For s = 1 and b = 0 in (1.8), the class Qλ
1,0(α) reduces to the class

S(λ, α) =

{
f ∈ A : Re

(
z(J [f ])

′
(z) + λz2(J [f ])

′′
(z)

(1− λ)(J [f ])(z) + λz(J [f ])′(z)

)
< α , 0 ≤ λ ≤ 1 ,
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α > 1, z ∈ U},

where J [f ](z) = z+
∞∑
n=2

(
1

n

)
anz

n is the integral operator introduced by

Alexander (see [1] );

(2) For s = 1 and b = v (v > −1) in (1.8), the class Qλ
1,v(α) reduces to

the class

Gλ
v(α) =

{
f ∈ A : Re

(
z(Jvf)

′
(z) + λz2(Jvf)

′′
(z)

(1− λ)(Jvf)(z) + λz(Jvf)
′(z)

)
< α , 0 ≤ λ ≤ 1, α

> 1, v > −1, z ∈ U},

where (Jvf) (z) = z +
∞∑
n=2

(
1 + v

n+ v

)
anz

n is the integral operator intro-

duced by Bernardi-Libera-Livingston (see [2], [7] and [10] );

(3) For s = γ (γ ≥ 0) and b = τ(τ > 1) in (1.8), the class Qλ
γ,τ (α) reduces

to the class

Lλ
γ,τ (α) =

{
f ∈ A : Re

(
z(P γ

τ f)
′
(z) + λz2(P γ

τ f)
′′
(z)

(1− λ)(P γ
τ f)(z) + λz(P γ

τ f)
′(z)

)
< α , 0 ≤ λ ≤ 1,

α > 1, γ ≥ 0, τ > 1, z ∈ U},

where (P γ
τ )(z) = z +

∞∑
n=2

(
1 + τ

n+ τ

)γ

anz
n is the integral operator intro-

duced by Patel and Sahoo (see [16] );

(4) For s = σ (σ > 0) and b = 1 in (1.8), the class Qλ
σ,1(α) reduces to the

class

ζλσ(α) =

{
f ∈ A : Re

(
z(Iσf)

′
(z) + λz2(Iσf)

′′
(z)

(1− λ)(Iσf)(z) + λz(Iσf)′(z)
− α

)
< α , 0 ≤ λ ≤

1, α > 1, σ > 0, z ∈ U},

where (Iσ)(z) = z +
∞∑
n=2

(
2

n+ 1

)σ

anz
n is the integral operator intro-

duced by Jung et. al. (see [6] );
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(5) For s = µ (µ ∈ N0 = N∪{0}) and b = 0 in (1.8), the class P λ
µ,0(α, β) reduces

to the class

zλ
µ(α) =

{
f ∈ A : Re

(
z(Iµf)

′
(z) + λz2(Iµf)

′′
(z)

(1− λ)(Iµf)(z) + λz(Iµf)′(z)

)
< α , 0 ≤ λ ≤ 1, α

> 1, µ ∈ N0, z ∈ U},

where (Iµf)(z) = z +
∞∑
n=2

n−µanz
n is the integral operator introduced by

Salagean (see [17] ).

2 Main result

Unless otherwise mentioned, we shall assume in the reminder of this

paper that α > 1, 0 ≤ λ ≤ 1, b ∈ C\Z−
o , s ∈ C and z ∈ U.

To prove our main result we need the following lemmas.

Lemma 1 [21]. The sequence {bn}∞n=1 is a subordinating factor sequence

if and only if

(2.1) Re

{
1 + 2

∞∑
n=1

bnz
n

}
> 0.

Lemma 2. Let the function f defined by (1.1) satisfy the following con-

dition:

(2.2)
∞∑
n=2

[1+λ(n−1)] [(n− 1) + |n− 2α + 1|] |Cn(b, s)| |an| ≤ 2(α−1).

where

(2.3) Cn(b, s) =

(
1 + b

n+ b

)s

.

Then f ∈ Qλ
s,b(α).
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Proof. Assume that the inequality (2.2) holds true. Then we find that∣∣∣∣∣ z(J [f ])
′
(z) + λz2(J [f ])

′′
(z)

(1− λ)(J [f ])(z) + λz(J [f ])′(z)
− 1

∣∣∣∣∣
≤

∣∣∣∣∣ z(J [f ])
′
(z) + λz2(J [f ])

′′
(z)

(1− λ)(J [f ])(z) + λz(J [f ])′(z)
− (2α− 1)

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∞∑
n=2

(n− 1)[1 + λ(n− 1)]Cn(s, b)an

1 +
∞∑
n=2

[1 + λ(n− 1)]Cn(s, b)an

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣
2(α− 1) +

∞∑
n=2

|n− 2α + 1| [1 + λ(n− 1)]Cn(s, b)an

1 +
∞∑
n=2

[1 + λ(n− 1)]Cn(s, b)an

∣∣∣∣∣∣∣∣ .
The last expression is bounded above by 1 if

∞∑
n=2

(n− 1)[1 + λ(n− 1)] |Cn(s, b)| |an|

≤ 2(α− 1) +
∞∑
n=2

|n− 2α + 1| [1 + λ(n− 1)] |Cn(s, b)| |an| ,

which is equivalent to condition (2.2). This completes the proof of Lemma

2.

Corollary 1. Let the function f(z) defined by (1.1) be in the class

Qλ
s,b(α),then

|an| ≤
2(α− 1)

[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|] |Cn(b, s)|
(n ≥ 2).

The result is sharp for the function

f(z) = z +
2(α− 1)

[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|] |Cn(b, s)|
zn (n ≥ 2).
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Let Q
∗λ
s,b(α) denote the class of functions f(z) ∈ A whose coefficients

satisfy the condition (2.2). We note that Q
∗λ
s,b(α) ⊆ Qλ

s,b(α).

Theorem 1. Let f ∈ Q
∗λ
s,b(α), |Cn(b, s)| ≥ |C2(b, s)| > 0 (n ≥ 2) .Then for

every function g ∈ K, we have

(2.4)
(1 + λ) (2− α) |C2(b, s)|

2[(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
(f ∗ g)(z) ≺ g(z)

and

(2.5) Re{f(z)} > −(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

(1 + λ) (2− α) |C2(b, s)|
.

The constant
(1 + λ) (2− α) |C2(b, s)|

2[(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
is the best estimate.

Proof. Let f ∈ Q
∗λ
s,b(α) and let g(z) = z +

∞∑
n=2

cnz
n ∈ K. Then we have

(1 + λ) (2− α) |C2(b, s)|
2[(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]

(f ∗ g)(z)

=
(1 + λ) (2− α) |C2(b, s)|

2[(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]

(
z +

∞∑
n=2

ancnz
n

)
.(2.6)

Thus, by Definition 1, the subordination result (2.4) will hold true if the

sequence

(2.7)

{
(1 + λ) (2− α) |C2(b, s)|

2[(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
an

}∞

n=1

,

is a subordinating factor sequence, with a1 = 1. In view of Lemma 1, this

is equivalent to the following inequality:

(2.8) Re

{
1 +

∞∑
n=1

(1 + λ) (2− α) |C2(b, s)|
(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

anz
n

}
> 0.

Now, since

[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|] |Cn(b, s)| ,
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is an increasing function of n (n ≥ 2), we have

Re

{
1 +

∞∑
n=1

(1 + λ) (2− α) |C2(b, s)|
(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

anz
n

}
= Re

{
1 +

(1 + λ) (2− α) |C2(b, s)|
(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

z

+
1

(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

∞∑
n=2

(1 + λ) (2− α) |C2(b, s)| anzn
}

≥ 1− (1 + λ) (2− α) |C2(b, s)|
(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

r

− (
1

(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

∞∑
n=2

1

2
[1 + λ(n− 1)]

× [(n− 1) + |n− 2α + 1|] |Cn(b, s)| |an| rn)

> 1− (1 + λ) (2− α) |C2(b, s)|
(1 + λ)(2− α) |C2(b, s)|+ (α− 1)

r

− (α− 1)

(1 + λ)(2− α) |C2(b, s)|+ (α− 1)
r

= 1− r > 0 (|z| = r < 1),

where we have used the assertion (2.2) of Lemma 2. Thus (2.8) holds

true in U. This proves the inequality (2.4). The inequality (2.5) follows

from (2.4) by taking the convex function g(z) = z
1−z

= z +
∞∑
n=2

zn ∈ K.

To prove the sharpness of the constant
(1 + λ) (2− α) |C2(b, s)|

2 [(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
,

we consider the function f0(z) ∈ Q
∗λ
s,b(α) given by

(2.9) f0(z) = z − (α− 1)

(1 + λ)(2− α) |C2(b, s)|
z2.

Thus from (2.4), we have

(2.10)
(1 + λ) (2− α) |C2(b, s)|

2 [(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
f0(z) ≺

z

1− z
.

Moreover, it can easily be verified for the function f0(z) given by (2.9)
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that

(2.11) min
|z|≤r

{
Re

(1 + λ) (2− α) |C2(b, s)|
2 [(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]

f0(z)

}
= −1

2
.

This show that the constant
(1 + λ) (2− α) |C2(b, s)|

2 [(1 + λ)(2− α) |C2(b, s)|+ (α− 1)]
is the

best possible. This completes the proof of Theorem 1.

Putting s = 1 and b = 0 in Theorem 1, we obtain the following corollary:

Corollary 2. Let f defined by (1.1) be in the class S∗(λ, α) and satisfy

the condition

∞∑
n=2

n−1[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|] |an| ≤ 2(α− 1).

Then for every function g ∈ K, we have

(1 + λ)(2− α)

2[(1 + λ)(2− α) + 2(α− 1)]
(f ∗ g)(z) ≺ g(z),

and

Re{f(z)} > −(1 + λ)(2− α) + 2(α− 1)

(1 + λ)(2− α)
.

The constant
(1 + λ)(2− α)

2[(1 + λ)(2− α) + 2(α− 1)]
is the best estimate.

Putting s = 1 and b = v (v > −1) in Theorem 1, we obtain the following

corollary:

Corollary 3. Let f defined by (1.1) be in the class G
∗λ
v (α) and satisfy

the condition

∞∑
n=2

[1 + λ(n− 1)] [(n− 1) + |n− 2α+ 1|]
(
1 + v

n+ v

)
|an| ≤ 2(α− 1).

Then for every function g ∈ K, we have

(1 + λ)(2− α)(1 + v)

2[(1 + λ)(2− α)(1 + v) + (2 + v)(α− 1)]
(f ∗ g)(z) ≺ g(z),

and

Re{f(z)} > −(1 + λ)(2− α)(1 + v) + (2 + v)(α− 1)

(1 + λ)(2− α)(1 + v)
.
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The constant
(1 + λ)(2− α)(1 + v)

2[(1 + λ)(2− α)(1 + v) + (2 + v)(α− 1)]
is the best esti-

mate.

Putting s = γ (γ ≥ 0) and b = τ (τ > 1) in Theorem 1, we obtain the

following corollary:

Corollary 4. Let f defined by (1.1) be in the class L∗λ
γ,τ (α) and satisfy

the condition

∞∑
n=2

[1 + λ(n− 1)] [(n− 1) + |n− 2α+ 1|]
(
1 + τ

n+ τ

)γ

|an| ≤ 2(α− 1).

Then for every function g ∈ K, we have

(1 + λ)(2− α)(1 + τ)γ

2[(1 + λ)(2− α)(1 + τ)γ + (2 + τ)γ(α− 1)]
(f ∗ g)(z) ≺ g(z),

and

Re{f(z)} > −(1 + λ)(2− α)(1 + τ)γ + (2 + τ)γ(α− 1)

(1 + λ)(2− α)(1 + τ)γ
.

The constant
(1 + λ)(2− α)(1 + τ)γ

2[(1 + λ)(2− α)(1 + τ)γ + (2 + τ)γ(α− 1)]
is the best esti-

mate.

Putting s = σ (σ > 0) and b = 1 in Theorem 1, we obtain the following

corollary:

Corollary 5. Let f defined by (1.1) be in the class ζ
∗λ
σ (α) and satisfy

the condition

∞∑
n=2

[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|]
(

2

n+ 1

)σ

|an| ≤ 2(α− 1).

Then for every function g ∈ K, we have

2σ−1(1 + λ)(2− α)

2σ(1 + λ)(2− α) + 3σ(α− 1)
(f ∗ g)(z) ≺ g(z),

and

Re{f(z)} > −2σ(1 + λ)(2− α) + 3σ(α− 1)

2σ(1 + λ)(2− α)
.
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The constant
2σ−1(1 + λ)(2− α)

2σ(1 + λ)(2− α) + 3σ(α− 1)
is the best estimate.

Putting s = µ (µ ∈ N0) and b = 0 in Theorem 1, we obtain the following

corollary:

Corollary 6. Let f defined by (1.1) be in the class z∗λ
µ (α) and satisfy

the condition

∞∑
n=2

n−µ[1 + λ(n− 1)] [(n− 1) + |n− 2α + 1|] |an| ≤ 2(α− 1).

Then for every function g ∈ K, we have

(1 + λ)(2− α)

2[(1 + λ)(2− α) + 2µ(α− 1)]
(f ∗ g)(z) ≺ g(z),

and

Re{f(z)} > −(1 + λ)(2− α) + 2µ(α− 1)

(1 + λ)(2− α)
.

The constant
(1 + λ)(2− α)

2[(1 + λ)(2− α) + 2µ(α− 1)]
is the best estimate.

Remarks.

(i) Putting λ = s = 0 in Theorem 1, we obtain the result obtained by

Srivastava and Attiya [18, Corollary 2 ];

(ii) Putting λ = 1 and s = 0 in Theorem 1, we obtain the result

obtained by Srivastava and Attiya [18, Corollary 4].
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A subclass of analytic functions defined by
Ruscheweyh derivative and generalized

Sălăgean operator 1

Alina Alb Lupaş

Abstract

By means of Sălăgean differential operator and Ruscheweyh

derivative we define a new class RDγ(p,m, µ, α, λ) involving func-

tions f ∈ A (p, n). Parallel results, for some related classes includ-

ing the class of starlike and convex functions respectively, are also

obtained.
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1 Introduction and definitions

Denote by U the unit disc of the complex plane, U = {z ∈ C : |z| < 1}
and H(U) the space of holomorphic functions in U .
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Let

A (p, n) = {f ∈ H(U) : f(z) = zp +
∞∑

j=p+n

ajz
j, z ∈ U},

and

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + an+1z

n+1 + . . . , z ∈ U},

where p, n ∈ N, a ∈ C.
Let S denote the subclass of functions that are univalent in U .

By S∗
n (p, α) we denote a subclass of A (p, n) consisting of p-valently

starlike functions of order α, 0 ≤ α < p which satisfies

(1) Re

(
zf ′(z)

f(z)

)
> α, z ∈ U.

Further, a function f belonging to S is said to be p-valently convex

of order α in U , if and only if

(2) Re

(
zf ′′(z)

f ′(z)
+ 1

)
> α, z ∈ U,

for some α, (0 ≤ α < p) . We denote by Kn(p, α) the class of functions in

S which are p-valently convex of order α in U and denote by Rn(p, α)

the class of functions in A (p, n) which satisfy

(3) Re f ′(z) > α, z ∈ U.

It is well known that Kn(p, α) ⊂ S∗
n(p, α) ⊂ S.

If f and g are analytic functions in U , we say that f is subordinate

to g, written f ≺ g, if there is a function w analytic in U , with w(0) = 0,

|w(z)| < 1, for all z ∈ U such that f(z) = g(w(z)) for all z ∈ U . If g is

univalent, then f ≺ g if and only if f(0) = g(0) and f(U) ⊆ g(U).
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Definition 1 (Al Oboudi [4]) For f ∈ A (p, n), λ ≥ 0, p, n ∈ N and

m ∈ N ∪ {0}, the operator Dm
λ is defined by Dm

λ : A (p, n) → A (p, n),

D0
λf (z) = f (z)

D1
λf (z) = (1− λ) f (z) + λzf ′(z) = Dλf (z)

...

Dm+1
λ f(z) = (1− λ)Dm

λ f (z) + λz (Dm
λ f (z))

′ = Dλ (D
m
λ f (z)) for z ∈ U.

Remark 1 If f ∈ A (p, n) and f(z) = zp +
∑∞

j=n+p ajz
j, then

Dm
λ f (z) = zp +

∑∞
j=n+p [1 + (j − 1)λ]m ajz

j, for z ∈ U .

Remark 2 For λ = 1 in the above definition we obtain the Sălăgean

differential operator [9].

Definition 2 (Ruscheweyh [8]) For f ∈ A (p, n) , p, n ∈ N and m ∈
N ∪ {0}, the operator Rm is defined by Rm : A (p, n) → A (p, n),

R0f (z) = f (z)

R1f (z) = zf ′ (z)

...

(m+ 1)Rm+1f (z) = z (Rmf (z))′ +mRmf (z) , for z ∈ U.

Remark 3 If f ∈ A (p, n) and f(z) = zp +
∑∞

j=n+p ajz
j, then

Rmf (z) = zp +
∑∞

j=n+pC
m
m+j−1ajz

j, for z ∈ U .

To prove our main theorem we shall need the following lemma.

Lemma 1 [7] Let u be analytic in U with u(0) = 1 and suppose that

(4) Re

(
1 +

zu′(z)

u(z)

)
>

3α− 1

2α
, z ∈ U.

Then Reu(z) > α for z ∈ U and 1/2 ≤ α < 1.
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2 Main results

Definition 3 For a function f ∈ A (p, n) we define the differential op-

erator

(5) RDm
λ,γf(z) = (1− γ)Rmf (z) + γDm

λ f(z),

where p, n ∈ N and m ∈ N ∪ {0}.

Remark 4 For λ = 1 the above defined operator was introduced in [1].

Definition 4 We say that a function f ∈ A (p, n) is in the class

RDγ(p,m, µ, α, λ), p,m ∈ N, µ ≥ 0, α ∈ [0, 1), γ ≥ 0 if

(6)

∣∣∣∣∣∣RD
m+1
λ,γ f(z)

zp

(
zp

RDm
λ,γf(z)

)µ

− p

∣∣∣∣∣∣ < p− α, z ∈ U.

Remark 5 The family RDγ(p,m, µ, α, λ) is a new comprehensive class

of analytic functions which includes various new classes of analytic uni-

valent functions as well as some very well-known ones. For example,

RD1(1,m, µ, α, λ) was studied in [5], RD0(1,m, µ, α, λ) was studied in

[2], RDγ(1,m, µ, α, 1) was studied in [3], RD1 (1, 0, 1, α, 1) = S∗ (α) ,

RD1(1, 1, 1, α, 1) = K (α) and RD1 (1, 0, 0, α, 1) = R (α). Another inter-

esting subclass is the special case RD1(1, 0, 2, α, 1)=B (α) which has been

introduced by Frasin and Darus [6] and also the class RD1(1, 0, µ, α, 1) =

B(µ, α) which has been introduced by Frasin and Jahangiri [7].

In this note we provide a sufficient condition for functions to be in

the class RDγ(p,m, µ, α, λ). Consequently, as a special case, we show

that convex functions of order 1/2 are also members of the above defined

family.

Theorem 1 For the function f ∈ A (p, n) , p, n ∈ N, m ∈ N ∪ {0},
µ ≥ 0, 1/2 ≤ α < 1 if

(m+ 2)
RDm+2

λ,γ f (z)

RDm+1
λ,γ f (z)

− µ (m+ 1)
RDm+1

λ,γ f (z)

RDm
λ,γf (z)

−
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γ

(
m+ 2− 1

λ

)
Dm+2

λ f (z)−Dm+1
λ f (z)

RDm+1
λ,γ f (z)

+µγ

(
m+ 1− 1

λ

)
Dm+1

λ f (z)−Dm
λ f (z)

RDm
λ,γf (z)

+

(7) (µ− 1) (m+ p) ≺ 1 + βz, z ∈ U,

where

β =
3α− 1

2α
,

then f ∈ RDγ(p,m, µ, α, λ).

Proof. If we consider

(8) u(z) =
RDm+1

λ,γ f (z)

zp

(
zp

RDm
λ,γf(z)

)µ

,

then u(z) is analytic in U with u(0) = 1. A simple differentiation yields

(9)
zu′(z)

u(z)
= (m+ 2)

RDm+2
λ,γ f (z)

RDm+1
λ,γ f (z)

− µ (m+ 1)
RDm+1

λ,γ f (z)

RDm
λ,γf (z)

−

γ

(
m+ 2− 1

λ

)
Dm+2

λ f (z)−Dm+1
λ f (z)

RDm+1
λ,γ f (z)

+µγ

(
m+ 1− 1

λ

)
Dm+1

λ f (z)−Dm
λ f (z)

RDm
λ,γf (z)

+ (µ− 1) (m+ p)− 1.

Using (7) we get

Re

(
1 +

zu′(z)

u(z)

)
>

3α− 1

2α
.

Thus, from Lemma 1 we deduce that

Re

RDm+1
λ,γ f(z)

zp

(
zp

RDm
λ,γf(z)

)µ
 > α.

Therefore, f ∈ RDγ(p,m, µ, α, λ), by Definition 4.

As a consequence of the above theorem we have the following inter-

esting corollaries [2].
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Corollary 1 If f ∈ A (1, 1) and

(10) Re

{
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
− zf ′′(z)

f ′(z)

}
> −1

2
, z ∈ U,

then

(11) Re

{
1 +

zf ′′(z)

f ′(z)

}
>

1

2
, z ∈ U.

That is, f is convex of order 1
2
, or f ∈ RD1

(
1, 1, 1, 1

2
, 1
)
.

Corollary 2 If f ∈ A (1, 1) and

(12) Re

{
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)

}
> −1

2
, z ∈ U,

then f ∈ RD1
(
1, 1, 0, 1

2
, 1
)
, that is

(13) Re {f ′(z) + zf ′′(z)} > 1

2
, z ∈ U.

Corollary 3 If f ∈ A (1, 1) and

(14) Re

{
1 +

zf ′′(z)

f ′(z)

}
>

1

2
, z ∈ U,

then

(15) Ref ′(z) >
1

2
, z ∈ U.

In another words, if the function f is convex of order 1
2

then f ∈ RD1(1, 0, 0, 1
2
, 1) ≡ R

(
1
2

)
.

Corollary 4 If f ∈ A (1, 1) and

(16) Re

{
zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

}
> −3

2
, z ∈ U,

then f is starlike of order 1
2
, hence f ∈ RD1(1, 0, 1, 1

2
, 1).
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[9] G. St. Sălăgean, Subclasses of univalent functions, Lecture Notes in

Math., Springer Verlag, Berlin, 1013(1983), 362-372.



92 A. Alb Lupaş
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A Korovkin-type approximation theorem
in statistical sense to B-Continuous

Functions 1
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Abstract

In this paper, we prove a statistical approximation theorem

for sequences of positive linear operators defined on the space of

all real valued B-continuous functions on a compact subset of the

real line via A-statistical convergence. Furthermore, we display

an application which shows that our new result is stronger than

its classical version. Finally, we compute the rates of A-statistical

convergence with the help mixed modulus of smoothness.
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1 Introduction

The classical Korovkin theory is mainly connected with the approxima-

tion to continuous functions by means of positive linear operators (see,

for instance, [4, 21]). In order to improve the classical Korovkin theory,

the space of Bögel-type continuous (or, simply, B-continuous) functions

instead of the classical one has been used in [5, 6, 7, 8]. Recall that the

concept of B-continuity was first introduced in 1934 by Bögel [9] (see

also [10, 11]). Furthermore, in recent years, with the help of the con-

cept of statistical convergence, various statistical approximation results

have been proved [1, 2, 13, 14, 15, 18]. Recall that every convergent se-

quence (in the usual sense) is statistically convergent but its converse is

not always true. Also, statistical convergent sequences do not need to be

bounded. So, the usage of this method of convergence in the approxima-

tion theory provides us many advantages. The main goal of this paper

is to obtain a statistical approximation theorem for sequences of posi-

tive linear operators defined on the space of all real valued B-continuous

functions on a compact subset of the real line.

We first recall the concept of A-statistical convergence.

Let A = (ajn) be a summability matrix. For a given sequence x =

(xn), the A−transform of x, denoted by Ax := ((Ax)j), is given by

(Ax)j =
∑
n∈N

ajnxn

provided the series converges for every n ∈ N.
A two dimensional matrix transformation is said to be regular if it

maps every convergent sequence in to a convergent sequence with the

same limit. The well-known characterization for two dimensional ma-

trix transformations is known as Silverman-Toeplitz conditions (see, for

instance, [17]).

Now let A = (ajn) be a non-negative regular summability matrix, and

let K ⊂ N. Then A−density of K is given by
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δA{K} := lim
j

∑
n∈K

ajn

provided that the limit on the right-hand side exists. A real sequence

x = (xn) is said to be A−statistically convergent to a number L if, for

every ε > 0,

δA{n ∈ N : |xn − L| ≥ ε} = 0.

In this case, we write stA − limn xn = L. Clearly, a convergent sequence

is A-statistically convergent to the same value but its converse is not

always true. For example, consider the sequence x = (xn) given by

xn =

{
1, if n is square,

0, otherwise.

We should note that if we take A = C1, which is the Cesáro matrix, then

C1-statistical convergence coincides with the notion of statistical conver-

gence, which was introduced in [16, 24]. If we replace the matrix A by the

identity matrix, then A-statistical convergence reduces to the ordinary

convergence. We note that if A = (ajn) is a non-negative regular summa-

bility matrix for which limj maxn {ajn} = 0, then A−statistical conver-

gence is stronger than convergence [20]. It should be also noted that the

concept of A−statistical convergence may also be given in normed spaces

(see [19] for details).

2 A Korovkin-type approximation theorem

The definition of B-continuity was introduced by Bögel [9, 10, 11] as

follows:

Let X and Y be compact subsets of the real numbers, and let D =

X ×Y . Then, a function f : D → R is called a B−continuous at a point

(x, y) ∈ D if, for every ε > 0, there exists a positive number δ = δ(ε)
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such that

|∆x,y [f (u, v)]| < ε,

for any (u, v) ∈ D with |u− x| < δ and |v − y| < δ, where the symbol

∆x,y [f (u, v)] denotes the mixed difference of f defined by

∆x,y [f (u, v)] = f(u, v)− f(u, y)− f(x, v) + f(x, y).

By Cb(D) we denote the space of all B-continuous functions on D.

Recall that C(D) and B(D) denote the space of all continuous (in the

usual sense) functions and the space of all bounded function on D, re-

spectively. Then, notice that C(D) ⊂ Cb(D). Moreover, one can find an

unbounded B−continuous function, which follows from the fact that, for

any function of the type f(u, v) = g(u)+h(v), we have ∆x,y [f (u, v)] = 0

for all (x, y), (u, v) ∈ D.

We recall that the following lemma for B-continuous functions was

proved by Badea et. al. [7].

Lemma 1 ([7])If f ∈ Cb(D), then, for every ε > 0, there are two

positive numbers A(ε) = A(ε, f) and B(ε) = B(ε, f) such that

∆x,y [f (u, v)] ≤
ε

3
+ A(ε)(u− x)2 +B(ε)(v − y)2

holds for all (x, y), (u, v) ∈ D.

A function f : D → R is said to be B−bounded on D if there exists

M > 0 such that

|∆x,y [f (u, v)]| ≤M

holds for any (x, y), (u, v) ∈ D. By Bb(D), we mean the set of all B-

bounded functions on D. Since D is a compact subset of R2, it is not

hard to see that Cb(D) ⊂ Bb(D) (see, for instance, [5]). So, the usual

supremum norm on the spaces B(D) is given by

∥f∥ := sup
(x,y)∈D

|f (x, y)| for f ∈ B(D);
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and also the norm on the space Bb(D) is defined by

∥f∥B := sup
(x,y),(u,v)∈D

|∆x,y [f (u, v)]| for f ∈ Bb(D).

Let L be a linear operator from Cb (D) into B (D). Then, as usual,

we say that L is positive linear operator provided that f ≥ 0 implies

L (f) ≥ 0. Also, we denote the value of L (f) at a point (x, y) ∈ D by

L(f(u, v);x, y) or, briefly, L(f ; x, y).

Throughout the paper, for fixed (x, y) ∈ D and f ∈ Cb(D), we use

the function Fx,y defined as follows:

(1) Fx,y(u, v) = f(u, y) + f(x, v)− f(u, v) for (u, v) ∈ D.

Since

∆x,y [Fx,y(u, v)] = −∆x,y [f(u, v)]

holds for all (x, y), (u, v) ∈ D, theB−continuity of f implies theB−continuity

of Fx,y for every fixed (x, y) ∈ D.We also use the following test functions

e0(u, v) = 1, e1(u, v) = u, e2(u, v) = v and e3(u, v) = u2 + v2.

With this terminology, the classical Korovkin theorem in two variables

for B−continuous functions claims that:

Theorem 1 Let {Ln} be a sequence of positive linear operators acting

from Cb (D) into B (D) . Assume that the following conditions hold:

(i) Ln(e0;x, y) = 1 for all (x, y) ∈ D and n ∈ N,
(ii) Ln(e1; x, y) = e1(x) + un(x, y),

(iii) Ln(e2;x, y) = e2(x) + vn(x, y),

(iv) Ln(e3;x, y) = e3(x) + wn(x, y),

where {un(x, y)}, {vn(x, y)} and {wn(x, y)} converge to zero uni-

formly on D as n approach infinity. Then, the sequence

{Ln (Fx,y;x, y)}

converges uniformly to f(x, y) with respect to (x, y) ∈ D, where Fx,y is

given by (1).
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We now obtain the following A-statistical analogue by applying the

A-statistical limit operator instead of the limit operator in Theorem 1.

Theorem 2 Let {Ln} be a sequence of positive linear operators acting

from Cb (D) into B (D) , and let A = (ajn) be a nonnegative regular

summability matrix. Assume that the following conditions hold:

(2) δA {n ∈ N : Ln(e0;x, y) = 1 for all (x, y) ∈ D} = 1

and

(3) stA − lim
n

∥Ln(ei)− ei∥ = 0 for i = 1, 2, 3.

Then, for all f ∈ Cb(D), we have

stA − lim
n

∥Ln(Fx,y)− f∥ = 0,

where Fx,y is given by (1).

Proof 1 Let (x, y) ∈ D and f ∈ Cb (D) be fixed. Putting

(4) K := {n ∈ N : Ln(e0;x, y) = 1 for all (x, y) ∈ D} ,

we get from (2) that

(5) δA{N\K} = 0.

Using the B−continuity of the function Fx,y given by (1), Lemma 1 im-

plies that, for every ε > 0, there exist two positive numbers A(ε) and

B(ε) such that

(6) |∆x,y [Fx,y(u, v)]| ≤
ε

3
+ A(ε)(u− x)2 +B(ε)(v − y)2

holds for every (u, v) ∈ D. Also, by (2), observe that

(7) Ln (Fx,y; x, y)− f(x, y) = Ln (∆x,y [Fx,y(u, v)] ; x, y)
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holds for all n ∈ K. Then, using the monotonicity and the linearity of

the operators Ln, for all n ∈ K, it follows from (6) and (7) that

|Ln (Fx,y; x, y)− f(x, y)| ≤ Ln (|∆x,y [Fx,y(u, v)]| ;x, y)
≤ ε

3
+ A(ε)Ln

(
(u− x)2;x, y

)
+B(ε)Ln

(
(v − y)2; x, y

)
≤ ε

3
+ C(ε){x2 + y2 + Ln(e3;x, y)

−2xLn(e1;x, y)− 2yLn(e2;x, y)},

where C(ε) = max{A(ε), B(ε)}. The last inequality gives that

|Ln (Fx,y;x, y)− f(x, y)| ≤ ε

3
+ C(ε) |Ln (e3; x, y)− e3(x, y)|

+2dC(ε) |Ln (e2; x, y)− e2(x, y)|
+2dC(ε) |Ln (e1; x, y)− e1(x, y)|(8)

where d = max{|x| , |y|}, holds for all n ∈ K. Taking supremum over

(x, y) ∈ D on the both-sides of inequality (8) we obtain, for all n ∈ K,

that

(9) ∥Ln(Fx,y)− f∥ ≤ ε

3
+D(ε)

3∑
i=1

∥Ln(ei)− ei∥

where D(ε) = max{2dC(ε), C(ε)}. Now for a given r > 0, choose ε > 0

such that ε < 3r. Then consider the following sets:

U : = {n ∈ N : ∥Ln(Fx,y)− f∥ ≥ r} ,

Ui : =

{
n ∈ N : ∥Ln(ei)− ei∥ ≥ 3r − ε

9D(ε)

}
, i = 1, 2, 3.

Hence, inequality (9) yields that

U ∩K ⊆
3∪

i=1

(Ui ∩K),
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which gives, for all j ∈ N,

(10)
∑

n∈U∩K

ajn ≤
3∑

i=1

∑
n∈Ui∩K

ajn ≤
3∑

i=1

∑
n∈Ui

ajn.

Letting j → ∞ and also using (3), we see from (10) that

(11) lim
j

∑
n∈U∩K

ajn = 0.

Furthermore, if we use the inequality∑
n∈U

ajn =
∑

n∈U∩K

ajn +
∑

n∈U∩(N\K)

ajn

≤
∑

n∈U∩K

ajn +
∑

n∈(N\K)

ajn

and if we take limit as j → ∞, then it follows from (5) and (11) that

lim
j

∑
n∈U

ajn = 0,

which means

stA − lim
n

∥Ln(Fx,y)− f∥ = 0.

The proof is completed.

Remark 1 We know that, for some f ∈ Cb(D), the function f may be

unbounded on the compact set D. However, we can say from the condi-

tions (2), (6) and (7) that the number

∥Ln(Fx,y)− f∥

in Theorem 2 is finite for each n ∈ K, where K is given by ( 4).

Remark 2 If we replace the matrix A in Theorem 2 by identity matrix,

then we immediately get Theorem A.
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Remark 3 We now show that our result Theorem 2 is stronger than

its classical version Theorem A. To see this first consider the following

Bernstein-type operators introduced by Pop and Farcaş [22]:

(12)

Hn(f ;x, y) =
n∑

s=0

n−s∑
t=0

Fx,y

(
s

n
,
t

n

)(
n

s

)(
n− s

t

)
xsyt(1− x− y)n−s−t,

where Fx,y is given by (1), and (x, y) ∈ I2 = [0, 1] × [0, 1]; f ∈ Cb(I
2).

Then, by Theorem A, we obtain that, for any f ∈ Cb(I
2)

(13) lim
n

∥Hn(Fx,y)− f∥ = 0.

Now take A = C1 and define a sequence {un} by

(14) un =

{
1, if n square

0, otherwise.

In this case, observe that

(15) stC1 − lim
n
un = 0.

However, the sequence (un) is not convergent. Now using (12) and (14),

we define the following positive linear operators on Cb(I
2) as follows:

(16) Ln(f ;x, y) = (1 + un)Hn(f ;x, y).

Then, observe that the sequence of positive linear operators {Ln} defined

by (16) satisfy all hypotheses of Theorem 2. So, by (13) and (15), we

have

stC1 − lim
n

∥Ln(f)− f∥ = 0.

However, since (un) is not convergent, the sequence {Ln(f ;x, y)} given

by (16) does not converge uniformly to the function f ∈ Cb(I
2). So, we

conclude that Theorem A does not work for the operators Ln in (16) while

our Theorem 2 still works.
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3 Rate of A-statistical convergence

Various ways of defining rates of convergence in the A-statistical sense for

two-dimensional summability matrix were introduced in [13]. In a similar

way, we compute the corresponding rates in A-statistical convergence in

Theorem 2 with four different ways.

Definition 1 ([13])Let A = (ajn) be a non-negative regular summability

matrix and let {αn} be a positive non-increasing sequence. A sequence

x = {xn} is A-statistical convergent to a number L with the rate of o(αn)

if for every ε > 0,

lim
j

1

αj

∑
n∈K(ε)

ajn = 0,

where

K(ε) := {n ∈ N : |xn − L| ≥ ε} .

In this case, it is denoted by

xn − L = stA − o(αn) as n→ ∞.

Definition 2 ([13])Let A = (ajn) and {αn} be the same as in Definition

1. Then, a sequence x = {xn} is A-statistical bounded with the rate of

O(αn) if for every ε > 0,

sup
j

1

αj

∑
n∈L(ε)

ajn <∞,

where

L(ε) := {n ∈ N : |xn| ≥ ε } .

In this case, it is denoted by

xn = stA −O(αn) as n→ ∞.
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Definition 3 ([13])Let A = (ajn) and {αn} be the same as in Definition

1. Then, a sequence x = {xn} is A-statistical convergent to a number L

with the rate of om(αn) if for every ε > 0,

lim
j

∑
n∈M(ε)

ajn = 0,

where

M(ε) := {n ∈ N : |xn − L| ≥ ε αn} .

In this case, it is denoted by

xn − L = stA − om(αn) as n→ ∞.

Definition 4 ([13])Let A = (ajn) and {αn} be the same as in Definition

1. Then, a sequence x = {xn} is A-statistical bounded with the rate of

Om(αn) if for every ε > 0,

lim
j

∑
n∈N(ε)

ajn = 0,

where

N(ε) := {n ∈ N : |xn| ≥ ε αn} .

In this case, it is denoted by

xn − L = stA −Om(αn) as n→ ∞.

We see from the above statements that, in Definitions 1 and 2 the

rate sequence {xn} directly effects the entries of the matrix A = (ajn)

although, according to Definitions 3 and 4, the rate is more controlled

by the terms of the sequence x = {xn}.
Using these definitions we obtain the following auxiliary result.

Lemma 2 ([13])Let {xn} and {yn} be sequences. Assume that let A =

(ajn) be a non-negative regular summability matrix and let {αn} and

{βn} be positive non-increasing sequences. If xn − L1 = stA − o(αn) and

yn − L2 = stA − o(βn), then we have
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(i) (xn − L1) ∓ (yn − L2) = stA − o(γn) as n → ∞ , where γn :=

max {αn, βn} for each n ∈ N,

(ii) λ(xn − L1) = stA − o(αn) as n→ ∞ for any real number λ.

Furthermore, similar conclusions hold with the symbol “o” replaced by

“O”.

Lemma 3 ([13])Let {xn} and {yn} be sequences. Assume that let A =

(ajn) be a non-negative regular summability matrix and let {αn} and

{βn} be positive non-increasing sequences. If xn − L1 = stA − om(αn)

and yn − L2 = stA − om(βn), then we have

(i) (xn − L1) ∓ (yn − L2) = stA − om(γn) as n → ∞ , where γn :=

max {αn, βn} for each n ∈ N,

(ii) λ(xn − L1) = stA − om(αn) as n→ ∞ for any real number λ.

Furthermore, similar conclusions hold with the symbol “om” replaced by

“Om”.

Now we recall the concept of mixed modulus of smoothness. For f ∈
Cb (D), themixed modulus of smoothness of f , denoted by ωmixed (f ; δ1, δ2),

is defined to be

ωmixed (f ; δ1, δ2) = sup {|∆x,y [f(u, v)]| : |u− x| ≤ δ1, |v − y| ≤ δ2}

for δ1, δ2 > 0. In order to obtain our result, we will make use of the

elementary inequality

ωmixed (f ;λ1δ1, λ2δ2) ≤ (1 + λ1) (1 + λ2)ωmixed (f ; δ1, δ2)

for λ1, λ2 > 0. The modulus ωmixed has been used by several authors in

the framework of “Boolean sum type” approximation (see, for example,

[12]). Elementary properties of ωmixed can be found in [23] (see also [3])

and in particular for the case of B-continuous functions in [5].

Then we have the following result.
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Theorem 3 Let {Ln} be a sequence of positive linear operators acting

from Cb (D) into B (D) and let A = (ajn) be a non-negative regular

summability matrix. Let {αn} and {βn} be a positive non-increasing

sequence. Assume that the following conditions holds:

(17) lim
j

1

αj

∑
n∈K

ajn = 1,

where K = {n ∈ N : Ln(e0; x, y) = 1 for all (x, y) ∈ R2} ; and

(18) ωmixed (f ; γn, δn) = stA − o(βn) as n→ ∞,

where γn :=
√
∥Ln(φ)∥ and δn :=

√
∥Ln(Ψ)∥ with φ(u, v) = (u− x)2,

Ψ(u, v) = (v − y)2. Then we have, for all f ∈ Cb (D),

∥Ln(Fx,y)− f∥ = stA − o(cn) as n→ ∞,

where Fx,y is given by (1) and cn := max {αn, βn} for each n ∈ N. Fur-
thermore, similar results holds when the symbol “o” is replaced by “O”.

Proof 2 Let (x, y) ∈ D and f ∈ Cb (D) be fixed. It follows from (17)

that

(19) lim
j

1

αj

∑
n∈N\K

ajn = 0.

Using the B−continuity of the function Fx,y given by (1), Lemma 1 im-

plies that, for every ε > 0, there exist two positive numbers A(ε) and

B(ε) such that

(20) |∆x,y [Fx,y(u, v)]| ≤
ε

3
+ A(ε)(u− x)2 +B(ε)(v − y)2

holds for every (u, v) ∈ D. Also, since

∆x,y [Fx,y(u, v)] = −∆x,y [f(u, v)]
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we observe that

Ln (Fx,y; x, y)− f(x, y) = Ln (∆x,y [Fx,y(u, v)] ; x, y)

holds for all n ∈ K. Then, using the properties of ωmixed we obtain

|∆x,y [Fx,y(u, v)]| ≤ ωmixed (f ; |u− x| , |v − y|)

≤
(
1 +

1

δ1
|u− x|

)(
1 +

1

δ2
|v − y|

)
ωmixed (f ; δ1, δ2) .(21)

Hence, using the monotonicity and the linearity of the operators Ln, for

all n ∈ K, it follows from (21) that

|Ln(Fx,y;x, y)−f (x, y)| = |Ln (∆x,y [Fx,y(u, v)] ;x, y)|
≤ Ln (|∆x,y [Fx,y(u, v)]| ; x, y)

≤ Ln

((
1 +

1

δ1
|u− x|

)(
1 +

1

δ2
|v − y|

)
;x, y

)
×ωmixed (f ; δ1, δ2)

=

{
1 +

1

δ1
Ln (|u− x| ;x, y) + 1

δ2
Ln (|v − y| ;x, y)

1

δ1δ2
Ln (|u− x| . |v − y| ;x, y)

}
ωmixed (f ; δ1, δ2) .

Using the Cauchy-Schwarz inequality, we have

|Ln(Fx,y;x, y)−f (x, y)| ≤
{
1 +

1

δ1

√
Ln (φ; x, y) +

1

δ2

√
Ln (Ψ;x, y)

1

δ1δ2

√
Ln (φ;x, y)

√
Ln (Ψ;x, y)

}
ωmixed (f ; δ1, δ2)(22)

for all n ∈ K. Taking supremum over (x, y) ∈ R2 on the both-sides of

inequality (22) we obtain, for all n ∈ K, that

(23) ∥Ln(Fx,y)− f∥ ≤ 4ωmixed (f ; γn, δn)

where δ1 := γn :=
√

∥Ln(φ)∥ and δ2 := δn :=
√

∥Ln(Ψ)∥. Now, given

ε > 0, define the following sets:

D : = {n ∈ N : ∥Ln(Fx,y)− f∥ ≥ ε} ,
D1 : =

{
n ∈ N : ωmixed (f ; γn, δn) ≥

ε

4

}
.
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Hence, it follows from (23) that

D ∩K ⊆ D1 ∩K,

which gives, for all j ∈ N,

1

cj

∑
n∈D∩K

ajn ≤ 1

cj

∑
n∈D1∩K

ajn

≤ 1

cj

∑
n∈D1

ajn

≤ 1

αj

∑
n∈D1

ajn.(24)

where cn = max {αn, βn}. Letting j → ∞ in (24) and from (19), we

conclude that

(25) lim
j

1

cj

∑
n∈D∩K

ajn = 0.

Furthermore, if we use the inequality∑
n∈D

ajn =
∑

n∈D∩K

ajn +
∑

n∈D∩(N\K)

ajn

≤
∑

n∈D∩K

ajn +
∑

n∈(N\K)

ajn

which gives,

(26)
1

cj

∑
n∈D

ajn ≤ 1

cj

∑
n∈D∩K

ajn +
1

αj

∑
n∈(N\K)

ajn.

Letting j → ∞ in (26) and from (25) and (19), we conclude that

lim
j

1

cj

∑
n∈D

ajn = 0.

The proof is completed.
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The following analog also holds.

Theorem 4 Let {Ln} be a sequence of positive linear operators acting

from Cb (D) into B (D) and let A = (ajn) be a non-negative regular

summability matrix. Let {αn} and {βn} be a positive non-increasing

sequence. Assume that the following conditions holds:

(27) lim
j

1

αj

∑
n∈K

ajn = 1,

where K = {n ∈ N : Ln(e0; x, y) = 1 for all (x, y) ∈ R2} ; and

(28) ωmixed (f ; γn, δn) = stA − om(βn) as n→ ∞,

where γn :=
√
∥Ln(φ)∥ and δn :=

√
∥Ln(Ψ)∥ with φ(u, v) = (u− x)2,

Ψ(u, v) = (v − y)2. Then we have, for all f ∈ Cb (D),

∥Ln(Fx,y)− f∥ = stA − om(cn) as n→ ∞,

where Fx,y is given by (1) and cn := max {αn, βn} for each n ∈ N. Similar

results hold when little “om” is replaced by big “Om”.

4 Concluding remarks

1) Specializing the sequences {αn} and {βn} in Theorem 3 or Theorem

4 we can easily get Theorem 2. Thus, Theorem 3 gives us the rates of

A−statistical convergence of the operators Ln from Cb (D) into B (D).

2) Replacing the matrix A by identity matrix and taking αn = βn = 1

for all n ∈ N, we get the ordinary rate of convergence of the operators

Ln.
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New approximation scheme for the fixed
points of finite family of asymptotically

pseudocontractive mappings 1

Arif Rafiq, R. A. Rashwan

Abstract

Let K be a nonempty closed convex subset of a real Banach

space E and Tl : K → K, l = 1, 2, ..., p; p ≥ 2 be p asymptoti-

cally pseudocontractive mappings with T1 and T2 having bounded

ranges and a sequence {kn}n≥0 ⊂ [1,∞), lim
n→∞

kn = 1 such that

x∗ ∈
p≥2∩
l=1

F (Tl) = {x ∈ K : T1x = x = T2x = ... = Tpx}. Further

let T1 : K → K be uniformly continuous and {αn}n≥0, {βj
n}n≥0 ∈

[0, 1], j = 1, 2, ..., p − 1; p ≥ 2 be such that
∑

n≥0 α
2
n = ∞

and lim
n→∞

αn = 0 = lim
n→∞

β1
n. For arbitrary x0 ∈ K let {xn}n≥0 be

iteratively defined by

xn+1 = (1− αn)xn + αnT
n
1 y

1
n,

yin =
(
1− βi

n

)
xn + βi

nT
n
i+1y

i+1
n ,

yp−1
n =

(
1− βp−1

n

)
xn + βp−1

n Tn
p xn,

n ≥ 0, i = 1, 2, ..., p− 2; p ≥ 2. Then {xn}n≥0 converges strongly

to x∗ ∈
p≥2∩
l=1

F (Tl).
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1 Introduction

Let E be a real Banach space and K be a nonempty convex subset of E.

Let J denote the normalized duality mapping from E to 2E
∗
defined by

J(x) = {f ∗ ∈ E∗ : ⟨x, f ∗⟩ = ||x||2 and ||f ∗|| = ||x||},

where E∗ denotes the dual space of E and ⟨·, ·⟩ denotes the generalized

duality pairing. We shall denote the single-valued duality map by j.

Let T : D(T ) ⊂ E → E be a mapping with domain D(T ) in E.

Definition 1 The mapping T is said to be uniformly L-Lipschitzian if

there exists L > 0 such that for all x, y ∈ D(T )

∥T nx− T ny∥ ≤ L ∥x− y∥ .

Definition 2 T is said to be nonexpansive if for all x, y ∈ D(T ), the

following inequality holds:

∥Tx− Ty∥ ≤ ∥x− y ∥ for all x, y ∈ D(T ).

Definition 3 T is said to be asymptotically nonexpansive [2], if there

exists a sequence {kn}n≥0 ⊂ [1,∞) with lim
n→∞

kn = 1 such that

∥T nx− T ny∥ ≤ kn ∥x− y ∥ for all x, y ∈ D(T ), n ≥ 1.
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Definition 4 T is said to be asymptotically pseudocontractive if there

exists a sequence {kn}n≥0 ⊂ [1,∞) with lim
n→∞

kn = 1 and there exists

j(x− y) ∈ J(x− y) such that

⟨T nx− T ny, j(x− y)⟩ ≤ kn ∥x− y ∥2 for all x, y ∈ D(T ), n ≥ 1.

Remark 1 1. It is easy to see that every asymptotically nonexpansive

mapping is uniformly L-Lipschitzian.

2. If T is asymptotically nonexpansive mapping then for all x, y ∈
D(T ) there exists j(x− y) ∈ J(x− y) such that

⟨T nx− T ny, j(x− y)⟩ ≤ ∥T nx− T ny∥ ∥x− y ∥
≤ kn ∥x− y ∥2 , n ≥ 1.

Hence every asymptotically nonexpansive mapping is asymptotically pseu-

docontractive.

3. Rhoades in [8] showed that the class of asymptotically pseudocon-

tractive mappings properly contains the class of asymptotically nonexpan-

sive mappings.

The asymptotically pseudocontractive mappings were introduced by

Schu [10] who proved the following theorem:

Theorem 1 Let K be a nonempty bounded closed convex subset of a

Hilbert space H, T : K → K a completely continuous, uniformly L-

Lipschitzian and asymptotically pseudocontractive with sequence {kn} ⊂
[1,∞); qn = 2kn − 1, ∀n ∈ N ;

∑
(q2n − 1) < ∞; {αn}, {βn} ⊂ [0, 1]; ϵ <

αn < βn ≤ b, ∀n ∈ N, ϵ > 0 and b ∈ (0, L−2[(1 + L2)
1
2 − 1]); x1 ∈ K for

all n ∈ N, define

xn+1 = (1− αn)xn + αnT
nxn.

Then {xn} converges to some fixed point of T .
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The recursion formula of Theorem 1 is a modification of the well-

known Mann iteration process (see [5]).

Also among the most recent results about the same topic, following

are due to Ofoedu [6].

Theorem 2 [6] Let K be a nonempty closed convex subset of a real

Banach space E, T : K → K a uniformly L-Lipschitzian asymptotically

pseudocontractive mapping with sequence {kn}n≥0 ⊂ [1,∞), lim
n→∞

kn = 1

such that x∗ ∈ F (T ) = {x ∈ K : Tx = x}. Let {αn}n≥0 ⊂ [0, 1] be

such that
∑

n≥0 αn = ∞,
∑

n≥0 α
2
n < ∞ and

∑
n≥0 αn(kn − 1) < ∞. For

arbitrary x0 ∈ K let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn) xn + αnT
nxn, n ≥ 0.

Suppose there exists a strictly increasing function ψ : [0,∞) → [0,∞),

ψ(0) = 0 such that

(O) ⟨T nx− x∗, j(x− x∗)⟩ ≤ kn||x− x∗||2 − ψ(||x− x∗||), ∀x ∈ K.

Then {xn}n≥0 is bounded.

Theorem 3 [6] Let K be a nonempty closed convex subset of a real

Banach space E, T : K → K a uniformly L-Lipschitzian asymptotically

pseudocontractive mapping with sequence {kn}n≥0 ⊂ [1,∞), lim
n→∞

kn = 1

such that x∗ ∈ F (T ) = {x ∈ K : Tx = x}. Let {αn}n≥0 ⊂ [0, 1] be

such that
∑

n≥0 αn = ∞,
∑

n≥0 α
2
n < ∞ and

∑
n≥0 αn(kn − 1) < ∞. For

arbitrary x0 ∈ K let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn) xn + αnT
nxn, n ≥ 0.

Suppose there exists a strictly increasing function ψ : [0,∞) → [0,∞),

ψ(0) = 0 such that

⟨T nx− x∗, j(x− x∗)⟩ ≤ kn||x− x∗||2 − ψ(||x− x∗||), ∀x ∈ K.

Then {xn}n≥0 converges strongly to x∗ ∈ F (T ).
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Remark 2 One can easily see that if we take in Theorems 2-3, αn = 1
nσ ;

0 < σ < 1
2
, then

∑
αn = ∞, but also

∑
α2
n = ∞. Hence the conclusions

of Theorems 2-3 can be improved. The same argument can be applied on

the results of Chidume and Chidume in [1].

The purpose of this paper is to generalize the results of Schu [10] from

Hilbert spaces to more general Banach spaces and improve the results

of Ofoedu [6] in a significantly more general context by removing the

conditions like
∑

n≥0 α
2
n < ∞,

∑
n≥0 αn(kn − 1) < ∞ and (O) from the

Theorems 2− 3.

2 Main Results

We will need the following results.

Lemma 1 [12] Let J : E → 2E be the normalized duality mapping.

Then for any x, y ∈ E, we have

||x+ y||2 ≤ ||x||2 + 2⟨y, j(x+ y)⟩, ∀j(x+ y) ∈ J(x+ y).

Lemma 2 [11] If there exists a positive integer N such that for all n ≥
N, n ∈ N,

ρn+1 ≤ (1− θn)ρn + bn,

then

lim
n→∞

ρn = 0,

where θn ∈ [0, 1),
∑∞

n=0 θn = ∞, and bn = o(θn).

Lemma 3 [4] Let {an}, {bn}, and {cn} be three nonnrgative real se-

quences satisfying

an+1 ≤ (1− tn)an + bn + cn,
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then

lim
n→∞

an = 0,

where {tn} ∈ [0, 1],
∑∞

n=0 tn = ∞, bn = o(tn), and
∑∞

n=0 cn <∞.

Lemma 4 [7] Let {an}, {bn}, and {cn} be three nonnrgative real se-

quences satisfying

an+1 ≤ (1− tln)an + bn + cn; l ≥ 1,

then

lim
n→∞

an = 0,

where {tn} ∈ [0, 1],
∑∞

n=0 t
l
n = ∞, bn = o(tn), and

∑∞
n=0 cn <∞.

Theorem 4 Let K be a nonempty closed convex subset of a real Banach

space E and Tl : K → K, l = 1, 2, ..., p; p ≥ 2 be p asymptotically

pseudocontractive mappings with T1 and T2 having bounded ranges and a

sequence {kn}n≥0 ⊂ [1,∞), lim
n→∞

kn = 1 such that x∗ ∈
p≥2∩
l=1

F (Tl) = {x ∈

K : T1x = x = T2x = ... = Tpx}. Further let T1 : K → K be uniformly

continuous and {αn}n≥0, {βj
n}n≥0 ∈ [0, 1], j = 1, 2, ..., p − 1; p ≥ 2 be

such that
∑

n≥0 α
2
n = ∞ and lim

n→∞
αn = 0 = lim

n→∞
β1
n. For arbitrary x0 ∈ K

let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn)xn + αnT
n
1 y

1
n,

yin =
(
1− βi

n

)
xn + βi

nT
n
i+1y

i+1
n ,

yp−1
n =

(
1− βp−1

n

)
xn + βp−1

n T n
p xn, (2.1)

n ≥ 0, i = 1, 2, ..., p − 2; p ≥ 2. Then {xn}n≥0 converges strongly to

x∗ ∈
p≥2∩
l=1

F (Tl).
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Proof. Because x∗ is the common fixed point of Tl : K → K, l = 1, 2,

..., p; p ≥ 2, then the set

p≥2∩
l=1

F (Tl) is nonempty.

Since T1 and T2 have bounded ranges, we set

M1 = ||x0 − x∗||+ sup
n≥0

||T n
1 y

1
n − x∗||.

Obviously M1 <∞.

It is clear that ||x0 − x∗|| ≤ M1. Let ||xn − x∗|| ≤ M1. Next we will

prove that ||xn+1 − x∗|| ≤M1.

Consider

||xn+1 − x∗|| = ||(1− αn)xn + αnT
n
1 y

1
n − x∗||

= ||(1− αn)(xn − x∗) + αn(T
n
1 y

1
n − x∗)||

≤ (1− αn)||xn − x∗||+ αn||T n
1 y

1
n − x∗||

≤ (1− αn)M1 +M1αn

= M1.

So, from the above discussion, we can conclude that the sequence

{xn − x∗}n≥0 is bounded. Let M2 = sup
n≥0

||xn − x∗||.

Denote M =M1 +M2 + sup
n≥0

||T n
2 y

2
n − x∗||. Obviously M <∞.

Now from Lemma 1 for all n ≥ 0, we obtain

∥xn+1 − x∗∥2 = ||(1− αn)xn + αnT
n
1 y

1
n − x∗||2

= ||(1− αn)(xn − x∗) + αn(T
n
1 y

1
n − x∗)||2

≤ (1− αn)
2||xn − x∗||2 + 2αn⟨T n

1 y
1
n − x∗, j(xn+1 − x∗)⟩

= (1− αn)
2||xn − x∗||2 + 2αn⟨T n

1 xn+1 − x∗, j(xn+1 − x∗)⟩
+2αn⟨T n

1 y
1
n − T n

1 xn+1, j(xn+1 − x∗)⟩
≤ (1− αn)

2||xn − x∗||2 + 2αnkn||xn+1 − x∗||2

+2αn

∥∥T n
1 y

1
n − T n

1 xn+1

∥∥ ∥xn+1 − x∗∥
≤ (1− αn)

2||xn − x∗||2 + 2αnkn||xn+1 − x∗||2

+2αnλn, (2.2)
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where

(2.3) λn =M
∥∥T n

1 y
1
n − T n

1 xn+1

∥∥ .
Using (2.1) we have∥∥y1n − xn+1

∥∥ ≤
∥∥y1n − xn

∥∥+ ∥xn − xn+1∥
= β1

n

∥∥xn − T n
2 y

2
n

∥∥+ αn

∥∥xn − T n
1 y

1
n

∥∥
≤ 2Mαn + 2Mβ1

n

= 2M
(
αn + β1

n

)
. (2.4)

From the conditions lim
n→∞

αn = 0 = lim
n→∞

β1
n and (2.4), we obtain

lim
n→∞

∥∥y1n − xn+1

∥∥ = 0,

and the uniform continuity of T1 leads to

lim
n→∞

∥∥T n
1 y

1
n − T n

1 xn+1

∥∥ = 0,

thus, we have

(2.5) lim
n→∞

λn = 0.

The real function f : [0, ∞) → [0, ∞), defined by f(t) = t2 is increasing

and convex. For all λ ∈ [0, 1] and t1, t2 > 0 we have

(2.6) ((1− λ)t1 + λt2)
2 ≤ (1− λ)t21 + λt22.

Consider

||xn+1 − x∗||2 = ||(1− αn)xn + αnT
n
1 y

1
n − x∗||2

= ||(1− αn)(xn − x∗) + αn(T
n
1 y

1
n − x∗)||2

≤ [(1− αn) ∥xn − x∗∥+ αn

∥∥T n
1 y

1
n − x∗

∥∥]2
≤ (1− αn) ∥xn − x∗∥2 + αn

∥∥T n
1 y

1
n − x∗

∥∥2
≤ (1− αn) ∥xn − x∗∥2 +M2αn. (2.7)
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Substituting (2.7) in (2.2), we get

∥xn+1 − p∥2 ≤ [(1− αn)
2 + 2αn(1− αn)kn]||xn − p||2

+2αn

(
M2knαn + λn

)
. (2.8)

Consider

(1− αn)
2 + 2αn(1− αn)kn = (1− αn)

2 + 2αn(1− αn)

+2αn(1− αn)(kn − 1)

≤ 1− α2
n + 2αn(kn − 1),

and consequently from (2.8), we obtain

∥xn+1 − p∥2 ≤
[
1− α2

n + 2αn(kn − 1)
]
||xn − p||2 + 2αn

(
M2knαn + λn

)
≤

(
1− α2

n

)
||xn − p||2 + 2[M2knαn + λn +M2(kn − 1)]αn

=
(
1− α2

n

)
||xn − p||2 + εnαn, (2.9)

where εn = 2 [M2knαn + λn +M2(kn − 1)] . Now with the help of∑
n≥0 α

2
n = ∞, lim

n→∞
αn = 0, (2.5) and Lemma 4, we obtain from (2.9)

that

lim
n→∞

||xn − p|| = 0,

completing the proof.

Corollary 1 Let K be a nonempty closed convex subset of a real Banach

space E and Tl : K → K, l = 1, 2, ..., p; p ≥ 2 be p asymptotically

pseudocontractive mappings with T1 and T2 having bounded ranges and a

sequence {kn}n≥0 ⊂ [1,∞), lim
n→∞

kn = 1 such that x∗ ∈
p≥2∩
l=1

F (Tl) = {x ∈

K : T1x = x = T2x = ... = Tpx}. Further let T1 : K → K be uniformly

L-Lipschitzian and {αn}n≥0, {βj
n}n≥0 ∈ [0, 1], j = 1, 2, ..., p−1; p ≥ 2 be

such that
∑

n≥0 α
2
n = ∞ and lim

n→∞
αn = 0 = lim

n→∞
β1
n. For arbitrary x0 ∈ K
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let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn)xn + αnT
n
1 y

1
n,

yin =
(
1− βi

n

)
xn + βi

nT
n
i+1y

i+1
n ,

yp−1
n =

(
1− βp−1

n

)
xn + βp−1

n T n
p xn,

n ≥ 0, i = 1, 2, ..., p − 2; p ≥ 2. Then {xn}n≥0 converges strongly to

x∗ ∈
p≥2∩
l=1

F (Tl).

Remark 3 1. We try to remove the conditions like (O) form the existing

literature.

2. It is worth to mention that, our results are new and do not exist

in the literature.
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Rate of approximation new-type
generalization of Chlodovsky polynomials 1

Aydın İzgi

Abstract

The present paper deals with the New-type generalization of

the Chlodovsky polynomials, here we give the approximation and

the rate of approximation of these polynomials C∗
n in weighted

spaces.
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1 Introduction

Bernstein [3] first used his well-known polynomials to prove the Weier-

strass approximation theorem which states that the set of real polyno-

mials over [0,1] is dense in the space of all continuous real functions on

[0,1]. These polynomials have been studied intensively, and their connec-

tions with different branches of analysis, such as convex and numerical
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analysis. Furthermore, these polynomials are generalized or modified by

many authors. some of them can be found, for example, in [4], [5], [14],

[15], [16] .

Our goal is to generalize Bernstein-Chlodovsky polynomials, which

were first introduced by Chlodovsky in [5], as Cao generalized Bernstein

polynomials in [4]. And we study convergence of these new polyno-

mials and their order of convergence. Although Bernstein polynomi-

als have been studied by many authors, Chlodovsky polynomials have

not studied so much. Because Chlodovsky polynomials are defined on

[0, bn] which is being extend to [0,∞) when n → ∞ and classical Ko-

rovkin theorem invalid on infinite interval. Some studies about Chlodovsky

can be found in [2], [8], [10], [9], [12], [13].

2 Preliminaries

Let C[a, b] be the space of all continuous functions on [a, b] in which the

norm of any function f is defined by

∥f∥C[a,b] := max
x∈[a,b]

|f(x)| .

The well-known Bernstein polynomials were defined as the following

for any f ∈ C[0 , 1]

(1) Bn(f ;x) =
n∑

k=0

f(
k

n
)φk

n(x)

where φk
n(x) =

(
n

k

)
xk(1−x)n−k.Chlodovsky polynomials were defined

as the following for any f ∈ C[0,∞):

(2) B∗
n(f ;x) =

n∑
k=0

f(
k

n
bn)φ

k
n(
x

bn
), 0 ≤ x ≤ bn
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where (bn) is a sequence has positive real terms, increasing and has the

following conditions:

(3) (i) lim
n→∞

bn = ∞, (ii) lim
n→∞

bn
n

= 0 .

Cao introduced the generalized Bernstein polynomials defined by

(4) Cn(f ; x) =
1

sn

n∑
k=0

(
sn−1∑
j=0

f(
k + j

n+ sn − 1
)

)
φk
n(x)

for a sequence of natural numbers (sn) and sn ≥ 1. It is clearly that, if

sn = 1, then Cn(f ; x) = Bn(f ;x).

Now we give New-type generalization of Chlodovsky polynomials :

(5) C∗
n(f ;x) =

1

sn

n∑
k=0

(
sn−1∑
j=0

f(
k + j

n+ sn − 1
bn)

)
φk
n(
x

bn
), 0 ≤ x ≤ bn.

It is clearly that, if sn = 1, then C∗
n(f ; x) = B∗

n(f ; x).

When we plot graphics of C∗
n(f ;x) and B

∗
n(f ; x), we see that: If we

take (sn) with lim
n→∞

sn = ∞ but lim
n→∞

sn
n

= 0, then their graphics coincide

with, for sufficiently large n. If we take (sn) with finite lim
n→∞

sn
n

then

B∗
n(f ; x) approximate to f better than C∗

n(f ; x). To show that, we give

some plots in the end of study.

(2) has the following equalities:

B∗
n((t− x)2; x) =

x(bn − x)

n

and

max
x∈[0, bn]

B∗
n((t− x)2;x) =

b2n
4n
.

b2n
4n

does not converge to zero when n→ ∞ for any sequence (bn) satisfies

(3). For instance if we choose bn = ln(1 + n), then lim
n→∞

b2n
4n

= 0, but if
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we choose bn =
√
n, then lim

n→∞

b2n
4n

=
1

4
. Because of the fact that, Ibikli

[11] replaced bn by
√
bn for (2) and in the same study ,he replaced the

second condition of (bn) which is given in (3) by lim
n→∞

b2n
n

= 0 , in his last

theorem.

Throughout our study we will use the conditions

(6) (i) lim
n→∞

bn = ∞, (ii) lim
n→∞

b2n
n

= 0

for the sequence (bn).

Cao [4], proved the following main results.

Theorem A For every function f ∈ C[0, 1], if and only if lim
n→∞

sn
n

= 0,

then

lim
n→∞

∥Cnf − f∥C[0,1] = 0,

and for n ∈ Q = {n : n ∈ N, and 0 <
sn − 1

n
+

1√
n
≤ 1} there holds:

∥Cnf − f∥C[0,1] ≤ 4ω

(
f,
sn − 1

n
+

1√
n

)
.

Here ω (f, δ) is the first order modulus of continuity of continuous f.

Now we will use weighted Korovkin-type theorems, proved by Gadzhiev

[6], [7].

Let ρ(x) = 1 + x2, x ∈ (−∞,∞) and Bρ be the set of all functions f

defined on the real axis satisfy the condition

|f(x)| ≤Mρ(x)

whereMf is a constant depending only on f .Bρ is the normed space with

the norm

∥f∥ρ = sup
x∈(−∞,∞)

|f(x)|
ρ(x)

, f ∈ Bρ.

Cρ denotes the subspace of all continuous functions in Bρ and Ck
ρ

denotes the subspace of all functions f ∈ Cρ with

lim
|x|→∞

|f(x)|
ρ(x)

= Kf <∞
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where Kf is a constant depending only on f .

Theorem B ([6], [7]) Let {Tn} be a sequence of linear positive ope-

rators taking Cρ into Bρ and satisfying the conditions

lim
n→∞

∥Tn(tv;x)− xv∥ρ = 0, v = 0, 1, 2.

Then for any f ∈ Ck
ρ ,

lim
n→∞

∥Tnf − f∥ρ = 0

and there exist a function g ∈ Cρ \ Ck
ρ such that

lim
n→∞

∥Tng − g∥ρ ≥ 1.

Applying Theorem C to the operators

Tn(f ;x) =

{
Vn(f ;x), if x ∈ [0, an]

f(x), if x > an

one then also has the following theorem.

Theorem C ([7]) Let (an) be a sequence with lim
n→∞

an = ∞ and {Vn} be

a sequence of linear positive operators taking Cρ[0, an] into Bρ[0, an].

If for v = 0, 1, 2

lim
n→∞

∥Vn(tv; x)− xv∥ρ,[0,an] = 0,

then for any f ∈ Ck
ρ [0, an]

lim
n→∞

∥Vnf − f∥ρ,[0,an] = 0,

where Bρ[0, an], Cρ[0, an] and C
k
ρ [0, an] denote the same as Bρ, Cρ and C

k
ρ

respectively, but the functions taken on [0, an] instead of R and the norm

is taken as

∥f∥ρ,[0,an] = sup
x∈[0,an]

|f(x)|
ρ(x)

.
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3 Auxiliary Results

In this section we shall give some properties of C∗
n(f ;x) which we shall use

for main theorems and a approximation theorem by means Korovkin’s

theorem.

Lemma 1

(7) C∗
n(1;x) = 1

(8) C∗
n(t;x) = x+

(sn − 1)(bn − 2x)

2(n+ sn − 1)

C∗
n(t

2; x) = x2 +
x {nbnsn − [(2sn − 1)n+ (sn − 1)2]x}

(n+ sn − 1)2

+
(sn − 1)(2sn − 1)b2n

6(n+ sn − 1)2
(9)

C∗
n(t

3; x) = x3 +
x

2(n+ sn − 1)3
[
2s2nnb

2
n + 3(sn + 1)n(n− 1)bnx

−
{
6snn

2 + 2(3s2n − 6sn + 1)n− (sn − 1)3
}
x2
]

+
sn(sn − 1)2b3n
4(n+ sn − 1)3

C∗
n(t

4;x) = x4 +
x

(n+ sn − 1)4
[
(s3n − 6)nb3n + (2s2n + 3sn + 2)n(n− 1)b2nx

+2(sn + 2)n(n− 1)(n− 2)bnx
2 −

{
2(2sn + 1)n3

+(6s2n − 12sn + 1)n
}
x3
]

+
(sn − 1)(2sn − 1)(3s2n − 3sn − 1)b4n

30(n+ sn − 1)4

Proof. If we use the equalities

B∗
n(1;x) = 1, B∗

n(t;x) = x,B∗
n(t

2;x) =
n− 1

n
x2 +

bnx

n



Rate of approximation new-type generalization ... 131

(see, for instance[10], [11]),

B∗
n(t

3;x) =
(n− 1)(n− 2)x3

n2
+

3(n− 1)bnx
2

n2
+
b2nx

n2
,

B∗
n(t

4;x) =
(n− 1)(n− 2)(n− 3)x4

n3
+

6(n− 1)(n− 2)bnx
3

n3

+
7(n− 1)b2nx

2

n3
− 5b3nx

n3

and

sn−1∑
j=0

j =
sn(sn − 1)

2
,

sn−1∑
j=0

j2 =
sn(sn − 1)(2sn − 1)

6
,

sn−1∑
j=0

j3 =

[
sn(sn − 1)

2

]2
,

sn−1∑
j=0

j4 =
sn(sn − 1)(2sn − 1)(3s2n − 3sn − 1)

30
,

we will get desired results.

Lemma 2

C∗
n((t− x)2;x) =

x {[n−(sn−1)2] bn+(sn−1) [4n−(2n−1)sn−1]x− nx}
(n+ sn − 1)2

+
(sn − 1)(2sn − 1)b2n

6(n+ sn − 1)2
,(10)

max
0≤x≤bn

C∗
n((t− x)2;x) =

[n−(sn−1)2]
2
b2n

4(n+sn − 1)2 [n−(sn − 1) (4n− (2n− 1)sn − 1)]

+
(sn − 1)(2sn − 1)b2n

6(n+ sn − 1)2
.(11)
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C∗
n((t− x)4;x) =

3n(n− 2)− (sn − 1) [8n+ 6n(sn − 1)− (sn − 1)3]

(n+ sn − 1)4
x4

+
−6n(n− 2)+(sn−1) [16n+12n(sn−1)−2(sn−1)3]

(n+ sn − 1)4
bnx

3

+
1

(n+ sn − 1)4
[n(3n− 7)− (sn − 1) {11n+ 8n(sn − 1)

− (sn − 1)2 − 2(sn − 1)3
}]
b2nx

2

+
−5n−(sn −1) [3+2n(sn−1)− (sn− 1)2− (sn − 1)3]

(n+ sn − 1)4
b3nx

+
(sn − 1)2 + 9(sn − 1)3 + 6(sn − 1)4

(n+ sn − 1)4
b4n.(12)

Proof. If we use Lemma 1, linearity of C∗
n, and equality

(t − x)2 = t2 − 2xt + x2 we get (10). By using first derivative of

C∗
n((t − x)2;x) , we will get desired result of (11). If we use Lemma 1,

linearity of C∗
n, equality (t − x)4 = t4 − 4xt3 + 6x2t2 + 4x3t + x4 we get

(12)

It is easy to see that (See [4], p:143])

(13) max
0≤x≤bn

C∗
n((t− x)2;x) <

4b2n
3n

[
1 +

(sn − 1)2

n

]
Now we want to find upper bound for C∗

n((t − x)4; x) where n > 2

and 0 ≤ x ≤ bn.

C∗
n((t− x)4;x) ≤ 3n2 + (sn − 1)4

(n+ sn − 1)4
b4n +

16n(sn − 1) + 12n(sn − 1)2

(n+ sn − 1)4
b4n

+
3n2 + (sn − 1)3 + 2(sn − 1)4

(n+ sn − 1)4
b4n +

(sn − 1)3 + (sn − 1)4

(n+ sn − 1)4
b4n

+
(sn − 1) [−1 + (sn − 1) + 9(sn − 1)2 + 6(sn − 1)3]

(n+ sn − 1)4
b4n

=

[
6n2

(n+ sn − 1)4

+
10(sn − 1)4 + 11(sn − 1)3 + (12n+ 1)(sn − 1)2 + 16n(sn − 1)

(n+ sn − 1)4
b4n

]
b4n
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If we use the inequality
2n(sn − 1)

(n+ sn − 1)2
≤ 1, then

C∗
n((t− x)4;x<

[
14n2

n2
+
11(sn−1)2 ((sn−1)2+(sn−1))

n4
+
13(sn −1)2

n3

]
b4n

< 14

[
1 +

(sn − 1)2

n

(sn − 1)2 + (sn − 1)

n
+

(sn − 1)2

n

](
b2n
n

)2

< 14

[
1 +

(sn − 1)2

n

(
1 +

(sn − 1)2

n
+

(sn − 1)

n

)](
b2n
n

)2

If we take lim
n→∞

s2n
n

= K < ∞, then we have lim
n→∞

sn
n

= 0. So, for all

sufficiently large n,
(sn − 1)

n
< 1. Finally we have

C∗
n((t− x)4; x) < 28

[
1 +

(sn − 1)2

n

(
1 +

(sn − 1)2

n

)](
b2n
n

)2

< 28

[
1 +

(sn − 1)2

n

]2(
b2n
n

)2

.(14)

Theorem 1 For any f ∈ CK
ρ [0, ∞)

(15) lim
n→∞

∥C∗
nf − f∥ρ,[0,bn] = 0,

it is sufficient and necessary that lim
n→∞

s2n
n

is exist and bounded.

Proof. Because of the condition on f , there is a positive Mf > 0 such

that |f(x)| ≤Mf (1+x
2). Then for any x, t ∈ [0, bn] we have the following

inequality: (See: [6], [7], [8])

|f(t)− f(x)| < ε+ 2Mf (δ)(1 + x2)(t− x)2

where Mf (δ) =Mf

(
δ2 + δ + 1

δ2

)
.

If we use (7), (13) and linearity of C∗
n, then we get

|C∗
n(f ; x)− f(x)| ≤ C∗

n (|f(t)− f(x)| ;x)
≤ ε+ 2Mf (δ)(1 + x2)C∗

n

(
(t− x)2;x

)
= ε+

8

3
Mf (δ)(1 + x2)

[
1 +

(sn − 1)2

n

]
b2n
n
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Thus

lim
n→∞

∥C∗
nf − f∥ρ,[0,bn] = lim

n→∞
sup

0≤x≤bn

|C∗
n(f ; x)− f(x)|

1 + x2

≤ lim
n→∞

(
ϵ+

8

3
Mf (δ)

[
1 +

(sn − 1)2

n

]
b2n
n

)
= ε+

8

3
Mf (δ) lim

n→∞

[
1 +

(sn − 1)2

n

]
b2n
n
.

Sufficiency: Because of the condition on (sn), there is a constant

K > 0, such that lim
n→∞

s2n
n

= K. So, we have

lim
n→∞

∥C∗
nf − f∥ρ,[0,bn] = ε+

8

3
Mf (δ) [1 +K] lim

n→∞

b2n
n
.

Consider (6) and since ε is arbitrary, we get lim
n→∞

∥C∗
nf − f∥ρ,[0,bn] = 0.

Necesity:If we take f(t) = t2, it satisfies the condition

|f(t)| ≤Mf (1 + t2).Then we can use it in (15),

lim
n→∞

∥C∗
nt

2 − x2∥ ρ,[0,bn]= 0. That is lim
n→∞

|C∗
n(t

2;x)− x2|
1 + x2

= 0. Be-

cause this equality holds for all x ∈ [0, bn], we can put x = 0. So,

lim
n→∞

|C∗
n(t

2; 0)− 0| = 0.

Now use (9)

0 = lim
n→∞

∣∣C∗
n(t

2; 0)− 0
∣∣ = lim

n→∞

[
(sn − 1)2

n
+

(sn − 1)

n

]
b2n
n
.

Furthermore, since we have lim
n→∞

b2n
n

= 0, lim
n→∞

sn
2

n
must be finite.

Corollary 1 For any f ∈ CK
ρ [0, ∞)

lim
n→∞

∥B∗
nf − f∥ρ,C[0,bn]

= 0.

Proof. Put sn = 1 in Theorem 1, we get desired result..
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4 Rate of approximation Of C∗
n(f ;x) in

weighted spaces

Now we want to find rate of approximation of the sequence of linear

positive operators {C∗
n} for f ∈ Ck

ρ [0, bn]. It is well known that, the first

modulus of continuity

ω(f ; δ) = sup{|f(t)− f(x)| : t, x ∈ [a, b], |t− x| ≤ δ}

does not tend to zero, as δ → 0, on any infinite interval.

In [12] it has been defined a weighted modulus of continuity Ω(f ; δn)

which tends to zero, as δ → 0, on infinite interval. A similar definition

can be found in [1].

For each f ∈ Ck
ρ [0, bn] given by

(16) Ω(f ; δn) = sup
|h|≤δn,x∈[0,bn]

[
|f(x+ h)− f(x)|
(1 + x2)(1 + h2)

]
In [12] it has been shown the following properties of Ω(f ; δn) :

(i) lim
δ→0

Ω(f ; δn) = 0 for every f ∈ Ck
ρ [0, bn].

(ii) For every f ∈ Ck
ρ [0, bn]

(17) |f(t)− f(x)| ≤ 2(1 + δ2n)(1 + x2)Ω(f ; δn).Sn(t, x),

where

Sn(t, x) =

(
1 +

|t− x|
δn

)(
1 + (t− x)2

)
.

(iii) For any positive integer m

(18) Ω(f ;mδn) ≤ 2m(1 + δ2n)Ω(f ; δn)

It is easy to see that:

(19) Sn(t, x) ≤

 2(1 + δ2n), if |t− x| ≤ δn

2(1 + δ2n)
(t− x)4

δ4n
, if |t− x| ≥ δn.
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Theorem 2 If f ∈ Ck
ρ , then the following inequality holds for all suffi-

ciently large n ,where K is a constant independent of n and

lim
n→∞

s2n
n

= K is bounded, then

sup
x∈[0,bn]

|C∗
n(f ; x)− f(x)|

1 + x2
≤ 3552(1 +K)2.Ω(f ;

√
b2n
n
)

holds.

Proof. By using (5) , (7), (17) we get

|C∗
n(f ; x)− f(x)| ≤ 2(1 + δ2n)(1 + x2)Ω(f ; δn)C

∗
n(Sn(t, x); x)

and by (19) we have Sn(t, x) ≤ 2(1 + δ2n)

[
1 +

(t− x)4

δ4n

]
. Then by (14)

we have

|C∗
n(f ; x)− f(x)| ≤ 4(1 + δ2n)

2(1 + x2)Ω(f ; δn)C
∗
n(1 +

1

δ4n
(t− x)4;x)

≤ 4(1 + δ2n)
2(1 + x2)Ω(f ; δn)

[
1 +

28

δ4n

[
1 +

(sn − 1)2

n

]2(
b2n
n

)2
]
.

Put δn = (28)1/4
√
1 +

(sn − 1)2

n

√
b2n
n

and consider lim
n→∞

s2n
n

= K and

lim
n→∞

b2n
n

= 0 , we get for sufficiently large n ,
b2n
n

≤ 1 and then

(1 + δ2n)
2 ≤ 37(1 +K). Thus we get

|C∗
n(f ;x)− f(x)| ≤ 296(1+K)(1+x2)Ω(f ; (28)1/4

√
1 +

(sn − 1)2

n

√
b2n
n
).

Now use (18) and (28)1/4 < 3, then we get desired result,

|C∗
n(f ; x)− f(x)|

1 + x2
≤ 3552(1 +K)2Ω(f ;

√
1 +

(sn − 1)2

n

√
b2n
n
).
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5 Some Plots

1) Comparison of approximation of C∗
n(f ;x) and B∗

n(f ; x) to f(x) =

exp(−x).(1 + x2). sin(x) in the region [0, 5] for n = 10 and 50 with

lim
n→∞

sn
n

= 0, (sn = ln(2 + n)).

Figure 1. Comparison of B∗
n and C∗

n for n = 10.

Figure 2. Comparison of B∗
n and C∗

n for n = 50.
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2) Comparison of approximation of C∗
n(f ;x) and B∗

n(f ; x) to f(x) =

exp(−x).(1 + x2). sin(x) in the region [0, 5] for n = 10 and 50 with finite

but not zero lim
n→∞

sn
n

(sn =
2n− 1

n
).

Figure 3. Comparison of B∗
n and C∗

n for n = 10.

Figure 4. Comparison of B∗
n and C∗

n for n = 50.
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