2013 Volume 21 No. 2
GENERAL MATHEMATICS
EDITOR-IN-CHIEF
Daniel Florin SOFONEA
ASSOCIATE EDITOR
Ana Maria ACU
HONORARY EDITOR
Dumitru ACU
EDITORIAL BOARD

Heinrich Begehr Andrei Duma Heiner Gonska
Shigeyoshi Owa Vijay Gupta Dumitru Gaspar
Piergiulio Corsini Dorin Andrica Malvina Baica
Detlef H. Mache Claudiu Kifor Vasile Berinde
Aldo Peretti Adrian Petrusel

SCIENTIFIC SECRETARY

Emil C. POPA
Nicusor MINCULETE
loan Tincu

EDITORIAL OFFICE
DEPARTMENT OF MATHEMATICS AND INFORMATICS
GENERAL MATHEMATICS
Str. Dr. lon Ratiu, no. 5-7
550012 - Sibiu, ROMANIA

Electronical version: http://depmath.ulbsibiu.ro/genmath/



Contents

S. S. Dragomir, Another Ostrowski type inequality via Pompeiu's mean value
L1170 =T 0 3
S. Rahrovi, A. Ebadian, S. Shams, The non-normalized subordination chains
with asymptotically spirallike mapping in several complex variables................ 17
D. Miclaus, The generalization of certain results for Kantorovich operators....... 47

G. Datt, R. Aggarwal, On some generalizations of Toeplitz operators via

OPEIAtOr BOUAIIONS 57
M.K.Aouf, A.Shamandy, A.O.Mostafa, E.A.Adwan, Subordination properties
for analytic functions defined by Hurwitz-Lerch Zeta function........................ 71

A. Alb Lupas, A subclass of analytic functions defined by Ruscheweyh
derivative and generalized Salagean operator .............cccooveviiiiiiiiiiie 85
K. Demirci, F. Dirik, A Korovkin-type approximation theorem in statistical sense
t0 B-continuous fUNCLIONS. .......ooviei e 93
A. Rafig, R. A. Rashwan, New approximation scheme for the fixed points of
finite family of asymptotically pseudocontractive mappings......................o. 113
A. 1zgi, Rate of approximation new-type generalization of Chlodovsky

POIYNOMIAL. ... o, 125



General Mathematics Vol. 21, No. 2 (2013), 3-15

Another Ostrowski type inequality via
Pompeiu’s mean value theorem:

Silvestru Sever Dragomir

Abstract
In this paper, a new Ostrowski type inequality via Pompeiu’s
mean value theorem is proved. Some applications for special

means are also given.
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Key words and phrases: Ostrowski inequality, Pompeiu’s mean
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1 Introduction

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem,

now known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1 (Pompeiu, 1946 [6]) For every real valued function f dif-
ferentiable on an interval [a,b] not containing 0 and for all pairs xq # x2
in [a,b], there exists a point & between x1 and x4 such that
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4 S. S. Dragomir

Following [6, p. 84 — 85|, we will mention here a geometrical inter-
pretation of Pompeiu’s theorem.

The equation of the secant line joining the points (xy, f (z1)) and
(2, f (22)) is given by
[ (x2) = f(21)

To — 1

(x — 1) .
This line intersects the y—axis at the point (0,y), where y is

f(w2) = f (71)

y=f(r1)+

y=[(z1)+ P (0 —24)
. z1f (22) — 22 f (21)
n T1 — T2 )

The equation of the tangent line at the point (&, f (§)) is

y=(@=8f &)+

The tangent line intersects the y—axis at the point (0,y), where

y ==&+ (&)

Hence, the geometric meaning of Pompeiu’s mean value theorem is that
the tangent of the point (£, f (£)) intersects on the y—axis at the same
point as the secant line connecting the points (z1, f (z1)) and (x2, f (22)) .

In 1938, A. Ostrowski [4] proved the following result in the estimating
the integral mean:

Theorem 2 (Ostrowski, 1938 [4]) Let f : [a,b] — R be continuous
on [a,b] and differentiable on (a,b) with |f' (t)] < M < oo for all t €
(a,b). Then for any x € |a,b], we have the inequality

e RLCE }ﬁ(‘cb‘_?b)? M (b~ a).

The constant i 15 best possible in the sense that it cannot be replaced by

a smaller quantity.
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In order to provide another approximation of the integral mean, by
making use of the Pompeiu’s mean value theorem, the author proved the

following result:

Theorem 3 (Dragomir, 2005 [3]) Let f : [a,b] — R be continuous
on |a,b] and differentiable on (a,b) with [a,b] not containing 0. Then for
any x € [a,b], we have the inequality

b 1w

(3)

2 T

2
b—a |1 xr — atb

z|

where ((t) =1, t € [a,b].
The constant }1 1 sharp in the sense that it cannot be replaced by a
smaller constant.

In [7], E. C. Popa using a mean value theorem obtained a generaliza-
tion of (3) as follows:

Theorem 4 (Popa, 2007 [7]) Let f : [a,b] — R be continuous on [a, b]
and differentiable on (a,b). Assume that o ¢ |a,b]. Then for any x €
la,b], we have the inequality

(4) ‘(a;b_a>f(x)+(;:j/abf(t)dt'

1 x—“Ter ’
/
<7+ 5= |e-alf -t

where {, (1) =t —a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar have proved a general estimate with

the p-norm, 1 < p < oo which for p = oo give Dragomir’s result.
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Theorem 5 (Pecari¢ & Ungar, 2006 [5]) Let f : [a,b] — R be con-
tinuous on [a,b] and differentiable on (a,b) with 0 < a < b. Then for
1 <p,q < oo with % + % = 1 we have the inequality

at+b f(z)
2 T

1 b
) = [ roal<poenir -,

for x € [a,b], where

_ _ _ _ 1
a1 — 324 2270 _ gltagl 2q) /q

PU (z,p) : =(b—a)r ' [((1—2q)(2—q)+ (1—-2q)(1+q)

p2—a — p2—4 2274 _ plta,l-2 1/q
o . )
(1-2¢)(2-q) (1-2¢)(1+¢q)

In the cases (p,q) = (1,00), (00, 1) and (2,2) the quantity PU (x,p) has

to be taken as the limit as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f—/¢,f’,
where £, (t) =t —a, t € [a,b] and « ¢ [a, b] see [1] and [2].
In this paper, a new Ostrowski type inequality via Pompeiu’s mean

value theorem is proved. Applications for special means are also given.

2 Another Ostrowski Type Inequality Via

Pompeiu’s Result

The following new result holds.

Theorem 6 Let [ : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with b > a > 0. Then for any x € [a,b], we have the inequality

R

2 ath _
Sb—Hf—ff’Hoo(ln =+ )
—a

Vab r
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where ((t) =t,t € [a,b].
The constant 2 is best possible in (6).

Proof. Applying Pompeiu’s mean value theorem [6] (see also [8, p. 83]),

for any x,t € [a,b], there is a £ between x and ¢ such that

tf(x) —xf(t) =[f (€)= &S (O (¢ —x)
giving

tf () —af ()] < sup |f(§) =&f e —t] = [If = £f ]|« |z — 1]

£€lab]

for any t,z € [a,b], or, by dividing with z,¢ > 0, equivalently to

) 19 L0 < e 2 -4
for any ¢,z € [a,b].
Integrating over t € [a,b], we get
b
<l = el [ | -4

and since

r x—a b—uzx b
=(ln—- — —In —

a T T T

22 a+b—2zx
=(ln— +

a T

for any = € [a,b], then we deduce from (8) the desired result (6).
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Now, assume that (6) holds with a constant k£ > 0, i.e.,
[ (x) L/f
9 dt
) ’ t  b—a

a+b
< " ey z 2 7
< ffl!oo<1n\/%+ ; )

for any x € [a,b].
Consider f : [a,b] — R, f(t) = 1. Then

) 1 b F(t) 1 b
Hf—efHOO_Lb_a/a tdt_b_ In —,

and by (9) we deduce

1 1 b

for any x € [a,b].
If we take in this inequality z = a, we get

1 1 lné < k (ln a +b—a)
“b—a Vab 2a
:—k (lna—2+b_a)
2(b—a) ab a

a b—a a
S N e
- 2(b—a) b a )

In we multiply (10) with 2 (b — a) we get
2’1)—@ b gk(b_a—lné)
a a
which implies that & > 2.

—In=
The following interesting particular case holds.

(10)

a a

Corollary 7 With the assumptions in Theorem 6, we have

f tl+b f a+b
a+b b—a/ dt Hf éf H <\/%>

(11)
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Remark 1 If we consider the function 1) : [a,b] — R given by

atb _ ..

then we observe that

which shows that

) a-+b atd
xéﬁf,b]@b(x):lD( 2 ): n(x/Z)cL_b)

meaning that the inequality (11) is the best possible one can get from (6).

Remark 2 We can state from (6) the following inequality as well:

(12) f{/\;?>_bia/abf§t)dt

2 oo (S —Vab
Smﬂf—gf o (W)

Corollary 8 Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with b > a > 0. Then we have the inequality

/abf(x)d:c—aT—H)/ab%t)dt‘

, b +a?\ Inb—1Ina
<l -l (55 ) Mt -]

(13)
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Proof. Utilizing (6) we have

_a+b bf @
14
o ([
</ .
=/ .
b
b
Smnf—w'noo( xln—d+/(“+ o) ir)
2 b T
= —0f /xln—d:z:.
o=t [ e
Since
b 2 b b
T T 1
zln —dr = —In—| — = xdx
“ Vab 2 Vabl, 2/a
b2 b a? a 1
=—In —1 —=(b—a
RV TR RV e AU
b? b a? a
b + a? \/3 1
— 1 22y —
< 5 )n " 2(1) a)
b? + a? b 1
— n=— = (h—
< 1 )na 2(1) a),
then

/ ol dw b? + a? lnb—lna_
b—a - 2 b—a

and by (14) we deduce the desired result (13).

3 The Weighted Case

We consider now the weighted integral case.
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Theorem 9 Let [ : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with [a,b] with b > a > 0. If w : [a,b] — R is nonnegative

integrable on [a,b], then for each x € [a,b], we have the inequality:

(15) ‘fi@ /abw(t)dt—/ab@w(t)dt‘
<IIf — of. [/:w(’?dt—/:wT“)dt

Proof. Using the inequality (7), we have

'f;:c) /bw@dt_/b@w@dt’
1010,

s/ab :

<t -erl [ |2
=f = f ]l U;G—é)w(t)dt+/:(é—%)w<t)dt]
- | [ [
%/:w(t)dt—/:wT(”dt}

= [ [ [y

(o [

from where we get the desired inequality (15).

| =

Remark 3 If we take in (15) w(t) = t, then we have the following
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estimate for the integral mean

@-M—/:f(t)dt'

T

2 —a\?
<t (-5 (5]

for x € (a,b), that is equivalent to (6) for 0 < a < b.
If we take in (15) w (t) = t2, then we have

b
(16) g@—/ f(t)tdt‘
3 _ 2 12 3., 3
<= 0fl [29& 3z (a +6l;)+2(b + a%)
for x € (a,b).

4 Applications for Special Means

In the following we will use the following inequality obtained in Corollary
7,

(17)

+b

2

F(5%) 1 [rw
“2 _b—a/a t dt

2 , a+2b
< ——||f =4 In

provided 0 < a < b.

1. Consider the function f : [a,b] C (0,00) — R, f(t) =", p €
R\ {—1,0}. Then

b
e

(I—=p)a? if p€ (~00,0)\ {1},

1 =L Nlfap)00 =
|1_p|bp ipr(O,l)U(l,oo),
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where
bp+1 _CLp+1 P
(p‘i‘l)(b—a)} , p€ R\{-1,0}, a,b>0, a#b

is the p-Logarithmic mean and A = A(a,b) :== 2 a,b > 0 is the

arithmetic mean.

L, = Ly(a,b) = {

Consequently, by (17) we deduce

_ 1 2 A
(18) A =L < 37— (5

(I—=p)a? if p€ (—00,0)\ {1},

1 —p|ltP if pe (0,1)U(1,00).

2. Consider the function f : [a,b] C (0,00) — R, f (¢) = 7. Then

atb\_1 1 "1, /
H(550) = 5oams [ = s = 7

where

G(a,b) :=+/ab, a,b >0,
is the Geometric mean.

Consequently, by (17) we deduce

(19) 0<A*-G*< (b_4a) A?G?In (é)

3. Consider the function f : [a,b] C (0,00) = R, f(¢t) = Int. Then

f(a;—b):lnA a/abf = ?b_—lja’
1 = €8 o0 = {1 (%) ()H
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where

N A
]z](a,b):z—(—) , a,b>0, a#b

e \ a®

is the Identric mean.
Consequently, by (17) we deduce

mA_m%—m%
A 2(b—a)

= bfamax{‘ln <g>

If we use the Logarithmic mean, i.e.

B b—a
 Inb—1Ina’

(20)

9

=)

a,b>0, a+#b,

“(y=(a)

then (20) can be written as

InA InG 2 a
_ < s
2D |3 L‘—b—am“{m<J

Y
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The non-normalized subordination chains
with asymptotically spirallike mapping in
several complex variables

S. Rahrovi, A. Ebadian and S. Shams

Abstract

In the present paper we generalize the results of [4]. Indeed,
we introduce the notion of A(t)- asymptotic spirallike and A(t)-
parametric representation, where A : [0,00] — L(C",C"), and
prove that if [;° Hefst[A(T)*Qm(A(T)I”]dTHdt < 00, then a mapping
f € S(B") is A(t)- asymptotic spirallike if and only if f has A(¢)-
parametric representation, i.e., if and only if there exists a uni-
valent subordination chain f(z,t) such that Df(0,t) = elo A(r)dr
{e” I AT £(2, 1) }4>0 is a normal family on B™ and f = £(.,0).
Also, we prove that the set of non-normalized biholomorphic map-
pings of B™, namely the set Sg(t)(B”) of mappings which have

A(t)-parametric representation, is compact.

2010 Mathematics Subject Classification: 30C45.
Key words and phrases: Spirallike mapping, Asymptotic spirallike,

univalent subordination chain, parametric representation.
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1 Introduction and Preliminaries

Let C" denote the space of n complex variables z = (z1,...,2,) with
the Euclidean inner product < z,w >= Z;’il zjw; and Euclidean norm
|zl = < 2,2 >Y2. The open ball {z € C" : ||z|| < 7} is denoted by
B™ and the unit ball B} by B". The closed ball {z € C" : ||z| < r} is
denoted by B™. In the case of one complex variable, B! is denoted by U.

Let L(C™,C™) be the spase of linear and continuous operators from
C" to C™ with the standard operator norm and let I,, be the identity in
L(C",C™). If Q is a domain in C", let H(Q2) be the set of holomorphic
mappings from € into C". Let Q be a domain in C" which contains
the origin and f € H(Q), we say that f is normalized if f(0) = 0 and
Df(0) = I,,. Let S(B™) be the set of normalized biholomorphic mappings
on B", the set S(B!) is denoted by S. Also, let S*(B™) be the subset of
S(B™) consisting of starlike mappings on B™.

If f € H(B"), we say that f is locally biholomorphic on B™ if J;(z) #
0,z € B", where J¢(z) = det Df(z) and Df(z) is the complex Jacobian
matrix of f at z. Let LS, be the set of normalized locally biholomorphic
mappings on B". In the case of one variable, the set LS; is denoted by
LS.

If f,g € H(B™), we say that f is subordinate to g (f < g) if there
exists a Schwarz mapping v (i.e., v € H(B") and ||v(2)| < ||z]|, 2 € B")
such that f = gov.

Definition 1 A mapping f : B™ x [0,00] — C" is called a univalent
subordination chain if f(.,t) is biholomorphic on B™, f(0,t) = 0 for
t >0, and f(.,s) < f(,t), 0 < s <t < oo. In addition, if f(.,t)
is biholomorphic on B™ for t > 0, we say that f(z,t) is a univalent
subordination chain. If Df(0,t) = €'I, fort > 0, we say that f(z,t) is a

Loewner chain ( or a normalized univalent subordination chain ).

The above subordination implies the existence of the transition mapping
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v(z, s,t) associated with f(z,t), such that f(z,t) = f(v(z,s,t),t) for
zeB"andt>s>0.

The following classes of mappings in H(B") play a key role in our
discussion (see [3,8,9,16,17] ):

N ={he HB"):h0)=0,Re < h(z),z> >0,2¢€ HB")\{0}}

and

M = {h € N : Dh(0) = I,,}.

Some properties of mappings in the classes A and M can be found
in [25 — 26).

Several notation from operator theory play a role in studying special
classes of holomorphic mappings on B™ or in proving estimates or existing
the theorems for the general Loewner differential equation. These notions
involve properties of the numerical radius or the spectrum or a linear
operator.

If Ae L(C",C"), let m(A) = min{Re < A(z),z >: ||z| = 1}, and
k(A) = max{Re < A(z),z >: ||z]| = 1}.

Let |[V(A)] = max).j=1| < A(2),z > | be the numerical radius of
operator A. Then [|A|| < 2|V (A)| by [13, Theorem 1.3.1]. Also let
ki(A) = max{Re\ : A € o(A)} be the upper exponential index of A,

In |4

t
and for each w > k; (A), there exists a positive number § = d(w) such

that

where o(A) is the spectrum of A. It is known that £, (A) = lim;

(1) e < de*', > 0.

We need the following result, whose proof is similar to in [4, Theo-
rem 1.2]. The proof uses the fact that if A € N has the homogeneous

expansion
h(z)=A(z)+ > Pulz), z€B"
m=2

then ||P,| < 4mk(A) for m > 2.
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Lemma 1 Let h : B® — C" be a mapping such that h € N, Dh(0) =
A(t) and m(A(t)) > 0 fort > 0. Then ||h(2)|| < (1%—7;")2|V(A(t))| for all
|z]] <r < 1.

In this paper, we use liner operators which depended measurably on ¢ and
which satisfy the assumptions of Definition 2. We remark that condition
(2) is satisfied if A(t) is constant or if A(t) is diagonal (for details, see

[5])-

Definition 2 Let A : [0,00] — L(C™, C") be a measurable mapping such
that m(A(t)) > 0 fort > 0 and [~ m(A(t))dt = co. Moreover, assume
that ||A(.)]| is uniformly bounded on [0, 00| and

(2)
/StA(T)dT o/:A(T)dT = [SA(T)dT o/:A(T)dT, t>s5>r>0.

The estimates (3)and (4) below may be found in [4] Remark 1.6(v).

Lemma 2 Let A : [0,00) — L(C",C") satisfies the conditions in Defi-
nition 2. Then

(3) efstm(A(T))dT < ||€fStA(T)dT<u>|| < 6‘[::k(A(T))dT’ t> 5> 07 HU’H _ 17

(4)

e AT <o~ [LADAT ()| < e JemAEAT s o> 0 |y = 1.

Definition 3 Let A : [0,00] — L(C",C") be a locally Lebesgue integrable
mapping such that m(A(t)) > 0 fort >0 . Also let 2 be a domain in C"
which contains the origin, we say that C" is generalized spirallike with
respect to A if e~ Js AT () € Q for allw € Q and t > 5 > 0.

A mapping f € S(B"™) is called generalized spirallike with respect to
A if f(B") is a generalized spirallike domain with respect to A. This
condition is characterized by [Df(2)]"*A(t)f(z) € N.
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Remark 1 A mapping f is called spirallike of type o € (5, 5) if f is
spirallike with respect to A(t) = A = eI, (see [14];cf. [26] ) Hence
f e S*(B") if and only if f is spirallike of type zero.

Hamada and Kohr [14] showed that spirallikeness of type « has the fol-
lowing characterization in terms of Loewner chain: f € LS, is spirallike
of type « if and only if f(z,t) = e~ f(ei2) is a Loewner chain, where
a = tan«. In particular, f € S*(B") if and only if f(z,t) = €' f(z) is a
Loewner chain.

We remark that if A(t) is a constant linear operator in C", then Def-
inition 3 reduce to the usual definition of spirallikeness (see [26]). Also,
if A(t) = I,, we obtain the usual notion of spirallikeness (see [8, 11, 26]
). Various results concerning spirallike mapping with respect to constant
linear operators may be found in [2,12,14, 15,21, 22, 26].

The authors [?] proved the following characterizations of generalized
spirallikeness (see [2 Proposition 3.7.5] and [4 Corollary 2.12] for A(t) =
A).

Lemma 3 Let A : [0,00] — L(C",C") be a locally Lebesgue integrable
mapping which satisfies the condition(2). Assume that m(A(t)) > 0 for
t > 0. Let f € H(B") be a normalized mapping then f is generalized
spirallike with respect to A if and only if f(z,t) = efotA(T)de(z) is a

univalent subordination chain.

Lemma 4 Let A : [0,00) — L(C",C") be a measurable mapping which
satisfies the conditions in Definition 2 and let f € LS,. Then [ is
generalized spirallike with respect to A if and only if there exists h(.,t) €
N for a.e. t >0, where h(z,t) = [Df(2)]"YA(t)f(z). In addition, if the
condition

(5) sup / e -2mAO LI gy < o

s>o0
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holds, then the limit lim,_,o /o ATy (2, 8,t) = f(z,8) holds locally

uniformly on B™, where v = v(z, s,t) is the unique Lipschitz continuous
solution on [s,00) of the initial value problem

i = —h(v,t) a.e t>s, v(z,8,8) =z

ot
for each s > 0 and z € B™.
Example 1 Letn =2 and f : B2 — C? be given by f(z) = (21, 20+ az})
for z = (21,20) € B? where « € C*\{0}. Also, let b > 0 and a :
[0,00) — C be a measurable function such that Rea(t) > 0, |a(t)] < b
for t > 0. Suppose that A : [0,00) — L(C? ,C?) be defined by A(t) =
diag(a(t),2a(t)) fort > 0. Also, let f(z,t) = efOtA(T)de(z). On the
other hand, since |a(t)| < b fort >0, it follows that ||A(.)| is uniformly
bounded on [0,00). Since

Re < [Df(2)] *A(t)f(2), 2z > Re a(t)(|z1]* + 2|2]*) >0, =z € BA\{0},

it follows from Lemma 4 that [ is a generalized spirallike mapping with
respect to A. Then f(.,t) is biholomorphic on B%, f(0,t) =0, Df(0,t) =
elo AT for t >0 and f(z,.) is differential on [0,00) for z € B*. Hence

f(z,t) is a univalent subordination chain by Lemma 3.

Definition 4 Let A : [0,00) — L(C",C") be a measurable mapping
which satisfies the conditions in Definition 2 and let f € H(B"™) be a
normalized mapping. We say that f has A(t)-parametric representa-
tion if there exists a mapping h : B™ x [0,00] — C" such that h(.,t) €
N, Dh(0,t) = A(t) for a.e. t > o and h(.,t) is measurable function on
[0,00) for z € B and f(z) = limy_,e0 €40 A4z, 1) locally uniformly on
B", where v = v(z,t) is the unique locally absolutely continuous solution

of the initial value problem

(6) % = —h(v,t) a.e. t>0, v(z,0) =z,
for all z € B™.
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Not that if A(t) = A is a constant operator, then Definition 4 reduce to
[4] Definition 1.5. If A(t) = I,, and f has I,-parametric representation,

then f has parametric representation in the usual sense ( see [3], [8]; cf.

[19] ).

Remark 2 A mapping f € S(B™) has parametric representation if and
only if there exists a Loewner chain f(z,t) such that {e ' f(.,t)}>0 18
a normal family on B™ and f(z) = f(z,0), z € B™ ( see [3], [8], [9];
cf.[20]).

Denote by S(B™) the class of mappings which have parametric represen-
tation and by Sg(t)(B") the class of mapping which have A(t)-parametric
representation, also we write S} (B") = SY(B"). If n =1,5°(U) = S (
see [18] ), but S°(B") & S(B") for n > 2 ( see [3] and [8] ). However,
important subclasses of S(B") are also subclasses of S°(B™). For exam-
ple, S*(B") & S°(B") and any spirallike mapping of type o € (—5,%)
belongs to S°(B™), too ( see [14] ).

We next introduce the notion of asymptotic spirallikeness, a natural

generalization of spirallikeness.

Definition 5 Let Q C C" be a domain which contains the origin, and
A :0,00) — L(C™ C"™) satisfy the condition in Definition 2. We say
that Q is A(t)-asymptotically spirallike if there exists a mapping Q =
Q(z,t) : Q2 x [0,00) = C™ which satisfies the following conditions

(1) Q(.,t) is a holomorphic mapping on Q, Q(0,t) = 0,
DQ(0,t) = A(t), t > 0 and the family {Q(.,t)}+>0 is locally

uniformly bounded on €2;
(17) Q(z,.) is measurable on [0,00) for all z € §;

(7i1) the initial value problem

(7) (;))—C; = —Qw,t) ae t>s, w(zs,s) =z,
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has a unique solution w = w(z,s,t) for each z € Q and
s > 0, such that w(.,s,t) is a holomorphic mapping of <
into ) fort > s, w(z,s,t) is locally absolutely continuous on
[0,00) locally uniformly with respect to z € Q for s > 0, and

limy_, o elo AT (2,0,t) = 2 locally uniformly on Q.

A domain 2 C C" which contains the origin is called asymptotically
spirallike if there exists the mapping A : [0,00) — L(C",C") which
satisfies the conditions in Definition 2 and m(A(t)) > 0 for ¢ > 0 such
that € is A(t)-asymptotically spirallike.

Note that if A = I,, in Definition 5, then is asymptotically starlike ([5

Definition 2.1] and [20 Definition 3] in the case of the maximum norm).

Definition 6 Let f : B"™ — C™ be a normalized holomorphic mapping,
and let A : [0,00) — L(C™ C™) satisfies the condition Definition 2, we
say that [ is A(t)-asymptotically spirallike ( asymptotically spirallike )
if f is biholomorphic on B™ and f(B™) is an A(t)-asymptotically spiral-
like ( asymptotically spirallike ) domain. In particular, we say that f
is asymptotically starlike if f is biholomorphic on B™ and f(B™) is an
asymptotically starlike domain.

Remark 3 (i) If Q(.,t) = A(t) = A: [0,00) — L(C™,C") be a locally
Lebsgue integrable mapping such that m(A(t) > 0 for t > o satisfies
in Definition 5, then Q is generalized spirallike with respect to A. In
particular, if Q(.,t) = I, in Definition 5, then Q) is starlike. Indeed,
the initial value problem (1.7) has the the unique solution w(z,s,t) =
eI AT 5 such that w(z,s,t) € Q, 2 € Q, t > 5. Hence Q is generalized
spirallike with respect to A;

(11) Conversely, if Q is generalized spirallike with respect to A : [0, 00) —
L(C™,C™) which A(t) be a locally Lebsgue integrable mapping such that
m(A(t) > 0 fort > 0, then Q is A(t)-asymptotically spirallike. Indeed,
let Q@ = A(t), then Q € H(2), Q(0) =0, DQ(0) = A(t) and since A(t)
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18 Lipschite in C™, the initial value problem

%—c:(z, s,t) = —Aw(z,s,1), w(z,s8) =z

has the unique solution w(z,s,t) = e~ IN ATy for all z € Q and t >
s > 0. Then w(.,s,t) is a holomorphic mapping of 0 into Q is spi-
rallike with respect to A, w(z,s,t) is a mapping C* on [s,00), and
elo AMATy(2,0,t) = 2 forz € Q andt > 0. Hence 2 is A(t)-asymptotically
spirallike;

(t3i) If Q(.,t) = @ in Definition 5, where ® € H(Q) such that
®(0) =0, DP(0) = A(t) and A : [0,00) — L(C™,C") be a locally Lebsgue
integrable mapping such that m(A(t) > 0 for t > o, then Q is a ®-like

domain in the sense of Gurganus [12].

Now, in view of Remark 2 (4i) the following natural questions arise:
Question I. Let A(t) : [0,00) — L(C",C") be a locally Lebsgue
integrable mapping such that m(A(¢) > 0 for ¢ > 0, find conditions on
the operator A(t), such that if f : B®™ — C" is generalized spirallike
mapping with respect to A, then f has A(t)-parametric representation.
Question /1. Does there exist a connection between A(t)-asymptotically
spirallikeness and A(t)-parametric representation?
Question I71. Does there exist a connection between non- normalized

univalent subordination chains and asymptotically spirallike mapping?

Theorem 1 Let A : [0,00) — L(C",C") satisfy the conditions in Defi-

nition 2. Assume that

(8) Sup/ Hefst[A(T)72m(A(T)In}dTHdt< 0.

s>o Js

Also let h = h(z,t) : B" x [0,00) — C™ be a mapping which satisfies the

following conditions:

(i) h(.,t) € N and Dh(0,t) = A(t) fort > 0;
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(13) h(z,.) is measurable on [0,00) for z € B".

Then for each s > 0 and z € B™, the initial value problem

0
(9) a—? = —h(v,t) a.e. t>s, v(z,s,s) =z,
has a unique locally absolutely continuous solution vs4(2) = v(z,s,t)
such that v(z,s,t) is a univalent Schwarz mapping and Lipschits func-
tion on [s,00) locally uniformly with respect to z € B"™, Dv(0,s,t) =

exp(— [T A(T)dr) fort>s>0,

(10)
[v(z, s, 1) ~ [tm(A 1]l
2 < e JomAlrdr___I20 e Bt > 5> 0,
(1= lv(z,s,1)[)? (1 —=l=[))?
and
(11)
e—f:k(A(T))dT 2] [v(z, s, 1)l 2EB", t>5>0.

(L4210 = A+ vz, s, 0))*
We remark that if

- /oo ||efst[A(T)—2m(A(T))[n]dT||dt < o0,
SZO S

then the solution of the initial value problem (9) generates a univalent
subordination chain, whose first element has A(t)-parametric representa-
tion ( cf. [8 Theorem 8.1.5]. This result is a generalization of [3, Theorem
1.4] and [9, Lemma 1.3].

Theorem 2 Let A : [0,00) — L(C",C") be the mapping which sat-
isfies the condition (8) and the assumptions of Definition 2, also let
h = h(z,t): B" x[0,00) — C" which satisfies the assumptions of Theo-
rem 1, and let v(t) = v(z, s,t) be the unique Lipschitz continuous solution
of the initial value problem (9). Then for each s > 0, the limit

(12) lim /o ANy (2,5,1) = f(z,5) s >0,

t—o00
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exists locally uniformly on B", f(.,s) is univalent on B"™ and f(z,s) =
f(u(z,s,t),t) for all z € B" and 0 < s < t < oo. Hence f(z,t) is a
univalent subordination chain such that {e~ I AT £ (2 1) }ys0 is a normal
family on B™. In addition, f(z,.) is a locally Lipschitz function on [0, 00)
locally uniformly with respect to z € B"™. Finally, f = f(.,0) has A(t)-

parametric representation.

Corollary 1 Let A :[0,00) — L(C",C") satisfies the condition (8) and
the assumptions of Definition 2. Assume that f : B — C" has A(t)-
parametric representation. Then there exists a univalent subordination
chain f(z,t) such that Df(0,t) = eJo AT ¢ >0 and {e=Jo AOT f( t)}e>0
is a normal family on B™ and f = f(.,0).

Theorem 3 Let A : [0,00) — L(C",C") be a locally Lebesgue integrable
mapping which satisfies the condition (8) and the assumptions of Defini-
tion 2. Suppose that r € (0,1) and that f;(z) = f(z,t) = elo AT, 4
is a mapping from B x [0, 00) into C" such that f; € H(B}), f(0,t) =0,
Df(0,t) = eJo AT >0 and f(z,t) is a locally absolutely continuous
function of t € [0,00) locally uniformly with respect to z € B*. Suppose
that h = h(z,t) : B™ x [0,00) — C"™ which satisfies the condition of
Theorem 1, satisfies the Loewner differential equation

of

(13) n

(z,t) = Df(z,t)h(z,t), a.e.t>o0 forall z€ B}

and {e~ Jo AMAT £ 1)} ys0 is a normal family on B". Further, suppose
there exists a mapping F' € H(B) and a sequence {t,,}men, m > 0
increasing to oo, such that

lim e h" AT £ ¢ ) = F(2)

m— 00

locally uniformly on Bl*. Then f(z,t) extend to a univalent subordination
chain g : B" x [0,00) — C™ and

lim /o ANy (2,5,) = g(2, 5)

t—o00
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locally uniformly on B™ for each s > 0, where v(t) = v(z,s,t) is the
unique Lipschitz continuous solution on [s,00) of the initial value prob-

lems

ov
ot
for all s > 0 and z € B'. Moreover, f(.,t) has A(t)-parametric repre-

= —h(v,t) ae t>s, v(z,8,8) =2

sentation.
Remark 4 Theorem 3 dose not hold if

(14) Sup/ ”ef;[A(T)_zm(A(T)Jn}dTHdt — 0.

s>o0 Js

Hence the condition (8) is sharp for the uniqueness result in Theorem

Proof. It suffices to consider the case n = 2. Let b > 0 and a :
[0,00) — C be a measurable function such that Rea(t) > 0, |a(t)] < b
for t > 0, and [;° Re a(r)dT = oco. Also let f : B> — C? be given by
f(2) = (21, 20 + az?) for 2 = (21, 2) € B?, where a € C*\{0}. Let A :
[0,00) — L(C?% C?) be defined by A(t) = diag (a(t),2a(t)) for t > 0. Tt is
easy to see that k(A(t)) = ki (A(t)) = 2Re a(t) and m(A(t)) = Re a(t)
for t > 0. Also it is not difficult to deduce that the condition (2.24)
holds. In view of Example 1, we know that f is a generalized spirallike
mapping with respect to A. Next, let h(z,t) = (a(t)z1,2a(t)z2), t > 0.
Then h(.,t) € N, t >0 and

of

at
Therefore, f(z,t) is a univalent subordination chain which satisfies the
condition (2.20) and {e~ /0 AT £(_1)},50 is a normal family on B2. Let

v(z, s,t) be the unique solution of the initial value problem

(2,t) = Df(z,t)h(z,t), t>0, z € B>

% = —h(v,t), t>s, v(z,s,5) =z
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Then v(z,s,t) = (e_f:a(T)dT21,e_QI;G(T)dTZQ) by direct computations.
Hence eo A0 4z, 5,t) = (efo @z ¢2J5 a(d72,) does not convergent

to f(z,s). This completes the proof.

Corollary 2 Let A:[0,00) — L(C",C") be a locally Lebsque integrable
mapping which satisfies the condition (8). Assume that m(A(t)) > 0 for
t >0, also f: B" — C" is generalized spirallike mapping with respect to
A. Then f has A(t)-parametric representation.

In this paper we deal with the standard solutions (Definition 1) f(z,t) to
the Loewner differential equation (13) with the normalization f(0,t) =
0 and Df(0,t) = elo A for + > 0, where A : [0,00] — L(C",C")
is a measurable mapping which satisfies certain conditions. The case
A(t) = I,, was considered by Graham et al [10], and the case A(t) = A €
L(C™,C") by Duren et al [1]. Also, we study the connection between

univalent subordination chain and A(t)-asymptotic spirallikeness.

2 Asymptotic spirallike and univalent sub-

ordination chains

In this section, we consider the connection between univalent subordi-
nation chain and asymptotic spirallike. the following result provides a
large number of examples of asymptotic spirallike mapping that can be
imbedded in non- normalized univalent subordination chain which satis-
fies the assumptions of Theorem 2. This result was obtained in [4] for
Dh(0,t) = A and for Dh(0,t) = I,,, t > 0 ( [5] in the Euclidean norm )
and [20 Theorem 1] ( in the maximum norm ).

Theorem 4 Let A : [0,00) — L(C",C") be a locally Lebsque integrable
mapping which satisfies the condition (8) and let m(A(t)) > 0 fort > 0.
Assume that h = h(z,t) : B" x [0,00) — C") satisfies the assumptions
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of Theorem 1 with Dh(0,t) = A(t) for t > 0. Also let f(z,t) be the
univalent subordination chain given by (12) and let f = f(.,0). Then f
is A(t)- asymptotically spirallike.

Proof. Let 2 = f(B"). In view of (12), we have

f(z,8) = lim elo AMdTy (2, 5,1)
t—o00

locally uniformly on B™ for each s > 0, where v = wv(z,s,t) is the
unique of solutions to the initial value problem (9) such that v(z,s,t)
is Lebsgue continuous on [s,00), is a univalent Schwarz mapping and
Du(0, s,t) = e~ JsAMdT - Now, let F : Q x 0,00 — C") be given by
F(w,t) = Df(2)h(z,t) for w = f(z) € Qand t > 0. The F(.,t) € H(Q),
F(0,t) = 0, DF(0,t) = A(t) for t > 0 and F(w,.) is measurable on
[0,00) for w € © by measurability of h(z,.) on [0,00) for z € B". Let
b=|V(A(t))|, by lemma 1, we obtain

4rb
(1—r)

Since f in uniformly bounded on each closed ball Bg, p € (0,1), it follows

Ih(z )]l € —— = k(p,b), 2] < p, t= 0.

in view of the of the above relation that for each p € (0,1) there exists
L = L(p,b) > 0 such that

[E(w, )|l = [[F(f(2), D)l < L(p,b), [zl <p, t=>0.

Therefore, the family {F(.,?)}+>0 is locally uniformly bounded on €.
Now, let V(w,s,t) = f(v(z,s,t)) for w = f(z) € Qand t > s > 0. Then
V(.,s,t) if a holomorphic mapping of © into 2, V' (0, s,t) = f(v(0,s,t)) =
f(0) =0and V(f(2),s,.) is locally Lipschitz continuous on [s, 00) locally

uniformly with respect to z € B". In view of (9), we have

ov

E(w, s,t) = —h(v(z,s,t))Df(v(z,s,t) = =F(v(f(2),s,t),1)
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thus

(15)

ov

E(w,s,t) =—FWV(f(z),s,t),t), ae. t>s V(f(2),s,s)=f(z),

for each z € B™ and s > 0. In view of the uniqueness of solutions to

the initial value problem (9), it follows that the initial value problem (15)
has the unique locally absolutely continuous solution V- = V' (f(z), s,t) =
f(v(z,s,t)) on [s,00) for z € B® and t > 0. Since f is normalized, it has
a power series expansion near the origin of the form

f(2) = 2+ 3D*(0)(z.2) + R(:)

where % — 0 as ||z|| = 0. Since m(A(t)) > 0, it follows in view of
the relation (10) that v(z,t) — 0 locally uniformly on B™ as t — oc.
Moreover, in view of the relation (8) and Theorem 3 that there exists a
sequence {t,, }men such that 0 < £, — co and ||efo™ AE=2mAE)Lydr | _,

0 as m — oo. From (10) and this relation

2
Hv(z,tm)Hzﬂeme Amdr | < ”efgm(A(T)*zm(A(T))In)dTH& 0

(1 = [l=[)*
locally uniformly on B™ as m — oo. Therefore, |[u(z, t,,)||2eh™ A0 —5 0

locally uniformly on B™ as m — co. Hence
™ AP D2 F(0) (0(z, t), V02, )|
< D FO ™ A [lo(z, t)|” = 0
locally uniformly on B™ as m — co. It shows that

lim el” AMIT £(1(2, b)) = lim eJo™ AMA Y (2, tm)

m—r0o0 m—0o0
]. tm
+ lim {§ef0 AMA D2 F(0)(0(2, tm), V(2 t))
m—oo

Rz tm))

tm
+ el AT o (2, 1) |
lo(z, tm)|1?

= f(z)
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locally uniformly on B™. As in Theorem 2, {eftf AMAT £(1(2,t)) hs0 con-
verges to a holomorphic mapping locally uniformly on B™ as t — oc.
Therefore, we deduce that elo AT f (v(z,t)) = f(2) locally uniformly
on B" ast — oo.

Consequently, f(B") is an A(t)- asymptotically spirallike domain and
since f € S(B"), we conclude that f is an A(t)- asymptotically spiral-
like, as desired. This completes the proof.

Theorem 5 Let A : [0,00) — L(C",C") be a locally Lebsgue integrable
mapping which satisfies the condition (8) and let m(A(t)) > 0 fort > 0.
Assume that f : B" — C" has A(t)-parametric representation. Then f
has A(t)- asymptotically spirallike.

Proof. Taking into account Definition 4, Corollary 1 and Theorem 4,
we abtain above result. ( for A(t) = A € L(C",C") see [4] and for
A(t) = A = I, see [5] and [20] in the case of maximum norm. )

Taking into account Theorem 3 and 4, we obtain the following conse-
quence which provides examples of A(t)- asymptotically spirallike map-
pings that are generated by the solutions of the Loewner differential

equation (13).

Corollary 3 Let A: [0,00) — L(C",C™) be a locally Lebsgue integrable
mapping which satisfies the condition (8) and let m(A(t)) > 0 fort > 0.
Assume that f(z,t) is a univalent subordination chain which satisfies the

assumptions of Theorem 3. Then f(.,0) is A(t)- asymptotically spirallike.

Theorem 6 Let f € S(B™). Then [ € S%(t)(B”) if and only if f is
A(t)- asymptotically spirallike.

Proof. Let Q = f(B™). First, we assume that f € Sg(t)(B”). Since
fe Sg(t)(B”) , there exists a mapping h = h(z,t) : B” x [0,00) — C"),
which satisfies the conditions in Definition 3, such that

lim /o ANy (2,1) = f(2)

t—o00
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locally uniformly on B", where v = v(z, t) is the unique locally absolutely

continuous solution on [0, c0) of the initial value problem

(16) g—;}(z,t) = —h(v,t) a.e. t>0, v(z0) =z

Then v(z,t) is a biholomorphic Schwarz mapping and Dv(0,t) =
¢~ Jo AT On the other hand, since f € S (B"), there exists a uni-
valent subordination chain f(z,t) such that {e~Jo AMAT f(2 1) }iso is a
normal family on B™ and f(z) = f(2,0). Also, let V(z,s,t) be the tran-
sition mapping associated with f(z,t). Then V(z, s,t) is a biholomorphic
Schwarz mapping such that DV (0, s,t) = e~ JeAMr anq V(z,s,t) is Lip-
schitz continuous on [0, 00) locally uniformly with respect to z € B" for
s> 0.

Now for each s > 0
(17) f(z,s) = lim elo AN/ (4, 5,1),

t—00

where the above limit holds locally uniformly on B™. Moreover,

V(z, s, t) satisfies the initial value problem

aa—‘t/ =—h(V,t) aet>s, V(zss) =z

for all z € B™ and s > 0. In view of (16) and (18) we deduce that
v(z,t) = V(z,0,t) for z € B” and t > 0. Next, let @ : Q x [0,00) — C"
be given by

(18)

Q(w,t) = Df(z)h(z,t), w=f(z) €N, t>0.

Then Q(.,t) € H(2), Q(0,t) = 0 and DQ(0,t) = A(t) for t > 0. Clearly,
Q(w, .) is measurable on [0,00) for w € Q. In view of the measurability
of h(z,t) on [0,00). On the other hand, since for each p € (0,1) there
exists M = M(p,b) > 0 such that

1A (z, )] < M(p,b), ||zl < p, £ 2 0.
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Since f is bounded on B;L, we deduce that for each p € (0, 1) there exists
M* = M*(p,b) > 0 such that

1Q(f(2), )l < M*(p,), [|z]] < p, = 0.

Hence {Q(z,t)}i>0 is locally uniformly bounded on €.

Let v(w,s,t) = f(V(z,s,t)) for w = f(z) € f(B"), t > s > 0.
Then v(.,s,t) is a holomorphic mapping of €2 into 2, v(0,s,t) = 0 for
t > s> 0andv(w,s,.) is alocally absolutely continuous on [s, c0) locally
uniformly with respect to w € , v(w,s,s) =w for w € Q and s > 0. A
short computation yields that

0 (aot) = DIV (2,5, DAV (2,5,1),6) = ~QU(V (2,5,0),1),

for almost all t > s and for all z € B™. Therefore, v(w, s,t) is a solution

of the initial value problem

(19) % =—Q(v,t) ae. t>s, v(w,s,s)=w.

for all w € 2 and s > 0. By the uniqueness of the solution to the
initial value problem (17), we deduce that (19) has the unique locally
absolutely continuous solution v = v(w, s,t) = f(V(z,s,t)) on [s,00) for
w= f(z) € f(B"), t >s>0.

Moreover, taking into account the relation (2.3), the normalization
of f, the fact that V(z,0,t) — 0 locally uniformly B"™ as t — oo and

DV(z,0,t) = e~ Jo A" We deduce that

lim /o AWy (w,0,t) = tlim elo AMAT £V (f~Hw), 0,1)) = w
—00

t—o00

locally uniformly (2.
Therefore Q = f(B") is A(t)-asymptotically spirallike. Since f is a bi-
holomorphic on B", it follows that f is A(t)- asymptotically spirallike,

as desired.
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Conversely, assume that f is A(t)- asymptotically spirallike. Let @ :
2% ]0,00) — C™ be a mapping that satisfies the assumptions of Definition
3. also let v = v(f(2),s,t) be the unique solution of the initial value

problem

(20) % =—Q(v,t) ae t>s, v(f(z),ss) = f(z),

for all z € B™ and s > 0. Then v(.,s,t) is biholomorphic on f(B")
into f(B"), v(0,s,t) = 0 for t > s and v(f(z),s,.) is locally absolutely
continuous on [s,00) locally uniformly with respect to f(z) € f(B™).
Moreover, we know that

(21) lim e/o AMATY (w,0,t) = w,

t—o00

locally uniformly Q = f(B").
Let V =V/(z,s,t) be defined by

Vi(z,s,t) = f(u(f(2),s,1t) ze&B" t>s.

Then V(.,s,t) is a Schwarz mapping. Moreover, V(z,s,.) is locally ab-
solutely continuous on [s,00) locally uniformly with respect to z € B™
and V(z,s,s) = z for z € B". In view of (21) and the fact that f is
normalized, we deduce that

(22) lim eo ATV (2.0,¢) = f(2),

t—o00

and the above limit holds locally uniformly on B™.
Next, let h = h(z,t) : B" x [0,00) — C") be given by

h(z,t) = [Df(2)]'Q(f(2),t), z€B" t>0.

Then h(z,t) € H(B") for t > 0, h(z,.) is measurable on [0,00) for
z € B", and since Q(.,t) and f are normalized, it follows that h(.,t) is

normalized too for t > 0. Since {Q(z,t) }+>0 is locally uniformly bounded
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family on f(B"), it follows that for each p € (0.1), there exists L =
L(p) > 0 such that

1QU (=), DIl < L(p), [zl < p, =0

Further, since f is biholomorphic on B", [D f(z)]~! is uniformly bounded
on each closed ball Bg, and hence for each p € (0.1), there exists L* =
L*(p) > 0 such that

(23) [n(z, D)l < L*(p), Izl < p, £=0.

Next, taking into account (20), we deduce
ov
ot

for almost all ¢ > s and all z € B™. Hence V(z,s,t) is a solution to the

—[Df(V(Z, S7t))]_1Q(f(V(z7 Svt)vt)) = —h(V(Z, S7t)at)7

initial value problem

aa_‘t/ =—h(V,t) aet>s, V(z,s,s) =z

By the uniqueness of the solutions to (20), we deduce that V(z, s,t) =

(24)

FYv(f(2),s,t)) is the unique locally absolutely continuous solution of
24). Moreover, in view of (23) and (24) we deduce that

(
(25)
HV<Z>87t1) - V(Zasth)H = H /t 2 h(V(Z,S,t),t)dtH < L*(p)<t2 - tl)v

for all ||z|| < p < lands <t <ty <oo. Hence V(z,s,.) is Lipschitz
continuous on [s,00) locally uniformly with respect to z € B™.

We next prove that V(z,.,t) is Lipschitz continuous on [0, ¢] locally
uniformly with respect to z € B™. To this end, we first note that the
uniqueness of the solutions to the initial value problem (24) easily yield

the following semigroup property

(26) V(z,s,u) =V(V(z,s,t),t,u),z€ B",0<s<t<u< o0
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Next, fix t > 0 and 0 < 51 < 59 < t. Since
1
[V (2, 52,t) = V(2,50 t)|| <[]z = 2| / DV ((1 —7)z 472, 59, 1)]|dT,
0

it follows in view of the Cauchy integral formula for holomorphic mapping
and the relation ||V (z, sq,t)|| < ||z|| that for each p € (0,1) there exists
K = K(p) > 0 such that

IV (2, 52,8) = V(' s0, )| < K(p) Iz = 2ll, Nzl < o 2] < p.

Replacing 2’ by V(z,s1,$2) in above inequality and using (2.11) and
(2.12), we deduce for each z € B;L that

IV (2,81, 8) =V (2,50, D) < K(p) [[2=V (2,51, 82) | < K(p) L*(p)(52=51).

Hence, V(z,.,t) is Lipschitz continuous on [0,?] locally uniformly with
respect to z € B™, as claimed.
Further, using the Lipschitz continuity of V'(z, s, , ) locally uniformly

with respect to z € B™ and Vitali’s theorem for holomorphic mappings
oV
ot
holomorphic mapping on B™ for almost all ¢ > s.

Next, fix n > 0 and let x = V/(z, s,t). From (25) we have

in several complex variables, we deduce the %-(.,s,t) exists and is a

Viz,s,t+n)—=V(z,s,t) V((V(z,s,t)),t,t+n)—V(zs,t)

7 "
V(e t,t+n) —
(27) _ Vi tt+n) L LeB" t>s>0.
7

Since the limit of left- hand side of (27) exists for n — 0 and is equal
to %—‘;(z, s,t) for almost all t > s, we deduce that the limit of right- hand
side of (27) also exists for n — 0%. Using the relation (24) and (27), we

deduce for a set of measure zero in ¢t > s that

. x—=V(x,t,t+n)
lim
n—0+ n

=h(V(zs,t),t), forall z€ B".
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On the other hand, since ||V (z,t,t 4+ n)| < ||z|| it follows in view of the
above relation that

(28) Re < h(V(z,s,t),t),V(z,s,t)> >0, t>s, forall z€ B".

Let QT be the set of nonnegative rational numbers and let p be the
usual Lebsegue measure in R. Then for each s, € QF there exists Ej, C
[s,00) such that pu(Ex) =0 and

(29) Re < h(V(z, sk, t),t), V(z,8k,t) > >0, € [sg,00)\Ey,

by (27). Let £ = Uyey Ex- Then p(E) = 0 and if ¢t € [0,00)\E is
fixed, we deduce in view of (28) that

Re < h(V(z, sp,t),t),V(2,81,t) > >0, 2€B" s, €Qs, <t kel

Further, letting {s,(k)}ren € QF, s,(k) 7 ¢ in the above relation
and using the fact that V(z,.,t) is continuous on [0,¢], we deduce that
Re < h(z,t),z > >0,z € B" Since h(0,t) = 0 and Dh(0,t) = A(t)
for t > 0, and m(A(t)) > 0, it follows in view of the minimum principal

for harmonic functions that
Re < h(z,t),z> >0, =ze& B"\{0}.

Hence h(.,t) € N for t € [0,00)\E. Finally, let h = h(z,t) : B" x
[0,00) — C™ be given by

%(z f— h(z,t), z¢€ B" te[0,00)\FE,
"] At)z, zeB“teE.

Then h(z,t) € N and h(0,t) = 0, Dh(0,t) = A(t). It follows from
Theorems 1 and 2, that

(30) lim /o AMATY (205,t) = f(2, ),

t—o00
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exists locally uniformly on B" for each s > 0, and f(z, s) is a univalent
subordination chain such that Df(0, s) = eJo A4 and {e=Jo A4 £ (2 5)1 5
is a normal family on B". From (22) and (30), it is clear that f = f(.,0).
In addition, f has A(t)-parametric representation by Definition 4. This
completes the proof.

We conclude this paper with the compactness result for the set Sg(t) (B™).

For this purpose we first prove the lemma below.

Lemma 5 Let A : [0,00) — L(C",C") be a locally Lebsgue integrable
mapping which satisfies the condition (8). Assume that m(A(t)) > 0 for
t > 0. Then every sequence of univalent subordination chain { fr(z,t) }ren,
such that D fx(0,t) = elo AT {e” Jo AT £ (2, 8) Y0 is a normal fam-
ily on B™ for each k € N, contains a subsequence that converges locally
uniformly on B™ to a univalent subordination chain f(z,t) for each fized
t >0, such that Df(0,t) = elo Alydr, {e” I AT £ (2 1) }ys0 is a normal
family.

Proof. Using this fact that {e” Js AMdr £ (2, 1) }i>0 is a normal family,
we deduce that for each r € (0,1) and 7" > 0 there exists the constant
N = N(r,T) such that for all k € N

I£ult) = Al < [ 1Dl < N T =),

for all ||z|| <7, 0 <s <t <T. Also, using the Cauchy integral formula
for holomorphic mapping, we see that for each r € (0,1) and 7' > 0 there
exists the constant L = L(r,T') such that

1fx(2,8) = fr(w, )| < L(r, T)|[z — w]

for all [|z]| < r, ||w]] <7, t €]0,T] and k € N. These estimates together
that the mappings fi(z,t), £k € N are equicontinuous on {(z,t) : ||z|| <
1-L1 0<t<m}, m=1,2,.... The Arzela- Ascoli theorem ( see [24]
p.167—169) implies that for m fixed, there exists a sequence { fx, (2, %)} en
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which convergence point wise on BT , X [0,m] to a limit fm(z,1), and
furthermore the convergence is uniform on Bf_ 5 x [0,00). A diagonal
sequence argument shows that we can fixed a subgequence, again denoted
by {fx,(2,1)} pen, which convergence point wise on B" x [0, 00) to a limit
f(z,t), and also the convergence is uniform on each compact subset of
B" x [0,00). In particular, fi (z,t) — f(z,t) locally uniformly on B"
for each t > 0 and f(z,t) is holomorphic in z. Since f;,(0,¢) = 0 and
Dfi,(0,t) = eng(T)dT, p € N, it follows that same is true for f(z,t).
Hence this limit must be univalent on B"™. Also from the subordina-
tion property fi,(z,5) < fi,(2,t), 0 < s <t < o0, z € B", it follows
that there exists univalent Schwarz mappings vy, = vy, (2, s,t) such that
Duy,, (0,5,t) = e~ JSA@dT and

(31> fk,,(’zas):fkp(vkp(zasvt)at)a p:1727

The fact that ||ug, (2, s,t)|| < ||z|l, p=1,2,..., implies that {vy,(2,5,t)}pen
is a normal family. Therefore, there exists a subsequence {k}, p € N
such that vy (2, s,t) = v(z,s,1) locally uniformly on B". This limit is
univalent on B™ and satisfies the conditions v(0,s,t) = 0, Dv(0,s,t) =
e Js AMdT ang |lv(z,s,t)|| < ||z]]. Taking limit in (31) through subse-
quence {k}}, we deduce that

f(z,8) = f(v(z,s,t),t), 2z€B", 0<s<t<oo

this proves that f(z,t¢) is a univalent subordination chain. Moreover,
since {e~ Jo Atydr Jx,(2,t) }i>0 is a normal family, we deduce that {e~ Jo AT £ (2 1) Y0

is a normal family. This completes the proof.

Theorem 7 Let A : [0,00) — L(C",C") be a locally Lebsque integrable
mapping which satisfies the conditions in Definition 2 and let m(A(t)) >
0 fort > 0. Then Sg(t)(B") s compact set.

Proof. It follows from the proof of Theorem 2 that Sffl(t)(B") is a locally
uniformly bounded family on B". It suffices to show that S, (B") is
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closed. For this purpose, let {fx}ren C Sg(t)(B”) be such that f, —
f locally uniformly on B™ as k — oo and D fy(0,t) = els AT For
each k € N, there is a univalent subordination chain f;(z,t) such that
{e” I AT 1 (2,1) Y40 is a normal family and fi(z2) = fi(2,0), z € BY;
from Lemma 5 we deduce that there exists a subsequence {fi,(2,%)} en
such that fi (2,t) — f(z,t) locally uniformly on B™ for each ¢ > 0,
f(z,t) is a univalent subordination chain and {e~ /o AT £(2 1) biso 18 a
normal family. It is obvious that f(z) = f(z,0), z € B", and in view of
Theorem 3 one conclude that f € Sg(t)(B”). This completes the proof.

3 Examples of asymptotically spirallike map-
pings

In [23], Roper and Suffridge have introduced an extension operators, as
follows, let ®,, : LS — LS be given by &, (f) = F where

F(z) = ®u(f)(2) = (f(21), 2V [(21), 2= (21,2) € B".

We choose the branch of the square root for which \/m |ls1=0 = 1.
This operator known as the Roper- Suffridge extension operator.

Roper and Suffridge [23] prove that this operator preserves convexity,

i.e., if f is convex on U, then ¥, (f) is convex mapping on B". Graham

and kohr [7] prove that ®,, also preserves starlikeness , i.e., if f € S* then
P, € S*(B™).

Example 2 Let f € S. If f has A(t)-parametric representation on unit
disc, then F' = ®,(f) has A(t)-parametric representation on B™. In
addition, F is also A(t)- asymptotically spirallike on B™.

Proof. Given f € S and f has A(t)-parametric representation, we em-

bed f as the initial element of univalent subordination chain f(zq,t).
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Consider the extension
F(z,t) = (f(z1,1),2¢/2(f'(21,8))2), 2= (21,2) € B, t >0

the branch of the power function is chosen to be positive when z; = 0. It
is clear that F(z,t) is univalent and DF(0,t) = eJo A" Uging the dif-
ferential equation satisfied by f(z1,t), it may be shown that Re h(z,t) =
Re[DF (z,t)] 72X > 0 for t > 0. Hence the Loewner differential equation
is satisfied. It can be seen that {e~ Jo AMAT (2, 1) }450 is a normal family.

Graham, Hamada, Kohr and Suffridge [6] consider the operator
/ (21) “

21

F(z) = Unap(f)(2) = (f(21), 2 )(f'(21))7), 2= (x1,2) € B"

where o € [0,1] and 3 € [0,1/2] be such that o + 3 < 1. The branch of

the power functions are chosen so that

f(z)”

21

( om0 =1, (f'(z21)) im0 = 1.

This operator provides other example of asymptotically spirallike on the
unit ball B™.

Example 3 Let o € [0,1] and 3 € [0, 3] be such that o+ 3 < 1. Let
f(z1)

21

F(z) = Unap(f)(2) = (f(z1), 2 )(f'(21))%),  z=(2,2) € B",

If f has A(t)-parametric representation on U, then W, ,3(f) has
A(t)-parametric representation on B"™. In addition, F' = W, ,5(f) is
A(t)- asymptotically spirallike on B™.
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The generalization of certain results for
Kantorovich operators
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Abstract

The present article continues earlier research by author in or-
der to reach two goals. Firstly, we give a general formula concern-
ing calculation of the test functions by Kantorovich operators and
secondly, we establish a Voronovskaja type theorem, the uniform
convergence and the order of approximation using the modulus of
continuity, for the same operators.
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1 Introduction

Let N be the set of positive integers and Ny = N U {0}. The operators
B, : C[0,1] — C]0,1] given by

n

(1) Balf;z) = par(@)f () =D ()1 —2)"Ff (2).

k=0
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for any n € N, any k = 0,n and x € [0, 1], are called Bernstein operators.
These operators were first introduced by S.N. Bernstein [3] in 1912.
The operators K, : L1]0, 1] — C[0, 1] given by

n k+1

n+1
@ Kdfi) =)y Q-0 [T s
k=0 A
for any n € N, any k& = 0,n and = € [0,1], are called Kantorovich
operators. These operators were introduced first by L.V. Kantorovich [6]
in 1930, for approximation of functions in space L;[0,1], which means

Jo 1 (@)]dz < oo.

Remark 1 More results and properties concerning (1) and (2) can be
found in monographs [2], [1] and [10].

The purpose of this paper is to generalize certain results for Kantorovich
operators. Firstly, we give a general formula concerning calculation of
the test functions and next, taking this into account we establish the mo-
ments up to the fourth order. Secondly, using some known results which
we will citied at the adequate moment, we shall prove a Voronovskaja
type theorem, the uniform convergence and the order of approximation
up to twice continuously differentiable functions, for the same operators.

2 Auxiliary results

Of the greatest utility in the calculus of finite differences, in number
theory, in the calculation of the Bernstein polynomials are the numbers
introduced in 1730 by J. Stirling in his Methodus differentialis [11], sub-

sequently called ”Stirling numbers” of the first and second kind. For any
n—1

r € Rand n € Ny, let (x), := [[(x — i), where (z) := 1 be the falling
i=0

factorial denoted by Pochhammer symbol. It is well-known that

(3) 2l = Z S(j,1)(x);
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holds, for any x € R and j € Ny, where S(7,4) are the Stirling numbers
of second kind. Now, let 7,7 € Ny be natural numbers, then the Stirling
numbers of second kind have the following properties:

1, ifj=i=0;j=dor j>1i=1
0, ifj>0,i=0
0, ifj<i

i-S(j—1,i)+S(G—1,i—1), ifji>1.

4) S04 =

Let e;(z) = 27, with j € Ny be the test functions. A further way to
derive information on all moments of linear operators is given in:

Proposition 1 /5] For a linear operator L and j € Ny one has

—_

L((e1—z);z) = L(ej;z) — (D)2 "L ((e1 — ) ) .

i

Il
o

In what follows, we recall some results from [8], which we shall use af-
terwards in the paper. Let I, J be real intervals and I N J # (). For any
n,k € Nyg, n # 0 consider the functions ¢, : J — R, with the prop-

erty that ¢, x(z) > 0, for any x € J and the linear positive functionals
A, E(I) =R
For any n € N define the operator L,, : E(I) — F(J) by

(5) Lo(f;2) =Y @nil(@)Ani(f),

where E([I) is a linear space of real-valued functions defined on I and
F(J) is a subset of the set of real-valued functions defined on J.

Remark 2 [8] The operators (Ly,)nen are linear and positive on E(INJ).

For n € N and i € Ny define T} ; by

n

(6) Tpi(Lnsz) =n'Ly (Vhsz) =n' > @uu(@)Ane (W), ze€lnl,
k=0

where ¢ = (t — z)", t € I'NJ. In what follows s € Ny is even and we
assume that the next two conditions hold:
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e there exists the smallest oy, agio € [0,400), so that

T* (Ln;z)

(7) lim o= = Bj(z) € R,
n—oo

for any x € I'NJ and j € {s,s + 2},

(8) Qspo < Q5+ 2

e /N .J is an interval.

Theorem 1 /8, 9] If f € E(I) is a function s times differentiable in a
neighborhood of x € I N J, then

(9) lim n® (Ln(f;x) - o (Ln,m)> = 0.
n—oo
i=0
Assume that f is s times differentiable function on I and there exists an
interval K C I N J, such that, there exist n(s) € N and the constants
k; € R depending on K, so that for n > n(s) and v € K, the following
hold

T (Ln :)3)
for j € {s,s+2}. Then, the convergence expressed by (9) is uniform on

K and moreover

(@) (

(11)  n*|L wa (L)

< ke + Eoya) - wn (f(S)’ \/ﬁ) ’

for any v € K and n > n(s), where wi(f,-) denotes the modulus of
continuity of the function f.
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3 The computation of the moments

In order to reach the first aim of this paper, we need to recall the following
result, which had been proved earlier by S. Karlin and Z. Ziegler [7]. The
authors established a general formula concerning the computation of the
test functions by Bernstein operators, in terms of the Stirling numbers
of second kind
J
Bu(ejiz) = 5> S, i)(n)i’,
i=1

for any j,n € N, j < n. Having in mind this result, we want to establish
an appropriate relation for Kantorovich operators, given by the following:

Proposition 2 For any n,p € N, j € Ny and x € [0,1], the following
holds

p

(12) Ko (ep; ) = ooty > (5 Z S(j,i)(n)a’.

J=0

Proof. For the proof of this proposition we use the relation (3), such
that we get

3
3=
+M

=

Koleyiz) = (n+1)S" (M) a*(1 — 2y / .t

k=0 n+1
n p
- (p+1)(1n+1)f’ Z (p)z" (1 —2)" " Z (p;@) k!
k=0 Jj=0

= Gt 2 (71 2800 Dk ()t (1 — )t

7=0 i=0 k=0
P J
_ +1 - i
= et 2 (1) D SG i) (n)ia',
=0 i=0

To verify the accuracy of the above result we give the following:
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Application 1 In the following, for ;7 = 1,2,3,4 we present the first
four cases concerning computation of the test functions by Kantorovich
operators.

J
. _ i _ 1+42nx
Ku(er;2) = 55 Z ) > S0i) = 2nt1)
1=0
_ nxz 1 _ 1-2z
- m*m BRI
1 d ; 1+3nm+3(n$+n(n—1)x2)
Kn(e2i2) = 351 Z )50 - B(nt D)2
7=0 =0
_ n(n=1)z? 2nax _ 1+6nz—3(3n+1)2?
= "o t o T s = @® + TS

Ky(es @) = qoipys Z ® Z S(j.8)(n)ix

1+4nx+6<nx+n n—1)z )+4(nx+3n(n71)xz +n(n—1) (n72)x3)
4(n+1)3

_ n(n—1)(n—2)z3 In(n—1)a? Tnx
- (n+1)3 + 2(n+1)3 + 2(n+1)3 +

3 1+14nx+18(n2—n)x2—4(6n2+n+l)x
T”+ A(n+1)3

(n+1)

4 J
Kn(es;z) = 5(n—1-1)4 Z (?) Z S(j.1)(n)ix
=0 i=0
1+5nm+10(nx+n(n71)12)+1O(nz+3n(n71)x2+n(nfl)(nf2)x3)
5(n+1)%
5(n$+7n(n—1)$2+6n(n—1)(n—2)z3+n(n—1)(n—2)(n—3)w4)
5(n+1)%

_ nn—=1)(n—-2)(n—-3)z* | 8n(n—1)(n—2)z3 | 15n(n—1)z? 6nz
(n+1)4 - + (n41)4 s + (n+1)4 +(n+1)4+5(n+1)4

4, 1430nz+75(n2—n)2?4+40(n®—3n2+2n)2® —5(10n% —5n2+10n+1) 2"
"+ 5(n+1)% )

where the Stirling numbers of second kind were given at (4).

The computation of higher order moments is tedious, but rather mechan-
ical work. Using the Proposition 1, once we know the moments of low
orders, we get the ones of higher order. So, it follows the following:
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Lemma 1 The Kantorovich operators satisfy
K,(ey —z;2) = ﬁ,
Ko ((er = o)% ) = B85 4 ol
((61 . 3:) ) _ Snz(l-z)(1-2z) + z2(1-2z)  =z(l-z2) +
Ko (

2nt )3 T 2And 1) ~ (n+1)3 (n+1)
Snz(l—z)(1—2z) 3n‘z?(1—x) z(1—x)(1—z+2?) 1
(er — )% 2) = (n+1)* (n+D* (n+1)* * S

Proof. Taking into account the Proposition 1 and Application 1, the
computation of the moments up to the fourth moment is established.

4 The Voronovskaja type theorem

Now, using the construction from the second section we assume that
I =J=101], E(I) = L]0,1], F(J) = C[0,1]. The functions ¢, :
[0,1] — R let be defined by @, x(x) := poi(x), for any x € [0, 1], any
n,k € No, n # 0 and the functionals A, : L;1]0,1] — R let be defined
k1l
by Anik(f) = (n+1) [% f(t)dt, for any n, k € Ny, n # 0.
n+1

In this way, we get the Kantorovich operators.

Lemma 2 For any n € N and x € [0,1], the following hold
T:O(Kn, x)=1,

(Kn’ ) = 1n+21x
TJZ(K”’“’) T+ sy
T a(Knyx) = = m(lnil()l = "Zﬁﬁﬁx) - n?rfs:)f ) 4 4(n7f1)3,
Tra(Kniw) = = x(lnil()i 2 3n§si(11)12) - n%(l_(gr(ll)zxﬂ?) + 5(n7f1)4.

Proof. Taking into account that Kantorovich operators reproduce con-
stants, the relation (6), Application 1 and Lemma 1, it follows the above
identities.

Lemma 3 For anyn € N and x € [0, 1], the following hold

(13 T T (Kysa) = 1,
(14) lim w =z(1 —z),

n—o0
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(15) lim D2 3021 — ),

n—oo

then there exist

(16) Tmo(Kn,LU) =1= ko,
T o (Kniz

(17) Lal®i®) 1 g,

(18) ) < 8 =,

for anyn € N and = € [0, 1].

Proof. The identities (13)—(15) follow immediately form Lemma 2, while
(16)—(18) yield from (13)—(15).

Theorem 2 Let f € L1]0,1] be a function. If x € [0,1] and f is s times
differentiable in a neighborhood of x, then

(19 T K, (i) = f(2),
for s =0;
(200l n(K,(fi2) — f(2) = 2 FO(@) + 22 O),
for s =2;

(1) lim 0 (Ko(f;) = f(2) = 525 f0) () — HE00) pO)(y) )
_ 5z (1— gc)(l 2gc)f ( ) (18—oc)f(4)(x)7

for s =4.
Assume that f is s times differentiable on [0, 1], then the convergence
from (19)—(21) is uniform on [0,1]. Moreover, we get

(22) Kalfi2) = f@)] < 51 (£, 55)
for s =0 and
(23)  n|Ka(f;2) = f(2) — g2 [0 () — G000 @) ()

1 r(2) 1
5 <()7\f>
for s =2.
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Proof. It follows from Theorem 1, with ag = 0, ay = 1 and ay = 2,
taking into account Lemma 2 and Lemma 3.

Remark 3 The above theorem generalizes the asymptotic behavior of
Kantorovich operators. From among particular cases presented, for s = 2
we get formula (20), which represents a Voronovskaja type formula for
twice continuously differentiable functions in the sense of Voronovskaja
formula [12], respectively for s = 4, we get formula (21), which rep-
resents a Voronovskaja type formula for four continuously differentiable
functions in the sense of Voronovskaja formula [4].

Concerning quantitative form of Voronovskaja result we get estimates for
continuously function (22), respectively for twice continuously differen-
tiable functions (23), in terms of the modulus of continuity.
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operators via operator equations
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Abstract

The solutions of the operator equations U*XU = AX and
XU = AUX, X € C, the set of all complex numbers, are termed
as A\— Toeplitz and A—analytic Toeplitz operators respectively,
where U denotes the unilateral shift on H?. In this paper, we
completely solve the equation XU = AUX, A € C and study
the behaviours of the essentially A—Toeplitz operators, defined as
the operators X satisfying U* XU — AX = K, for some compact
operator K on H?.
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1 Introduction

Toeplitz operators are introduced by O. Toeplitz [13] in the year 1911 and
are characterized by the operator equation U*XU = X [5], where U is
the forward unilateral shift operator on H?, the Hardy space of analytic
functions on the unit disc ID. The solutions of the operator equation
XU = UX are named as analytic Toeplitz operators. Barria and Halmos
[4] studied a generalization of the equation U*XU = X and asked about
the solutions of the equation U* XU = A X, for general complex number
A, the solutions of which we refer as A—Toeplitz operators. This problem
was completely solved by S. Sun [12] in the year 1983, where he proved
that the only A—Toeplitz operator for |A| > 1 is the zero operator and
the equation U* XU = AX has non-zero bounded solutions if and only if
|IA| < 1. Moreover,

1. If |\| = 1, then each A—Toeplitz operator is of the form DyT', where
T is a Toeplitz operator and D, is the diagonal unitary operator

defined as Dye,, = Xnen for all n.

2. If |\| < 1, then each A—Toeplitz operator is compact and of the
form > N (U"f ®e, +e, ®U"g) for f,g € H>.

n=0

The formal companions of Toeplitz operators are the Hankel opera-
tors, precisely, characterized by the operator equation U*X = XU [10].
The study of Hankel operators gained momentum with its various gen-
eralizations over different spaces. Avendano in [2] generalized the notion
of Hankel operators to A—Hankel operators, A € C, as the operators X
satisfying U*X — XU = AX. In [3], he discussed the notion of essentially
Hankel operators, defined as operators X satisfying U*X — XU = K
for some compact operator K on H2. The set of all essentially Hankel
operators is denoted by essHank. This class was further extended to

essentially A—Hankel operators in [1].
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In 1982, Barria and Halmos [4], characterised the set of essential
commutant of the forward unilateral shift operator and this set is referred
as the set of essentially Toeplitz operators (an operator X is called an
essentially Toeplitz operator [2] if it satisfies U*XU — X = K for some
compact operator K on H?). The set of essentially Toeplitz operators is
denoted by essToep. Since U is essentially unitary, X € essToep if and
only if UX — XU € K, the ideal of compact operators on H?2.

Motivated from the above study, we extend the study of Toeplitz
operators to A—analytic Toeplitz operators and essentially A—Toeplitz
operators, A € C. It is shown in [6] that the only solution of the equation
UX — XU = AX is the zero operator. However, nothing has been known
about the solutions of the equation XU = AU X, which we prefer to call

as A—analytic Toeplitz operators.

It is shown that the class of essentially A—Toeplitz operators does not
form an algebra and we describe its connection with the class of Toeplitz
and essentially Toeplitz operators. It is also found that, in general, the
class of essentially A—Toeplitz operators, which shares many properties
with the class of essentially A—Hankel operators and essentially Han-
kel operators, is neither contained in the class of essentially A—Hankel
operators nor contains the class of essentially A—Hankel operators. We

completely solve the equation XU = AU X for complex number A.

We now begin with the notations and preliminaries that are needed
in the paper.

H? is the Hardy space of analytic functions in the open unit disc D

and is defined as H? = {f(2) = 3 a.2" : || fI* = X |an|* < o0}.
n=0 n=0

The space £2 is taken in identification of the Hardy space H? so that

any vector (ag, aj, ag, ....... ) € £? can be identified with the analytic func-
tion f(z) = . a,z" in H?% The unilateral shift U on H? is the mul-
n=0

tiplication operator induced by ¢(z) = z, i.e., given by Uf(z) = zf(2).

This on £ act as the unilateral forward shift given by Ue,, = e,41,n > 0,
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whose adjoint is the backward shift defined as U*e,, = e, 1 for n > 1
and U*ey = 0.

For the basic properties of the spaces L?, H?, H® and (?, we refer
[7,8] and the references therein. The algebra of all bounded operators
on the Hilbert space H? is denoted by B(H?). The symbols Ran(A)
and Ker(A) are used to denote the range and kernel of an operator A
acting on H? respectively. We use the symbol K to represent the set of

all compact operators on H?2.

2 Essentially A—Toeplitz Operators

We begin this section with the following definition.

Definition 1 A bounded linear operator X on H? is said to be essentially
A—Toeplitz operator, A € C, if it satisfies

U'XU - \X € K.

We denote the set of all essentially A—Toeplitz operators by essToep,.
For A = 1, the class of essentially A—Toeplitz operators coincides with
the class of essentially Toeplitz operators. The following properties are

immediate from the definition.

Proposition 1 The following are equivalent
1. X € essToep)
2. U'X — AXU* = K, for some K € K.

3. \UX — XU = K, for some K € K.
Proposition 2 K NessToepy = K.

Proposition 3 [ ¢ essToepy, A # 1.
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Proposition 4 essToepy, A # 1, is a norm closed vector subspace of
B(H?).

Now we find a condition, in fact a generalization, for the product
of two essentially A—Toeplitz operators to be an essentially A—Toeplitz

operator.

Proposition 5 Let A\ # 1. A necessary and sufficient condition for
the product of two essentially A\— Toeplitz operators A and B to be an
essentially A— Toeplitz operator is that AUB is compact.

Proof. Let A, B € essToepy,\ # 1. Suppose \UA — AU = K; and
AMUB — BU = Ky, where Ky, Ky € K. A simple computation shows that

AU(AB) — (AB)U = (AUA)B — A(BU)
= ((AU 4+ K,)B — A\UB — K,)
= (1-ANAUB+K,

where K = K1B + AK,; € K. This yields that AB € essToep, if and
only if AUB is compact.

For A = 1, essToepy = essToep, which is a C*—algebra [4]. To know
whether essToepy, A # 1, in general, is an algebra or not, we raise the
following question:

Does essToepy contain non compact operators A and B so that AUB
s mot a compact operator?

Proposition 5 suggests that an affirmative answer to this question
means that essToepy, A # 1, is not an algebra. For, we construct the

following example.

Example 1 Let [A\| =1 and A # 1. Let A = B = D,, where D, is the
diagonal unitary operator defined as Dye, = X'e, for alln > 0. Then
we have

U*D\U = AD\U"U = A\D,,
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so that A is a \—Toeplitz operator on H?. Thus A € essToepy. Also
being unitary operator, A is not compact. If we assume that AUB is
compact then U(= A*AUBBY) is compact. This is a contradiction and
justifies that AUB is not a compact operator.

In the next result, we find another property of essToep,, where it
differ from the class of essentially Toeplitz operators. For A = 1, essToepy
= essToep, is self adjoint but for general A, this is not so, which can be

seen from the following theorem.
Theorem 1 IfT € essToepy, A # 1, then T € essToeps.

Proof. This follows immediately as if U*TU — AT = K, K is compact,
then T* satisfies U*T*U — \T* = K*, K* is compact. Hence the result.
The class essHanky is self adjoint when A is purely imaginary (see

[1]), however for the class essToep,, we have the following.
Corollary 1 For purely real number A, essToepy is self adjoint.

If we compare two essToepy, classes, we find that the common portion

between them is the set K of compact operators.
Theorem 2 For complex numbers X\ # 1, essToepy N essToep, = K.
Proof. Let T € essToepy NessToep,. Then U*T — NXTU* and U*T —

pwTU* are compact operators. Hence, the difference of these operators is
a compact operator. Being A\ # p this provides that 7" € K. Therefore,
essToepy NessToep, C K.

The reverse inclusion is obvious.

An immediate consequence of Theorem 2 is the following.
Corollary 2 essToep NessToepy =K, \ # 1.

In Corollary 1, we have seen that if A\ is purely real then essToep, is
self adjoint. However, we prove that whenever essToep, contains a non

compact self adjoint operator then A is purely real.
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Corollary 3 If essToep, contains a non compact self adjoint operator

then N must be real.

Proof. Let T be a non compact self adjoint operator in essToepy. Then
T € essToepy N essToepy. This implies (A — )T is compact. Since T is
non compact, this is feasible only if A is purely real.

In Example 1, it is seen that for some A # 1, the class essToep)
contains some non compact operators (A used in the example is always
a non compact essentially A—Toeplitz operator). Now we observe that
the collection of all non compact operators in essToep, is playing a vital
role in deciding the nature of A as real. This we prove in the following

form.

Corollary 4 The class of all non compact essentially \— Toeplitz oper-

ators is self adjoint if and only if \ is purely real.

Proof. If part follows by applying Corollary 1 and only if part can be
proved by using Corollary 3.

Let A be a complex number with A # X and |A\| = 1. Consider X =
D,T, where D, is the diagonal unitary operator defined as Dye, = \"e,
for n > 0 and T is a non-zero Toeplitz operator. Then X € essToep,
(as it is A—Toeplitz operator proved by S.Sun [12]). If we assume that
X is a compact operator then it gives that 7' is a compact operator,
which is not feasible as there is no non-zero compact Toeplitz operator
on H?. Therefore, X is a non compact essentially A—Toeplitz operator
for [A\| = 1. In view of Corollary 3 we find that X* ¢ essToep,.

Theorem 3 For A #1, a non-zero Toeplitz operator can not be in essToep,.

Proof. Let T be a non-zero Toeplitz operator. Let, if possible T €
essToep,. This gives
UTU - \T =K
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for some compact operator K. T being Toeplitz, we get (1 — A\)T is
compact. Hence T is compact. This is impossible being 7" is a non-zero
Toeplitz operator. Therefore T' ¢ essToep,.

From the above theorem we conclude that

T ifA=1
{0} ifA#1,

where 7 denotes the set of all Toeplitz operators.

essToepy N T =

Theorem 4 Let X € essToepy, || # 1. Then o.(X), the essential

spectrum of X, contains 0.

Proof. Let U* X —-A\XU* = K, for some compact operator K. If possible,
0.(X) does not contain 0. Then X is essentially invertible operator. This
gives that U* and AU* are essentially similar. This is not possible as their
spectrum can not be same. Therefore 0 € o.(X).

We have seen that essToep, does not form an algebra in general.
However, we prove in the next result that the product of a Toeplitz
operator with an essentially A—Toeplitz operator is always an essentially

A—Toeplitz operator.

Theorem 5 If T is a Toeplitz operator and X 1is in essToep, then XT

and T X are also in essToep,.

Proof. Let T be a Toeplitz operator and X € essToepy. Then, TU-UT
and U*XU — AX are compact operators. This shows that U*(XT)U —
AMXT) € K. Hence XT € essToepy. Similarly, we find that TX €
essToepy.

Last result can further be improved by showing that the product of
an essentially Toeplitz operator with an essentially A—Toeplitz operator

is always an essentially A—Toeplitz operator.
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Theorem 6 If T € essToep and X € essToepy, A\ # 1 then XT and
TX both lie in essToepy.

Proof. Let T' € essToep and X € essToepy. Let TU — UT = K and
U*XU—-M\X = Ky, for some K, K; € K. Then simple computations show
that U*(XT)U — AXT and U*(TX)U — ANT'X are compact operators so
that X7, T'X € essToep,.

This theorem gives the following information.
Corollary 5 essToep()essToepy, A # 1, is an algebra without identity.

It can be easily seen along the lines of arguments in [1] that compact

perturbations of A—Toeplitz operators are always essentiallly A—Toeplitz
1

operators. Also if X € essToepy then U(RanX)* C Ran(X + K)  for

some compact operator K on the space H?2.

A Rhaly matrix is a lower triangular matrix with constant row seg-
ments or given a sequence a = {a,} of scalars, the Rhaly matrix (terraced
matrix) is R, = [a;], where

a; ifi>j
Qi = :
0 ifi<y

It is known [9] that if {na,} is bounded, then the Rhaly matrix R,
represents a bounded linear operator on the Hardy space H?, but this is
not a necessary condition.

In [3], R.A.M. Avendano proved that the Rhaly operator R, (gener-
ated by a bounded Rhaly matrix) is essentially Toeplitz if and only if it
is essentially Hankel, which can be restated as R, € essHank if and only
if R, € essToepy for A = 1. But this is not true for general A € C. For

this, we have the following.

Theorem 7 Let R, € essHank, a = {a,} € (*. Then R, € essToepy,
A # 1, if and only if (n+ 1)|a,| — 0 as n — 0.
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Proof. Let R, € essHank, where the determining sequence a = {a, } €
2. Now R, € essToepy,\ # 1 iff R, € essToepy N essToep. Result
follows by using Corollary 2 and the fact (see [9]) that R, is compact iff
(n+1)|a,| — 0 as n — oco.

From above result, we conclude that non compact Rhaly operators
are not in essToepy. So the Cesaro operator (Rhaly operator with de-
termining sequence {+}) can not be in essToep, for any choice of X # 1.
But, it is an essentially A—Hankel operator for A = 0. This justifies that
in general, the class of essentially A—Toeplitz operators does not contain
the class of essentially A—Hankel operators.

Further, we find that the class of essentially A—Toeplitz operators is
not contained in the class of essentially A—Hankel operators. For, take
|A| = 1 and if we assume that X = D, satisfies (U* — A\[)X — XU = K
for some compact operator K on H2 Then we find that \U* — A\ — U

is a compact operator. Thus

—A+ DI = (U=I-\U*)+A\U* = —U)
= ANU* =M = U)* + (\U* = X\ = U),

is a compact operator. This is feasible only if A = —1. Thus, if A # —1
and |[A| = 1, then X = D, is an essentiallyA—Toeplitz operator but not
an essentially A—Hankel operator.

It is known that the solutions of the equation U*XU = X need not
be solution of the equation XU = UX so is the case with the solutions
of U* XU = AX and XU = AUX, A € C. The equation U*XU = A\X is
completely solved by Sun [12] and nothing is known about the solutions
of equation XU = AUX. It is apparent from Proposition 1 that an
operator X satisfies U* XU — AX € K if and only if XU — AU X € K. In
the next result, we completely solve XU = AUX for A € C.

Theorem 8 Let A € C. Then the equation XU = ANUX has non-zero
solution if and only if |\| < 1. Further,
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1. If |[\] = 1, then all the solutions of the equation XU = A\UX are of
the form D)T', where T s an analytic Toeplitz operator and D) 1is

the diagonal unitary operator defined as Dye, = \"e, for all n.

2. If I\| < 1, then each solution of the equation XU = ANUX is com-
pact and of the form > \"(U"¢) ® e, for ¢ € H?.
n=0

Proof. Let |A| > 1. The equation XU = AUX can be rewritten as
AUX — XU = puX, where . = 0 and by [6,Theorem 2.6] the only solution
of latter is the zero operator. Now we prove (1). Let |A\| = 1. If X is a
A—analytic Toeplitz operator, i.e., XU = AUX then it is a A—Toeplitz
operator. By [12] X = D,T, where T is a Toeplitz operator and D), is
the diagonal unitary operator defined as Dye, = \"e, for all n. This
provides that T' = DyX and it can be easily verified that 7" becomes an
analytic Toeplitz operator. The reverse part is obvious. The proof of (2)
follows by [2,Theorem 4.2].

A simple computation prove the following.

Theorem 9 Let A € C. Then

1. For |\ =1, if X is a A—analytic Toeplitz operator then Dy X is

analytic Toeplitz operator.

2. For 0 < |\ <1, if X is an analytic Toeplitz operator then D)X is

a A\—analytic Toeplitz operator.

3. For |\ > 1, if X is an analytic Toeplitz operator then D1 X is
A

%— analytic Toeplitz operator.
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Abstract

In this paper, we drive several interesting subordination results
for certain classes of analytic functions defined by Hurwitz—Lerch

Zeta function.
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1 Introduction

Let A denote the class of functions of the form

(1.1) f2) =2+ anz",

L Received 2 July, 2010
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which are analytic in the open unit disc U = {z : |z| < 1}. Let K
denote the class of functions f(z) € A which are convex in U and let
M () denote the subclasses of A consisting of functions f(z) which satisfy
the inequality:

(1.2) Re { ZJ{(S) } <a

for some a(a > 1). Replacing f(z) in (1.2) by zf (2) we have the con-

2f" (2)
Re{l—i— ) } <«
required for the function f to be in the subclass N(«) (a > 1) ( see [13],
[14], [15] and [18] ).
The Hadamard product (or convolution) (f * ¢)(z) of the functions
f(2) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by g(z) =

z 4+ > b,z", is defined by:

n=2

dition:

(13) (f50)(2) = 2+ Laubu" = (g4 )(2).

n=2
If f and g are analytic functions in U, we say that f is subordinate to g,
written f < g if there exists a Schwarz function w, which (by definition)
is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) = g(w(z)), z € U. Furthermore, if the function ¢ is univalent in U,
then we have the following equivalence (cf., e.g., [3] and [12]):

f(z) < 9(z) = f(0) = g(0) and f(U) C g(U).

Definition 1 ( Subordinating Factor Sequence ) [21]. A sequence {b,},~,
of complex numbers is said to be a subordinating factor sequence if, when-
ever f of the form (1.1) is analytic, univalent and convez in U, we have

the subordination given by

(1.4) ibnanz” < f(z) (z€U; a;=1).
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We begin our investigation by recalling that the general Hurwitz-Lerch
Zeta function ®(z, s,a) defined by ( see [4])

e}

(1.5) (z,s,0) Z

n=0

’I’L

(beC\Zy ={0,-1,-2,..};Z; =Z\N,Z = {0,71,72,...} ;
N=1{1,2,3,..};s € C when |z| <1;R{s} > 1 when |z| =1).
Some interesting properties and characteristics of the Hurwitz-Lerch Zeta

function ®(z,s,b) can be found in [5], [8], [9], [11] and [20].

Recently, Srivastava and Attiya [19] introduced the linear operator
Jsp: A — A, defined in terms of the Hadamard product, by

(Jspf)(2) = Gsp(2) * f(2) (z€Usbe C\Zy;s € C),
(1.6) f; (HZ) ",
where, for convenience,
(L1.7) Gap(2) = (14 b)°[D(z, 5,b) — b~] (= € U).

Fora > 1,0 < X< 1,be C\Z;,s € C and for all z € U, let Q},(c)
denote the subclass of A consisting of functions f(z) of the form (1.1)

and satisfying the analytic criterion

23 1) (2) + A2 (2)
(18) e ((1 — N D@ + Azusmz)) =

We note that for suitable choices of s, A and b, we obtain the following

subclasses studied by various authors.
(1) For s =1 and b= 0 in (1.8), the class Q7 () reduces to the class

e (2O @ 20 @) )
)= {fe“‘ ((1—A><Jm>< ESEW I >> cevsAsh
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a>1,z€U},

where J[f](z) = z+ Z ( > a,z" is the integral operator introduced by

Alexander (see [1] );
(2) For s =1 and b = v (v > —1) in (1.8), the class @}, () reduces to

the class

(Jof) (2) + A2 f) (2)
Gl = {f“ e ((1—A)(Jvf)(Z)JrAZ(Jvf)/(Z)) sr0sAste

>1,v>—-1,2€ U},

1
where (J,f) (z) = z + Z ( a
duced by Bernardi- leera—lemgston (see [2], [7] and [10] );
(3) For s =~ (7 > 0) and b = 7(7 > 1) in (1.8), the class Q) ,(a) reduces

to the class

N g [ 2B )+ AP (2)
Farle) = {f sAH ((1 “NPNE AP ()

) a,z" is the integral operator intro-

><a,0§)\§1,

a>1,y>0,7>1,z€ U},
1+7

where (PY)(z) = z + Z (
duced by Patel and Sahoo (see [16] );
(4) For s = 0 (0 > 0) and b =1 in (1.8), the class @, , () reduces to the

class

) pef 2N @ EA2EN ) N
Cf’(“)‘{fEA'R ((1—A)(I"f)(ZHAZ(I"f)’(Z) >< 0=

) a,z" is the integral operator intro-

LLa>1,0>0,z€ U},

where (17)(z) = z + Z ( n 1) a,z" is the integral operator intro-
duced by Jung et. al. (see 6] );
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(5) For s = pu (1 € Nog = NU{0}) and b = 0in (1.8), the class P} (e, () reduces
to the class

0y 2 T "
Fk<a>={feA:Re((f“ ) () + AZU) (2) ) <a,0<A<la

M

— NI f)(z) + Az(Imf) (=)
>1,pu €Ny, z €U},

where (I*f)(z) = z + Y_n " a,2" is the integral operator introduced by
n=2

Salagean (see [17] ).

2 Main result

Unless otherwise mentioned, we shall assume in the reminder of this
paper that « > 1,0 <A< 1,6 C\Z,,s€ Cand z € U.
To prove our main result we need the following lemmas.
Lemma 1 [21]. The sequence {b,}, -, is a subordinating factor sequence

if and only if

(2.1) Re{l+22bnz”} > 0.
n=1

Lemma 2. Let the function f defined by (1.1) satisfy the following con-

dition:

(2.2) Y[+ A=D1 [(n— 1)+ |n — 20 + 1] [Ca(b, )| |a| < 2(a—1).

n=2

where

(2.3) Co(b,s) = (1”)5.

n+b

Then f € Q},(a).
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Proof. Assume that the inequality (2.2) holds true. Then we find that

(1) (2) + A1) (2) 1
(1 =N UD) + Az(J1f])(2)

)
SUGNORSCE (NN,
=N + A=) )

[e.°]

Yo(n—=1D[1+ An—1)]|Cy(s,b)ay,

n=2

L4+ S+ An = D]Co(s, b)an

n=2

2o~ 1) + 3 [n— 20+ 1| [1+ An — D]Ca(s, b,

IN

VAN

14 31+ An — 1)]Ca(s, ba

The last expression is bounded above by 1 if

> (n = D1+ An—1)]|Ca(s,b)] |an]
<2a—1)+ Y |n =20+ 1 [1+ An — 1)]|Cu(s,)||an] ,

n=2

which is equivalent to condition (2.2). This completes the proof of Lemma

2.

Corollary 1. Let the function f(z) defined by (1.1) be in the class
i’b(a),then

|a,| < 20— 1) (n>2)
T A =D [(n—=1)+|n—=2a+1]]|Cu(b,s)| T 7
The result is sharp for the function
2(a—1) N

(n >2).

flz) =2+ 14+ AXn—=D][(n—1)+|n—2a+ 1| ’Cn(b’s)‘z
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Let Q,3(a) denote the class of functions f(z) € A whose coefficients
satisfy the condition (2.2). We note that Q_}(c) € Q7 ,(c).

Theorem 1. Let f € Q)(a), |Cr(b, s)] > |Ca(b,s)| >0 (n>2).Then for
every function g € K, we have

(1+A) 2= a)[Cs(b,s)|
2[(1+N)(2 — ) |Ca(b, s)| + (o — 1)]

(2.4) (f x9)(2) < g(2)

and

(14 N2 =) [Cy(b,5)] + (@ — 1)
(2.5) Re{f(z)} > (14 2) (2 =) |Ca(b, )]
(1+ X)) (2 —a)|Cy(b,s)]

2[(14+ 22— a) |Ca(b, 5)[ + (a = 1)]

The constant 1s the best estimate.

Proof. Let f € Q.}() and let g(z) = z+ Y ¢,2" € K. Then we have

(14 A) (2 — ) |Cy(b, s)|
2[(1+ N2 — a) [Calb, 8)] + (@ — 1)] (f=9)(2)
(14+ ) (2 —a)[Cy(b, s)] ( &3 n)
zZ + Ay, Cpp 2 .
TN —a)[Calbr ) + (@ —1] T2
Thus, by Definition 1, the subordination result (2.4) will hold true if the
Sequence

(1+A) (2= a)|Ca(b, s)] h
(2.7) {2[(1 +A)(2— ) |Cqy(b, s)| + (v — 1)] an}

is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this

(2.6)

)
n=1

is equivalent to the following inequality:

(14+X) (2= a)|Cs(b,s)| "
(28) {HZ 02 =) G5 + (a— D™ }>0'

Now, since

1+ An—=1D][(n—1)+|n—2a+1{]|Cy(b,s)|,
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is an increasing function of n (n > 2), we have

(1+A) (2= a)[C(b,s)| n}

m{1+251+»@—anawﬁﬂ+m—mﬂm

(1+XA) (2 —a)|Cy(b, s)|
Re{1+ I+ N2 =) |Calb,s)| + (a—1)
1 2 n
RS P A e PR IG “”@@””%Z}
B (1+XA)(2—a)|Cy(b, s)] .
- (1+)\)(2—a1)|02(b,s)|+(a—1)1
T E= 0 GE )t @-1 2t TAr U
X [(n—1)+|n —2a+ 1] |Cn(b, s)| |as| r™)
(+N@-0)|Cobs)|
T+ M@= a)[Calb, )] + (a—1)
B (a—1) .
T+ N2 =) |Gl )+ (a—1)
=1-r>0(z=r<1)),

>1-—

where we have used the assertion (2.2) of Lemma 2. Thus (2.8) holds
true in U. This proves the inequality (2.4). The inequality (2.5) follows

from (2.4) by taking the convex function g(z) = 1=z =2+ > " € K.
n=2
(1+2A) (2= ) |Ca(b, 5)|
~2[A+A)(2 = ) [Ca(b, )] + (a = D]
we consider the function fo(z) € Q) () given by

To prove the sharpness of the constant

L (a—1) 2
(2.9) fo(z) = (1+XN)(2—a)|C(b,s)]

Thus from (2.4), we have

(14+X) (2 —a)|Ca(b,s)] z

@100 ST NE - ) [Calbs) + (@D

1—z

Moreover, it can easily be verified for the function fy(z) given by (2.9)
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that

| (1+X) (2 - 0)|Calb,s)] _ 1
(2.11) Iﬁiﬁ{RezmH)(z—a)|c2<b,s>|+<a—1>]f°(z)}‘ 2

(1+2) (2= a)|Ca(b, )|

2[(1+XN)(2—a)|Ca(b,s)| + (o —1)]
best possible. This completes the proof of Theorem 1.

This show that the constant is the

Putting s = 1 and b = 0 in Theorem 1, we obtain the following corollary:
Corollary 2. Let f defined by (1.1) be in the class S*(\, ) and satisfy

the condition
Zn’l[l +A(n—=1][(n—=1)+|n—2a+1|] |a,] <2(a—1).
n=2

Then for every function g € K, we have

(1+XN)(2—a)
21+ N2 —a) +2(a—1)]

(f x9)(2) < g(2),

and (+NE-a)+2a-1)

I+ XMN)2—-a)

Re{f(z)} > -

(1+N)(2—a)

21+ N2 —a) +2(a—1)]
Putting s =1 and b = v (v > —1) in Theorem 1, we obtain the following

The constant 1s the best estimate.

corollary:
Corollary 3. Let f defined by (1.1) be in the class G, () and satisfy

the condition

22[1 +An—D][(n—=1)+|n—2a +1]] (%) lan| < 2(a — 1).

Then for every function g € K, we have

(1+XN)(2—a)(l+v)
21+ N2—-a)(1+v)+ (2+v)(a—1)]

(fx9)(2) < g(2),

and (14+ 22— a)(1+v) + (2 +v)(a—1)

(14+MN)2—-a)(1+wv)

Re{f(2)} > -
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1+ MN)2=-a)(1+wv)

A1+ N (2 —a)(1+v)+ (2+v)(a —1)] is the best esti-

The constant

mate.

Putting s = (y > 0) and b = 7 (7 > 1) in Theorem 1, we obtain the
following corollary:

Corollary 4. Let f defined by (1.1) be in the class [,;f;(oz) and satisfy

the condition

i[l FAm—=1)][(n—1)+ |n — 20+ 1 (%:) lap| < 2 — 1).

Then for every function g € K, we have

I+ XN)2—-a)(l+71)

A1+ N2 —a) 147+ 2+ 7) (o —1)] (f x9)(z) < 9(2),

and

1+MN2-a)(14+7)+24+7)(a—1)
Retf(e)} > - A+ N2 —a) 1+ |

1+MN2—-—a)(1+71)

AA+ N2 —a)(1+7) + 2+ 7)(a—1)] is the best esti-

The constant

mate.
Putting s = 0 (¢ > 0) and b =1 in Theorem 1, we obtain the following

corollary:

Corollary 5. Let f defined by (1.1) be in the class (M) and satisfy
the condition

) 2 g

S+ AXn—=D][(n—1)+|n—2a+ 1| (?) la,| <2(a—1).

n=2 n

Then for every function g € K, we have

27711+ N (2 — )
27(1+ N2 — ) +37(a— 1)

(f x9)(2) < g(2),

and
271+ N2 — ) + 37 (e — 1)
Re{/(2)} > = 271+ N (2 — ) '
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27711+ M) (2 — «)
27(1+ N2 —a)+ 37 (a—1)
Putting s = p (1 € Ny) and b = 0 in Theorem 1, we obtain the following

18 the best estimate.

The constant

corollary:
Corollary 6. Let f defined by (1.1) be in the class F;A(a) and satisfy

the condition
YnTHl+An—=1)][(n—=1) 4+ n—2a+ 1] |a,| <2(a—1).
n=2

Then for every function g € K, we have

(1+XN)(2—a)

MTFNC=a) 2@ -1y *9E) <9,

and

L+ )2 -a) +2(a 1)
Rel/G)} > ——— 1T he—a
1+ M2 -0

2[(1+N)(2 — ) +2#(a—1)]
Remarks.

1s the best estimate.

The constant

(1) Putting A = s = 0 in Theorem 1, we obtain the result obtained by
Srivastava and Attiya [18, Corollary 2 J;

(74) Putting A = 1 and s = 0 in Theorem 1, we obtain the result
obtained by Srivastava and Attiya [18, Corollary 4].
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A subclass of analytic functions defined by
Ruscheweyh derivative and generalized
Salagean operator !

Alina Alb Lupas

Abstract

By means of Saliagean differential operator and Ruscheweyh
derivative we define a new class RD”(p, m, i, «, A) involving func-
tions f € A (p,n). Parallel results, for some related classes includ-
ing the class of starlike and convex functions respectively, are also

obtained.

2010 Mathematics Subject Classification: 30C45.
Key words and phrases: Analytic function, starlike function, convex

function, Ruscheweyh derivative, generalized Salagean operator.

1 Introduction and definitions

Denote by U the unit disc of the complex plane, U = {2z € C: |z] < 1}
and H(U) the space of holomorphic functions in U.
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Let
Alpn) = {f €HW): f(z) =2+ 3 a2, ze U},
j=p+n

and
Hla,n] = {f € H(U): f(2) =a+anz" +an 12" +..., 2€ U},

where p,n € N, a € C.
Let S denote the subclass of functions that are univalent in U.
By S (p, «) we denote a subclass of A (p,n) consisting of p-valently

starlike functions of order o, 0 < o < p which satisfies

(1) Re (i{é’?) >a, z€eUl.

Further, a function f belonging to S is said to be p-valently convex

of order o in U, if and only if

(2) Re (Z]{ié';) + 1) >a, zel,

for some a, (0 < a < p). We denote by KC,,(p, &) the class of functions in
S which are p-valently convex of order o in U and denote by R, (p, @)

the class of functions in A (p,n) which satisfy
(3) Re f'(z) > a, z€eU.

It is well known that /C,,(p, ) C S}i(p, ) C S.

If f and g are analytic functions in U, we say that f is subordinate
to g, written f < g, if there is a function w analytic in U, with w(0) = 0,
lw(z)|] < 1, for all z € U such that f(z) = g(w(2)) for all z € U. If g is
univalent, then f < g if and only if f(0) = ¢(0) and f(U) C g(U).
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Definition 1 (Al Oboudi [4]) For f € A(p,n), A > 0, p,n € N and
m € NU {0}, the operator DY is defined by DY : A(p,n) — A(p,n),

Df(z) = f(2)
Dif(2) = (L= f(2)+Af'(z) = Daf ()
Dy Uf(z) = (1= N DY (=) + A= (DY f (2)) = Da(DYf (2)) for = € U.

Remark 1 If f € A(p,n) and f(z) = 22 + 372 a;27, then
DUf(2) =22+ 300, I+ =) AN a2, forz € U.

Remark 2 For A = 1 in the above definition we obtain the Salagean
differential operator [9].

Definition 2 (Ruscheweyh [8]) For f € A(p,n), p,n € N and m €
NU {0}, the operator R™ is defined by R™ : A (p,n) = A(p,n),

Rf(2) = f(2)
R'f(z) = =f'(2)
(m+1)R™ 1 f(2) = z(R™f(2)) +mR"f(2), for z€U.

Remark 3 If f € A(p,n) and f(2) = 2"+ 3772, a;27, then
Rmf (Z) = Zp + Z;iner Cz—i-j—lajzj; fOT z € U

To prove our main theorem we shall need the following lemma.

Lemma 1 [7] Let u be analytic in U with u(0) = 1 and suppose that

(4) Re (1 + sz((;)) > 30‘2; L Lev

Then Reu(z) >« for ze€U and1/2 <a < 1.
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2 Main results

Definition 3 For a function f € A(p,n) we define the differential op-
erator

() RDY, f(2) = (L= 7) B™ f (2) + v DY f(2),
where p,n € N and m € NU {0}.
Remark 4 For A =1 the above defined operator was introduced in [1].

Definition 4 We say that a function f € A(p,n) is in the class
RD(p,m, p, &, A), pm €N, p >0, a€[0,1), v >0 if

RO (2 )
: —pl<p- U.
2P RDY f(2) ppsp— 2€

Remark 5 The family RD”(p, m, j, c, \) is a new comprehensive class

(6)

of analytic functions which includes various new classes of analytic uni-
valent functions as well as some very well-known ones. For example,
RDY(1,m, i, o, \) was studied in [5], RD(1,m, u, a, \) was studied in
(2], RDV(1,m, pu,a,1) was studied in [5), RD* (1,0,1,a,1) = S*(a),
RD'(1,1,1,, 1) = K (o) and RD" (1,0,0,, 1) = R (). Another inter-
esting subclass is the special case RD(1,0,2, o, 1)=B () which has been
introduced by Frasin and Darus [6] and also the class RD' (1,0, pu, a, 1) =
B(p, o) which has been introduced by Frasin and Jahangiri [7).

In this note we provide a sufficient condition for functions to be in
the class RD(p, m, u, , A). Consequently, as a special case, we show
that convex functions of order 1/2 are also members of the above defined

family.

Theorem 1 For the function f € A(p,n), p,n € N, m € NU {0},
>0, 1/2<a<1if

RDYFf (2) RDYHF (2)

)—u(m+1)——

m2) 20
( >RD§fj1 (2 RDY f(2)
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m—+2 - m—+1
v (m +2— l) Ch (Z7)n+1D/\ f)
A RDY f(2)
1\ Dy f () — D £ (2)
+ iy (m +1- —) 2 LA oy
s A RDY [ (=)
(7) (=1 (m+p) <1+pz, z€U,
where 5 )
o —
/6 - 2& )
then f € RD"(p, m, p, v, \).
Proof. If we consider
RDTLf (2 v\
(®) u(z) = A TE ,
2P RDY f(2)
then wu(z) is analytic in U with «(0) = 1. A simple differentiation yields
/ RDYF2f (2 RDYHf (2
() zu(z):(m+2) iﬁrlf()_ﬂ(m_i_l) ,\7,;, f()_
u(2) RDYT f (2) RDY f ()
1 Dm+2 o Dm+1
7(m+2——) NS (2) i A ()
A RDYTf (2)
1\ DY (2) = DY (2)
+,wy<m+1——> A = +(u—1)(m+p)—1.
) RDY 7 (2) (b —=1)( )
Using (7) we get
2/ (2) 3a—1
Re (1 :
(1+35) > %

Thus, from Lemma 1 we deduce that

RDerl p .
Re 3 1) : > Q.
2P RDY f(2)

Therefore, f € RDY(p, m, u,a, A), by Definition 4.

As a consequence of the above theorem we have the following inter-

esting corollaries [2].
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Corollary 1 If f € A(1,1) and

2:f"(2) + 22" (2)  21"(2) 1
o e {EEEEE -y e
then
(11) Re {1 + ZJ{’ZS)} > %, zeU.

That is, f is convex of order L, or f € RD! (1, 1,1,4 ) .

97 ) 9

Corollary 2 If f € A(1,1) and

20+ 2] 1
1) A6 e re e R R R

then f € RD? (1,1,0 1 1), that is

)9

(13) Re{f'(z) 4+ zf"(2)} > %, zeU.

Corollary 3 If f € A(1,1) and

(14) Re {1 + Z;I;S)} > %, zeU,
then
(15) Ref'(z) > %, z e U.

In another words, if the function f 1is convex of order %
then f € RD'(1,0,0,2,1) =R (1).
Corollary 4 If f € A(1,1) and
" !/
3
L1 SOV e,
[z f)

27
then f is starlike of order 1, hence f € RD'(1,0,1,1,1).

)9

(16) Re {
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Abstract

In this paper, we prove a statistical approximation theorem
for sequences of positive linear operators defined on the space of
all real valued B-continuous functions on a compact subset of the
real line via A-statistical convergence. Furthermore, we display
an application which shows that our new result is stronger than
its classical version. Finally, we compute the rates of A-statistical

convergence with the help mixed modulus of smoothness.
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1 Introduction

The classical Korovkin theory is mainly connected with the approxima-
tion to continuous functions by means of positive linear operators (see,
for instance, [4, 21]). In order to improve the classical Korovkin theory,
the space of Bogel-type continuous (or, simply, B-continuous) functions
instead of the classical one has been used in [5, 6, 7, 8]. Recall that the
concept of B-continuity was first introduced in 1934 by Bogel [9] (see
also [10, 11]). Furthermore, in recent years, with the help of the con-
cept of statistical convergence, various statistical approximation results
have been proved [1, 2, 13, 14, 15, 18]. Recall that every convergent se-
quence (in the usual sense) is statistically convergent but its converse is
not always true. Also, statistical convergent sequences do not need to be
bounded. So, the usage of this method of convergence in the approxima-
tion theory provides us many advantages. The main goal of this paper
is to obtain a statistical approximation theorem for sequences of posi-
tive linear operators defined on the space of all real valued B-continuous
functions on a compact subset of the real line.

We first recall the concept of A-statistical convergence.

Let A = (a;,) be a summability matrix. For a given sequence x =

(x,,), the A—transform of =, denoted by Ax := ((Ax),), is given by

(Az); = ajrn
neN
provided the series converges for every n € N.

A two dimensional matrix transformation is said to be regular if it
maps every convergent sequence in to a convergent sequence with the
same limit. The well-known characterization for two dimensional ma-
trix transformations is known as Silverman-Toeplitz conditions (see, for
instance, [17]).

Now let A = (a;,,) be a non-negative regular summability matrix, and
let K C N. Then A—density of K is given by
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Ia{K} = li]m Z Qjn,

nek
provided that the limit on the right-hand side exists. A real sequence
r = (z,) is said to be A—statistically convergent to a number L if, for
every € > (),
da{neN: |z, —L| >} =0.

In this case, we write st4 — lim,, z,, = L. Clearly, a convergent sequence
is A-statistically convergent to the same value but its converse is not

always true. For example, consider the sequence x = (z,,) given by

1, if n is square,
Ty = .
0, otherwise.

We should note that if we take A = ', which is the Cesaro matrix, then
C-statistical convergence coincides with the notion of statistical conver-
gence, which was introduced in [16, 24]. If we replace the matrix A by the
identity matrix, then A-statistical convergence reduces to the ordinary
convergence. We note that if A = (a;,) is a non-negative regular summa-
bility matrix for which lim; max, {a;,} = 0, then A—statistical conver-
gence is stronger than convergence [20]. It should be also noted that the
concept of A—statistical convergence may also be given in normed spaces
(see [19] for details).

2 A Korovkin-type approximation theorem

The definition of B-continuity was introduced by Bogel [9, 10, 11] as
follows:

Let X and Y be compact subsets of the real numbers, and let D =
X x Y. Then, a function f : D — R is called a B—continuous at a point
(x,y) € D if, for every € > 0, there exists a positive number 6 = ()
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such that
’Am,y [f (U7U)” < g,

for any (u,v) € D with |u — x| < ¢ and |v — y| < 0, where the symbol
A,y [f (u,v)] denotes the mixed difference of f defined by

AI?ZJ [f (U,U)] = f(u,v) - f(uay) - f(.l?,l)) + f(xvy)

By Cy(D) we denote the space of all B-continuous functions on D.
Recall that C(D) and B(D) denote the space of all continuous (in the
usual sense) functions and the space of all bounded function on D, re-
spectively. Then, notice that C(D) C Cy(D). Moreover, one can find an
unbounded B—continuous function, which follows from the fact that, for
any function of the type f(u,v) = g(u)+h(v), we have A, , [f (u,v)] =0
for all (x,y), (u,v) € D.

We recall that the following lemma for B-continuous functions was

proved by Badea et. al. [7].

Lemma 1 ([7])If f € Cy(D), then, for every € > 0, there are two
positive numbers A(e) = A(e, f) and B(e) = B(e, f) such that

By [f (w,0)] < 5+ AE)(u = 2)* + Be) (v —y)”

holds for all (z,y), (u,v) € D.

A function f: D — R is said to be B—bounded on D if there exists
M > 0 such that
[Aay [f (w,0)]| < M

holds for any (x,y), (u,v) € D. By By(D), we mean the set of all B-
bounded functions on D. Since D is a compact subset of R?, it is not
hard to see that Cy(D) C By(D) (see, for instance, [5]). So, the usual
supremum norm on the spaces B(D) is given by

If[l:= sup |f(z,y)| for f e B(D);

(z,y)eD
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and also the norm on the space B,(D) is defined by
Il = sup  |Auy[f (u,0)]] for f € By(D).
(z,y),(u,v)€D

Let L be a linear operator from Cj (D) into B (D). Then, as usual,
we say that L is positive linear operator provided that f > 0 implies
L(f) > 0. Also, we denote the value of L (f) at a point (z,y) € D by

L(f(u,v);2,y) or, briefly, L(f;z,y).
Throughout the paper, for fixed (x,y) € D and f € Cy(D), we use

the function £}, defined as follows:

(1) Fpy(u,v) = f(u,y) + f(z,v) — f(u,v)  for (u,v) € D.
Since
Aw,y [Fx,y(uv U)] = _Ax,y [f(uv U)]

holds for all (x,y), (u,v) € D, the B—continuity of f implies the B—continuity
of F, , for every fixed (z,y) € D. We also use the following test functions

eo(u,v) =1, er(u,v) = u, ey(u,v) =v and ez(u,v) = u* + v°.

With this terminology, the classical Korovkin theorem in two variables

for B—continuous functions claims that:

Theorem 1 Let {L,} be a sequence of positive linear operators acting
from Cy (D) into B (D). Assume that the following conditions hold:

(1) Ly(eo;x,y) =1 for all (x,y) € D and n € N,

(i1) Ln(ex; z,y) = er(x) + un(2,y),

(i11) Ly(eo;x,y) = ea(x) + vp(x,y),

(iv) Ly(es;x,y) = es(x) + wy(z,y),

where {un(z,y)}, {vn(x,y)} and {w,(z,y)} converge to zero uni-

formly on D as n approach infinity. Then, the sequence

{Ln (Fryiw,y)}

converges uniformly to f(x,y) with respect to (z,y) € D, where F, is
given by (1).
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We now obtain the following A-statistical analogue by applying the

A-statistical limit operator instead of the limit operator in Theorem 1.

Theorem 2 Let {L,} be a sequence of positive linear operators acting
from Cy (D) into B(D), and let A = (a;,) be a nonnegative regular

summoability matriz. Assume that the following conditions hold:

(2) da{n e N: Ly(ep;z,y) =1 forall (x,y) € D} =1
and
(3) sty —lim||Ly(e;) —e;l| =0 fori=1,2,3.

Then, for all f € Cy(D), we have
sty —tim | L(Fy,) — £ =0,
where F,, is given by (1).
Proof 1 Let (x,y) € D and f € Cy (D) be fized. Putting
(4) K:={neN:L,(ep;z,y) =1 forall (z,y) € D},
we get from (2) that
(5) Ia{N\K} = 0.

Using the B—continuity of the function F,, given by (1), Lemma 1 im-
plies that, for every e > 0, there exist two positive numbers A(e) and
B(e) such that

£
(6) Ay [Fay(usv)]] < 5+ A@e)(u = 2)" + Be)(v —y)°
holds for every (u,v) € D. Also, by (2), observe that

(7) Ln (Foy; 2,y) = f(2,9) = Ln (Bay [Foy(u, 0)] s 2,y)
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holds for all n € K. Then, using the monotonicity and the linearity of
the operators Ly, for all n € K, it follows from (6) and (7) that

IN

Ln (|8 [Foy(u, 0)]|; 2,9)

g + A(e) Ly ((u—2)%2,y)
+B(e) Ly ((v — )%, y)

=+ O + 4" + Lu(esio,y)
—2zLy,(ey;x,y) — 2yLy(es; 2, 9)},

| L (Fys ,y) — f(2,9)]

IN

IN

where C'(e) = max{A(e), B(e)}. The last inequality gives that

L (Foyiy) — f@,y)] < = +C(e) |Ln (€52, ) — es(x, y)|

3
+2dC'(e) |Ly, (e2;z,y) — ea(x, y)|
(8) +2dC(€) | Ly (e1; 2, y) — er(z, )|

where d = max{|z|, |y|}, holds for all n € K. Taking supremum over
(x,y) € D on the both-sides of inequality (8) we obtain, for all n € K,
that

9) |Za(Fay) = £l < 5+ D(0) 3 [1Laler) — el

where D(e) = max{2dC(g),C(e)}. Now for a given r > 0, choose € > 0
such that € < 3r. Then consider the following sets:

U : ={neN:||L,(Fy) — fll >},

3r—e
S | Ln(ei) —eil| > , 1=1,2,3.
U, {nEN | Ln(e:) — e 9D(5)} i 3

Hence, inequality (9) yields that

3
UnK c|JUinkK),
=1
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which gives, for all j € N,
3 3
(10 YDRTED S DTS 3) S
neUNK i=1 neU;NK i=1 nev;

Letting j — oo and also using (3), we see from (10) that

(11) lim Y aj, =0.

J neUNK

Furthermore, if we use the inequality

Za]’n = Z ajn—l— Z Qjn

nel neUNK neUN(N\K)
< E Ajn + E Ajn
neUNK ne(N\K)

and if we take limit as j — oo, then it follows from (5) and (11) that
hmz aj, =0,

which means
Ssta — liTTLIl | Ln(Fry) — fIl = 0.

The proof is completed.

Remark 1 We know that, for some f € Cy(D), the function f may be
unbounded on the compact set D. However, we can say from the condi-

tions (2), (6) and (7) that the number

[Ln(Foy) = [l

in Theorem 2 is finite for each n € K, where K is given by ( 4).

Remark 2 If we replace the matriz A in Theorem 2 by identity matriz,

then we immediately get Theorem A.
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Remark 3 We now show that our result Theorem 2 is stronger than
its classical version Theorem A. To see this first consider the following
Bernstein-type operators introduced by Pop and Farcas [22]:

(12)

Hu(f;a,y) = z; ; Fuy (% %) (Z) (n . S)xsyt(l —x—y)"
where F,, is given by (1), and (z,y) € I* = [0,1] x [0,1]; f € Cy(I?).
Then, by Theorem A, we obtain that, for any f € Cy(I?)

(13) i | H, (Foy) — fI| = 0.

Now take A = Cy and define a sequence {u,} by

(14) v — 1, ifn sqyare
0, otherwise.

In this case, observe that
(15) ste, — limu, = 0.

Howewver, the sequence (uy,) is not convergent. Now using (12) and (14),

we define the following positive linear operators on Cy(I?) as follows:

(16) Lo(fi2,y) = (14 un) Ho(f52,9).

Then, observe that the sequence of positive linear operators {L,} defined
by (16) satisfy all hypotheses of Theorem 2. So, by (13) and (15), we

have

ste, —lim [ La(f) ~ ]| = 0.

However, since (u,) is not convergent, the sequence {L,(f;x,y)} given
by (16) does not converge uniformly to the function f € Cy(I?). So, we
conclude that Theorem A does not work for the operators L,, in (16) while

our Theorem 2 still works.
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3 Rate of A-statistical convergence

Various ways of defining rates of convergence in the A-statistical sense for
two-dimensional summability matrix were introduced in [13]. In a similar
way, we compute the corresponding rates in A-statistical convergence in

Theorem 2 with four different ways.

Definition 1 (/13/)Let A = (a;,,) be a non-negative reqular summability
matriz and let {a,} be a positive non-increasing sequence. A sequence

x = {x,} is A-statistical convergent to a number L with the rate of o(c,)

hmi Z Ajn = 0,

ioQ;
T neK(e)

if for every e > 0,

where
K()={neN:|z,—L| >¢}.

In this case, it is denoted by

x, — L = sty —o(a,) as n — oc.

Definition 2 (/13/)Let A = (a;,) and {c,,} be the same as in Definition
1. Then, a sequence x = {x,} is A-statistical bounded with the rate of

O(ay,) if for every € > 0,

1
Sljlpa—j Z Ajp < 00,
neL(e)

where

Le)={neN:|z,|>¢c}.

In this case, it is denoted by

x, = sta — O(ay) asn — 0.
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Definition 3 (/13/)Let A = (a;,) and {c,,} be the same as in Definition
1. Then, a sequence x = {x,} is A-statistical convergent to a number L

with the rate of oy, () if for every e > 0,
h?l Z ajn =0,
neM e)
where
M()={neN: |z, —L| >¢a,}.

In this case, it is denoted by
Ty — L = sty —on(ay) asn — oo.

Definition 4 (/13])Let A = (a;,,) and {a,,} be the same as in Definition
1. Then, a sequence x = {x,} is A-statistical bounded with the rate of
Om () if for every e > 0,

lijm Z aj, =0,
neN ()
where
N() ={neN:|z,| > a,}.

In this case, it is denoted by
z, — L= sty — Op(ay) as n — oo.

We see from the above statements that, in Definitions 1 and 2 the
rate sequence {z,} directly effects the entries of the matrix A = (a;,)
although, according to Definitions 3 and 4, the rate is more controlled
by the terms of the sequence x = {z,}.

Using these definitions we obtain the following auxiliary result.

Lemma 2 (/13])Let {x,} and {y,} be sequences. Assume that let A =
(ajn) be a non-negative reqular summability matriz and let {o,} and
{Bn} be positive non-increasing sequences. If x, — Ly = sta — o(a,) and

Yn — Lo = sta — o(3,), then we have



104 K. Demirci, F. Dirik

<Z> (xn - Ll) + (yn - LZ) = sty — 0<7n) as n — oo , where 7, =
max {a,, 5,} for each n € N,

(ii) Mzp — L1) = sta —o(a,) as n— oo for any real number \.

Furthermore, similar conclusions hold with the symbol “o” replaced by

({O W

Lemma 3 (/13))Let {x,} and {y,} be sequences. Assume that let A =
(ajn) be a non-negative reqular summability matriz and let {o,} and
{Bn} be positive non-increasing sequences. If x, — L1 = sta — op(ay,)

and Y, — Ly = sta — 0,,(Bn), then we have

(1) (zy, — L1) F (Yn — L2) = sta — om(vn) asn — oo, where 7, =
max {ay,, 8,} for each n € N,

(13) Mxp, — Ly) = sty — op(ay,) as n— oo for any real number A.

”

Furthermore, similar conclusions hold with the symbol “o,,” replaced by

({O ”
m -

Now we recall the concept of mixed modulus of smoothness. For f €
Cy (D), the mized modulus of smoothness of f, denoted by wpizea (f; 01, 02),
is defined to be

Wmized (f;51752) = Sup{|Ax,y [f(u,v)” : ”LL - 33| S (51, ’U - yl S 62}

for 61,00 > 0. In order to obtain our result, we will make use of the

elementary inequality
Wrnized (f3 A101, A202) < (14 A1) (14 X2) Winigea (f; 01, 02)

for A\, Ay > 0. The modulus wy,;.eq has been used by several authors in
the framework of “Boolean sum type” approximation (see, for example,
[12]). Elementary properties of wy,eq can be found in [23] (see also [3])
and in particular for the case of B-continuous functions in [5].

Then we have the following result.
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Theorem 3 Let {L,} be a sequence of positive linear operators acting
from Cy (D) into B (D) and let A = (a;,) be a non-negative regular
summability matriz. Let {a,} and {B,} be a positive non-increasing

sequence. Assume that the following conditions holds:

1
17 lim — =1,
1 iy

J nek

where K = {n € N: L,(eg;z,y) = 1 for all (z,y) € R*}; and

(18) Wmized (f;’%u 5n) = styq — 0(671) as n — oo,

where v = /|[Ln(@)]| and 6, = /|| Ln(Q)]| with ¢(u,v) = (u— z)?,

U(u,v) = (v —1y)*. Then we have, for all f € Cy (D),
| Ln(Fyy) — fll = sta —o(cn) as n — oo,

where F, is given by (1) and ¢, := max{ay, B,} for each n € N. Fur-

thermore, similar results holds when the symbol “0” is replaced by “O7.

Proof 2 Let (x,y) € D and f € C, (D) be fixed. It follows from (17)
that

1
(19) lim — > aj, =0.

J QO
Y neN\K

Using the B—continuity of the function F,, given by (1), Lemma 1 im-
plies that, for every € > 0, there exist two positive numbers A(e) and
B(e) such that

€
(20) By [Foy(u,0)]] < 5+ Ale)(u — z)* + B(e)(v — y)?
holds for every (u,v) € D. Also, since

A:7:,y [Fm,y(ua U)] = _A:c,y [f(uv U)]
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we observe that
Ly, (Fm,y§ z,y) — f(z,y) = Ly (Am,y [Fr,y(u7 v)];z,y)
holds for all n € K. Then, using the properties of Wpmizeqa we obtain
Ay [Foy(w,0)]] < wmizea (f5 lu— 2], Jv—yl)
1 1
(21) 1+—|U—J}| 1+_|U_y| wmzxed<f751a62)
01 P

Hence, using the monotonicity and the linearity of the operators L, for
alln € K, it follows from (21) that

‘LH(FLM z,y)—f (x,y)| = [Ln, (Az,y [Fx,y<u: v)];z,y)|
< L, (lAaay [Fx,y(u> v)]l52,y)

1 1
< Ly — LA
_Ln((1+51|u x|) (1+52|v y|),x,y)
XWmized (fa 517 52)

1 1
(51 52

IN

1
_Ln <|U - .13‘ . ‘U - y| 7xay) Wmized (f751752) .
0109

Using the Cauchy-Schwarz inequality, we have

1 1
|Ln(Foy;z,y)—f (z,y)] §{1+5—1 Ln(w;x,y)+5—2 Ly, (¥;z,y)

(22) ﬁ\/Ln (SDa-T7?J)\/Ln (\I}7x7y)}wmz:ved (f751a52)

for alln € K. Taking supremum over (x,y) € R? on the both-sides of
inequality (22) we obtain, for alln € K, that

(23) [ Ln(Fry) — fIl < 4Wmized (f5 Vn» On)

where 61 = v, = /|| Ln(p)| and 69 := 6, := /|| Ln(¥)||. Now, given

e > 0, define the following sets:
D ={neN:|L,(F,) — fll > ¢},
Dl . :{nermmed(fafynuén)Zi}
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Hence, it follows from (23) that
DNKCDNK,

which gives, for all j € N,

D DR
7 neDnK 7 eDiNK
< 12
€Dy
(24) < iz
Y neDy

where ¢, = max{ay,, ,}. Letting j — oo in (24) and from (19), we

conclude that

(25) hm— Z ajn =0

J neDNK

Furthermore, if we use the inequality

Dot = D amt Y ap

neD neDNK neDN(N\K)
< 5 ajp + 5 Ajp
neDNK ne(N\K)

which gives,

(26) —Zamg— Z a]n—l—— Z Q.-

J neD J neDnK 7 ne (N\K)

Letting j — oo in (26) and from (25) and (19), we conclude that

The proof is completed.
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The following analog also holds.

Theorem 4 Let {L,} be a sequence of positive linear operators acting
from Cy (D) into B(D) and let A = (a;,) be a non-negative regular
summability matriz. Let {a,} and {B,} be a positive non-increasing
sequence. Assume that the following conditions holds:
(27) lim L > am =1,

a0

where K = {n € N: L,(eg; z,y) = 1 for all (x,y) € R?}; and

(28) Wmized (f7 Tns 5n) =Sty — Om(ﬁn) as n — o9,

where 7, = \/[La(@)l and 8, == /[ Lo (V)] with p(u,v) = (u—x)’,

U(u,v) = (v —y)*>. Then we have, for all f € Cy (D),
HLn(FLy) - f” =sta — Om(Cn) as n — oo,

where F, ,, is given by (1) and ¢, := max {o,, B,} for each n € N. Similar
results hold when little “o,,” is replaced by big “O,,”.

4 Concluding remarks

1) Specializing the sequences {a,,} and {3,} in Theorem 3 or Theorem
4 we can easily get Theorem 2. Thus, Theorem 3 gives us the rates of
A—statistical convergence of the operators L,, from C} (D) into B (D).
2) Replacing the matrix A by identity matrix and taking o, = 5, = 1
for all n € N, we get the ordinary rate of convergence of the operators
L,.
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New approximation scheme for the fixed
points of finite family of asymptotically
pseudocontractive mappings !

Arif Rafiq, R. A. Rashwan

Abstract
Let K be a nonempty closed convex subset of a real Banach
space Fand T : K — K, [ =1, 2, ..., p; p > 2 be p asymptoti-
cally pseudocontractive mappings with 77 and 75 having bounded
ranges and a sequence {ky}n>0 C [1,00), T}Ln;okn = 1 such that
p=2
¥ € ﬂ F(T)) ={z € K : Th'x = x = Tox = ... = Tpz}. Further

=1
let 71 : K — K be uniformly continuous and {o, }n>0, {5 }n>0 €
0,1, 5 =1, 2, ..., p—1; p > 2 be such that anoa% =
and lim o, = 0 = lim B%L. For arbitrary =g € K let {zy}n>0 be

n—o0 n—o0

iteratively defined by

ITpn+1 = (1 - an) Tn + O‘nTlny}w
Y = (1=085) ma+ B8, Ty,
yg_l = (1 - ﬁg_l) Tp + sz_lT;xm

n>0,i=1,2,..,p—2;p>2 Then {z,},>0 converges strongly
p>2

to z* € () F(T)).
=1
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1 Introduction

Let E be a real Banach space and K be a nonempty convex subset of E.

Let J denote the normalized duality mapping from E to 2% defined by

J(@) ={f" € E": (x, f*) = |la[]* and [|f*]] = [«ll},

where E* denotes the dual space of £ and (-, -) denotes the generalized
duality pairing. We shall denote the single-valued duality map by j.
Let T': D(T) C E — E be a mapping with domain D(T) in E.

Definition 1 The mapping T is said to be uniformly L-Lipschitzian if
there exists L > 0 such that for all x,y € D(T)

7" = T"y|| < Lz =yl

Definition 2 T is said to be nonexpansive if for all x, y € D(T), the
following inequality holds:

[Tz =Tyl < |lz—y || forall z, y € D(T).

Definition 3 T is said to be asymptotically nonexpansive [2], if there

exists a sequence {ky}n>0 C [1,00) with lim k,, = 1 such that
- n—oo

HT”Z‘ - TnyH < ky H.T -y H fOT‘ all x, Y€ D(T>> n =1
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Definition 4 T is said to be asymptotically pseudocontractive if there
exists a sequence {ky}n>0 C [1,00) with limk, = 1 and there exists
- n—oo

jlx —y) € J(x —y) such that

(T"z =Ty, j(x —y)) <k lle—y ||* for all z, y € D(T), n> 1.

Remark 1 1. It is easy to see that every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian.

2. If T s asymptotically nonexpansive mapping then for all x, y €
D(T) there exists j(x —y) € J(z —y) such that

(T"e =Ty, j(z —y)) < [Tz —=T"y|llz—y |
< kollz—y I, n>1.

Hence every asymptotically nonexpansive mapping is asymptotically pseu-
docontractive.

3. Rhoades in [8] showed that the class of asymptotically pseudocon-
tractive mappings properly contains the class of asymptotically nonexpan-
Sive mappings.

The asymptotically pseudocontractive mappings were introduced by
Schu [10] who proved the following theorem:

Theorem 1 Let K be a nonempty bounded closed convex subset of a
Hilbert space H, T : K — K a completely continuous, uniformly L-
Lipschitzian and asymptotically pseudocontractive with sequence {k,} C
[1,00); g0 = 2k, — 1, ¥n € N; 30(q7 — 1) < 00; {an}, {B8,} C [0,1]; € <
o, < B, <b¥neN,e>0andbe (0,L72[(1+ L2 —1)); z, € K for
alln € N, define

Tpi1 = (1 —ap) zp + 0, T2y,

Then {x,} converges to some fized point of T.



116 A. Rafig, R. A. Rashwan

The recursion formula of Theorem 1 is a modification of the well-
known Mann iteration process (see [5]).

Also among the most recent results about the same topic, following
are due to Ofoedu [6].

Theorem 2 [6] Let K be a nonempty closed convex subset of a real
Banach space E, T : K — K a uniformly L-Lipschitzian asymptotically
pseudocontractive mapping with sequence {ky}n>0 C [1,00), lim k,, = 1
such that * € F(T) = {v € K : Tx = x}. Let {an}nzongﬁo,l] be
such that Y oo, =00, > o0z < 00 and Y., oo an(k, — 1) < co. For
arbitrary x € K let {0 }n>0 be iteratively deﬁne_d by

Tpi1 = (1 —ay) x, + a7z, n > 0.

Suppose there exists a strictly increasing function v : [0,00) — [0, 00),
¥(0) = 0 such that

(0) (T"x — 2%, j(x — %)) < kullz — 2*||* — ¥ (||]z — 2¥||), Vo € K.
Then {xp }n>o is bounded.

Theorem 3 [6] Let K be a nonempty closed convex subset of a real
Banach space E, T : K — K a uniformly L-Lipschitzian asymptotically
pseudocontractive mapping with sequence {ky}n>0 C [1, oo),nh_{rolokn =1
such that x* € F(T) = {z € K : Tz = x}. Let {an}n>0 C [0,1] be
such that Y <o, =00, > a2 < oo and Y. o on(k, —1) < co. For
arbitrary x € K let {0 }n>0 be iteratively deﬁne;l by

Tpr1 = (1 —ap) x, + 0Ty, n > 0.

Suppose there exists a strictly increasing function v : [0,00) — [0, 00),
¥(0) = 0 such that

(T"x — 27, j(x — 27)) < k|l — 27| = ¥(||lz — 27]]), Vz € K.

Then {x,}n>0 converges strongly to x* € F(T).
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Remark 2 One can easily see that if we take in Theorems 2-3, a,, = n%,;
0<o <3, then Y o, =00, but also Y a2 = co. Hence the conclusions
of Theorems 2-3 can be improved. The same argument can be applied on

the results of Chidume and Chidume in [1].

The purpose of this paper is to generalize the results of Schu [10] from
Hilbert spaces to more general Banach spaces and improve the results
of Ofoedu [6] in a significantly more general context by removing the
conditions like Y a2 < oo, > oo an(k, — 1) < oo and (O) from the
Theorems 2 — 3. )

2 Main Results

We will need the following results.

Lemma 1 [12] Let J : E — 2F be the normalized duality mapping.
Then for any x,y € E, we have

|z +yl|? < 2| + 2y, j(x +v)), Vilz+y) € J(x+y).

Lemma 2 [11] If there exists a positive integer N such that for all n >

N,n €N,
Pn+1 < (1 - Qn)pn + b’m
then
lim p, =0,
n—oo

where 0, € [0,1), > 0, = 0o, and b, = o(0,,).

Lemma 3 [}/ Let {a,}, {b.}, and {c,} be three nonnrgative real se-

quences satisfying

An41 S (]- - tn>an + bn + Cn,
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then

lim a, =0,
n—oo

where {t,} € [0,1], > t, = 00, b, = o(ty), and Y.~ ¢, < c0.

Lemma 4 [7] Let {a,}, {b.}, and {c,} be three nonnrgative real se-

quences satisfying

an1 < (1 —t;)an +b,+cp; 1 >1,

then
lim a, =0,
n— oo
where {t,} € [0,1], Y07t} = 00, by, = o(t,), and Y _>7 ¢, < 0.

Theorem 4 Let K be a nonempty closed convex subset of a real Banach
space E and Ty : K — K, 1l =1, 2, ..., p; p > 2 be p asymptotically

pseudocontractive mappings with Ty and Ty having bounded ranges and a
p=2

sequence {ky}n>0 C [1,00), lim k,, = 1 such that z* € ﬂ F(T) ={z €
- n—o00
=1
K :Tix=x="Twx=..=Tx}. FurtherletT,: K — K be uniformly
continuous and {am }ns0, {8 nso € [0,1], 5 =1,2, ..., p—1;p > 2 be

such that Y, ., a2 = 00 and lim oy, = 0 = lim ;. For arbitrary zo € K
- n—oo n—oo

let {z,}n>0 be iteratively defined by

Tny1 = (L—an) o, + oznTI”yiL,
U = (1=08.) 2+ BTy
yﬁ_l = (1 — Bﬁ_l) Ty + 6ﬁ_1T£xn, (2.1)

n>0i=1 2, ..,p—2,p> 2. Then {x,}n,>0 converges strongly to
p>2

v € [ F(T).

=1
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Proof. Because x* is the common fixed point of T} : K — K, [ =1, 2,
p=>2

..., p; p > 2, then the set ﬂ F(T;) is nonempty.

=1
Since T} and T have bounded ranges, we set

My = [|zo — || + sup|| T}y, — 27]|.
n>0

Obviously M; < oco.
It is clear that ||z — x*|| < M. Let ||z, — *|| < M;. Next we will
prove that ||z, — z*|| < M;.

Consider

(1 — )z, + OénTlnyrlz — x|
= [I(1 — an)(@n — 2%) + an(TTy,, — 2*)|]

|04 — 27|

< (1 —ap)||zn — 2*]| + anl| T}y, — 2]
< (1—a,)M; + Moy,
= M.

So, from the above discussion, we can conclude that the sequence
{x, — 2" },>0 is bounded. Let M, = sup||x,, — x|
Denote M = M; + M, + sup||T2"yn,2fo— z*||. Obviously M < oo.
Now from Lemma 1 for aﬁzroz > 0, we obtain
ln — 2| = [[(L = an)an + Ty, — 2"
= [|(1 = ) (2 — 27) + an(TT'y,, — )|
< (U= an)’|lon — 271 + 200 (T7y,, — 27, (2041 — 27))
= (1= an)’|lzn — 271" + 200 (T @041 — 27, (@01 — 27))
200 T}y = T T, (@1 — )
< (1= an)|lzn — 271 + 200k [2n4s — 27|

20, || Ty = Tl wpga || 201 — 27

IN

(1- CYn)2||l‘n - :17*||2 + 200k || Tng1 — J:*HQ

20\, (2.2)
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where
Using (2.1) we have

[ = 2]l < lyn = 2al| + lon = s
= B llvn — T3l + aw |20 — T |
< 2Ma, +2Mp,

= 2M (an+8;) - (2.4)
From the conditions lim o, = 0 = lim 3, and (2.4), we obtain
n—00 n—oo
JLH;O Hy}z - 17n+1H =0,

and the uniform continuity of 7} leads to

lim HT{‘y}L — T{‘anH =0,
n— o0

thus, we have

(2.5) 1i_{11 An = 0.

The real function f : [0, 00) — [0, 00), defined by f(t) = t? is increasing
and convex. For all A € [0, 1] and ¢, to > 0 we have

(2.6) (1= Nty + M2)? < (1 — Nt + M2,
Consider

lzni —2[]F = [I(1 = an)zn + anTi'y, — ||°

(1 = ap) (@0 — &%) + an(T7y, — )|

< (1 = an) g — 2| + o || TTyy, — 27||)?
< (1—ap) ||z, — $*||2 + ay, ||T1"y7ll — 2|
< (1= ap)||zn — 2*]* + May,. (2.7)
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Substituting (2.7) in (2.2), we get

lznir = ol < (1= @) + 200 (1 — ap)ka] ||z — pl|”
+2a, (MPkyan + M) - (2.8)

Consider

(1—an)? + 20,1 —ap)k, = (1—an)?+20,(1 —ay)
+20,,(1 — ) (b — 1)
< 1—a? +2ap,(k, — 1),

and consequently from (2.8), we obtain

|Zpin —plI> < [1— a2 + 20, (kn — 1)] ||z — pI|* + 200, (MPkpan, + Ay)
(1—a2) ||zn — pl* + 2[Mkpov, + Ay + M2 (ky, — 1)] vy,
(1= a3) [Jan = pI[* + newn, (2.9)

IA

where &, = 2[MZ?k,a, + A\, + M?*(k, —1)]. Now with the help of

Ym0 @2 = 00, lima, = 0, (2.5) and Lemma 4, we obtain from (2.9)
- n—oo

that

lim ||z, — pl| =0,
n—00

completing the proof.

Corollary 1 Let K be a nonempty closed convex subset of a real Banach
space E and Ty : K — K, 1l =1, 2, ..., p; p > 2 be p asymptotically

pseudocontractive mappings with Ty and Ty having bounded ranges and a
p>2
sequence {ky}n>0 C [1,00), lim k,, = 1 such that z* € ﬂ F(T) ={z €
- n—oo
=1
K :Tix=x="Twx=..=Tx} FurtherletT, : K — K be uniformly
L-Lipschitzian and {c, Yns0, {82 ns0 €[0,1], 5 =1,2, ..., p—1;p > 2 be

such that Y, -, a2 = 0o and lim a, =0 = lim BL. For arbitrary o € K
- n—0o0 n—oo
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let {x,}n>0 be iteratively defined by

Tp+1 = (]- - an) Ty + OéanL%ln
y = (1=0,) zn+ 8,175,
W= () B T

n>0,i=1 2, ..., p—2;p > 2 Then {x,}n>0 converges strongly to
p>2

v € [ F(T).
=1
Remark 3 1. We try to remove the conditions like (O) form the existing
literature.
2. It is worth to mention that, our results are new and do not exist

in the literature.
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generalization of Chlodovsky polynomials *
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Abstract

The present paper deals with the New-type generalization of
the Chlodovsky polynomials, here we give the approximation and
the rate of approximation of these polynomials C; in weighted

spaces.
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1 Introduction

Bernstein [3] first used his well-known polynomials to prove the Weier-
strass approximation theorem which states that the set of real polyno-
mials over [0,1] is dense in the space of all continuous real functions on
[0,1]. These polynomials have been studied intensively, and their connec-

tions with different branches of analysis, such as convex and numerical

L Received 23 May, 2010
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analysis. Furthermore, these polynomials are generalized or modified by
many authors. some of them can be found, for example, in [4], [5], [14],
[15], [16] .

Our goal is to generalize Bernstein-Chlodovsky polynomials, which
were first introduced by Chlodovsky in [5], as Cao generalized Bernstein
polynomials in [4]. And we study convergence of these new polyno-
mials and their order of convergence. Although Bernstein polynomi-
als have been studied by many authors, Chlodovsky polynomials have
not studied so much. Because Chlodovsky polynomials are defined on
[0,b,,] which is being extend to [0, 00) when n — oo and classical Ko-
rovkin theorem invalid on infinite interval. Some studies about Chlodovsky
can be found in [2], [8], [10], [9], [12], [13].

2 Preliminaries

Let Cla, b] be the space of all continuous functions on [a, b] in which the

norm of any function f is defined by

[ Fll¢pap 7= max [f(z)].

z€[a,b]

The well-known Bernstein polynomials were defined as the following
for any f € C[0,1]

~  k
) Bu(fio) = Y k)
k=0
where ¥ (z) = Z 2% (1—z)"~*. Chlodovsky polynomials were defined

as the following for any f € C[0, c0):

&) By(fi) = Y (b)), <z <b,
k=0 "
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where (b,) is a sequence has positive real terms, increasing and has the

following conditions:

bn
(3) (7) lim b, = o0, (17) lim —=0.

n—o00 n—oo N
Cao introduced the generalized Bernstein polynomials defined by

Sn—1

(4) Cu(f) Z (Zf e 1)) o)

for a sequence of natural numbers (s,) and s, > 1. It is clearly that, if
sn = 1, then C(f;2) = Bu(f; 7).

Now we give New-type generalization of Chlodovsky polynomials :

(5) C*(fix) = Z(anf:j_l ))%(%), 0<a< b,

It is clearly that, if s,, = 1,then C*(f;z) = B:(f;x).
When we plot graphics of C*(f;z) and B} (f;x), we see that: If we

take (s,) with lim s, = oo but lim — = 0, then their graphics coincide
n—o00 n—oo n

Sn
with, for sufficiently large n. If we take (s,) with finite lim — then
n—oo N
B (f;x) approximate to f better than C}(f;x). To show that, we give
some plots in the end of study.

(2) has the following equalities:

By((t - a)%) = L= 0)
n
and
* 2 b%
xg[loagi]B (t—x)%2) = e

2
4—" does not converge to zero when n — oo for any sequence (b,,) satisfies
n
2

(3). For instance if we choose b, = In(1 + n), then lim ™ = 0, but if
n—oo 4n
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2
1
we choose b, = /n,then lim b—" =71 Because of the fact that, Ibikli

n—oo 4n

[11] replaced b, by v/b, for (2) and in the same study ,he replaced the
2

second condition of (b,,) which is given in (3) by lim — =0, in his last
n—oo N
theorem.

Throughout our study we will use the conditions
b2
(6) (7) lim b, = o0, (i7) lim — =0
n—oo n—oo M
for the sequence (b,,).
Cao [4], proved the following main results.
Theorem A For every function f € C[0,1], if and only if lim Sn 0,
n—oo M
then
7}220 |Cnf — fHC[o,l] =0,

n—1 1
i —= < 1} there holds:

\/ﬁ
n— 1 1
160 = Flloy < 0 (20 + 7).

Here w (f, d) is the first order modulus of continuity of continuous f.

and forn € @ ={n: ne N, and 0 <

Now we will use weighted Korovkin-type theorems, proved by Gadzhiev

[6], [7].
Let p(z) =1+ 22, 2 € (—o0,00) and B, be the set of all functions f

defined on the real axis satisfy the condition

|f (@) < Mp(x)

where My is a constant depending only on f. B, is the normed space with

i, = s T ep,

2€(—00,00) p( )

the norm

C), denotes the subspace of all continuous functions in B, and C;f
denotes the subspace of all functions f € C, with

i @l
jel—o0 p()

:Kf<OO
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where K is a constant depending only on f.
Theorem B ([6], [7]) Let {7} be a sequence of linear positive ope-

rators taking C, into B, and satisfying the conditions
lim ||T,(t";2) —2"||, =0, v=0,1,2.
n—oo
Then for any f € C'['f,
lim |7, f — f[l,=0
n—oo
and there exist a function g € C, \ C% such that
lim ||T,g — g||p > 1.
n—oo
Applying Theorem C to the operators

Valfiz), if v €10,a,
To(f;2) = ;) . 0, 0

f(x), if x> ay
one then also has the following theorem.

Theorem C ([7]) Let (a,) be a sequence with lim a,, = co and {V,,} be

n—oo
a sequence of linear positive operators taking C,[0, a,] into B,[0, ay).
If forv=0,1,2
i [Va(0%2) = 7], g, = O,
then for any f € Cﬁ [0, @]
iy V2 = £l 0 =0

where B,[0, ay], C,[0, a,] and C%[0, a,] denote the same as B, C, and C¥
respectively, but the functions taken on [0, a,,| instead of R and the norm

|/ ()]
1/l 0.0, = sUP :
,0,[0, ’ﬂ] $€[0,an] p(:c)

is taken as
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3 Auxiliary Results

In this section we shall give some properties of C( f; x) which we shall use

for main theorems and a approximation theorem by means Korovkin’s

theorem.
Lemma 1
(7) Ch(Liz) =1
ern N (S, — 1)(b, — 2x)
(8) Crt;x) =x + 2+ sy — 1)
(a2, o o {nbes, — [(28, — 1)n + (s, — 1)%] x}
Cr(t5x) = o°+ PER—
($p — 1)(28, — 1)b?2
©) 6(n+ s, —1)2

- [
2(n+s, —1)3
— {6s,n° +2(3s2 — 65, + 1)n — (s, — 1)°} 2]

Sp(s, —1)%3

Cxt*z) = 2°+ 2s2nb2 + 3(s, + D)n(n — )b,z

4(n+ s, —1)3
Cxtho) = '+ m [(s3 — 6)nb? + (252 + 3s, + 2)n(n — )b

+2(s, + 2)n(n — 1)(n — 2)b,a” — {2(2s, + 1)n°
+(6s; — 125, + 1)n} 2
+(sn —1)(2s, — 1)(3s% — 3s,, — 1)b?

30(n+ s, —1)4

Proof. If we use the equalities

—1 b,
Bi(Li2) =1, Bi(tio) =z, Bi(t%2) = a2 + 228

n n
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(see, for instance[10], [11]),

By(t) = = 1>(’; UL ?b"xQ + bi—f
n n n

B;(t4; ) _ (n — 1)(” _32)<n - 3)]74 + 6(” - 1)(%3— Z)bnx?’
n n
7(n — 1>bil’2 5b$’lq;
n3 N n3

and
TN sa(sn—1) IR, sa(sn—1D2sy—1) = 4 [salsa—1)]7
Z J = P ] = , 77 = ,

2 : 6 2

T2, (s — 1)(28, — 1)(352 — 35, — 1)

> J'= ,

30
7=0

we will get desired results.

Lemma 2

r{[n—(s,—1)* bp+(s,—1) [4n—(2n—1)s,— 1] x — nx}
(n+s, —1)

Ch(t —a)*2) =

(50 — 1)(28, — 1)b2

n

6(n+s,—1)2 "~

(10)

* 2. _ [n_(sn_l)Z]z b?z
0Z2bn Callt —2)%52) = d(n+s, —1)?[n—(s, — 1) (4n — (2n — 1)s, — 1)]

(8 — 1)(28, — 112
(11) 6(n+ s, —1)?
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3n(n—2) — (s, — 1) [8n+6n(s, — 1) — (s, — 1)%]

Gt - 2)s ) = L .
N —6n(n — 2)+(s,—1) [16n+12n(s, —1)—2(s, —1)?] bt
(n+ s, — 1)*
1
+ s = 1) n(Bn —7) — (s, — 1) {11n + 8n(s, — 1)
— (50— 1) = 2(s, — 1)°}] b22?
—5n— (s, —1) [B4+2n(s,—1)— (sp— 1) (s, — 1)%] 5
+ (nt s, — 1) b, x
(8 — 1) +9(s, —1)3 +6(s,, — 1)* ,
(12) i (n+ s, — 1) On.

Proof. If we use Lemma 1, linearity of C, and equality

(t —x)* = t* — 2zt + 2% we get (10). By using first derivative of
Cr((t — z)%x) , we will get desired result of (11). If we use Lemma 1,
linearity of C*, equality (t — z)* = t* — 4at® + 62%2 + 423t + 2! we get
(12)

It is easy to see that (See [4], p:143])

4b? (s, — 1)2
* o 2. ~n n

) e G-t < gt |1+ L]

Now we want to find upper bound for C*((t — x)*;x) where n > 2
and 0 < x <b,,.

3n?+ (s, — 1) 16n(s, — 1) + 12n(s, — 1)?

4
. 1, 1 1
Cullt —2)50) < (n+s, —1)* b ¥ (n+s, — 1) b
3n? + (s, — 1)3 + 2(s, — 1)4b4 N (8 — 1% + (s, — 1)4b4
(n+ s, — 1) " (n+ s, — 1) "
N ($n = 1) [=1+4 (8, — 1)+ 9(sp — 1)* + 6(s, — 1)?] "
(n+ s, — 1) "
B 61>
(s, —1)8

10(s, — D)* 4+ 11(s, — 1)3 + (12n + 1)(s, — 1)® + 16n(s,, — 1)b4 ”
(n+ s, — 1) "




Rate of approximation new-type generalization ... 133

2 —1
If we use the inequality 2nlsn =) < 1, then
(n+ s, — 1)
14n2  11(sy—1)2 ((s,—1)2+(s,—1))  13(s, —1)?
C;((t—l’)4;$< Z 4 (8 ) ((8 - ) +(S )) | (S - ) :|b;1L
n n n
-1 2 -1 2 -1 -1 2 2\ 2
<14{1+(5n V(sn =17+ (50— 1) (5 )](b_n>
n n n n
n—1)? W12 (s, -1 b2\
<14P+EL——L(L+@ L C ))]<£)
n n n n
s .Sy
If we take lim * = K < oo, then we have lim — = 0. So, for all
n—oo N n—oo 1
1
sufficiently large n, (5n = 1) < 1. Finally we have
n

Cr((t—x)hx) < 28 {14-@(1_%@)} (%)2
(14) < 28 {1+(3"n;1)2r<@)2_

n

Theorem 1 For any f € CX[0, oo)

(15) NG = oo =0

2
it is sufficient and necessary that lim Zn is exist and bounded.

n—oo M,
Proof. Because of the condition on f , there is a positive My > 0 such
that | f(z)| < M;(1+2?). Then for any x, t € [0, b,] we have the following

inequality: (See: [6], [7], [8])
(1) = f(@)] < e+ 2M(0)(1 + 2*)(t — x)*
0 +0+1
5 .
If we use (7), (13) and linearity of C},then we get
Calfiz) = ()] < CLf(t) = f(2)];2)
< e+ 2My(8)(1 +2°)Cr ((t — 2)*; )

where Mf((S) = Mf

= €+§ () (1 + 2?) {1—1—
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Thus
o | C(fy2) — f(2)]
71131010 ||Cnf - f”p,[O,bn} - nhﬁ\nolo 0<S;l£bn 1+ ?
n - 1 § b2
< i (e a1 B2 )
b

n—oo

_1)27 B2
= &t—l—ng(é) lim [1—1—@} g"

Sufficiency: Because of the condition on (s,), there is a constant

K > 0, such that lim n_ K So, we have

n—oo M

: . 8 b
nlggo 1Cof = ooy =€+ 5 Mp(6) [1 + K] lim —.

3 n—oo M

Consider (6) and since ¢ is arbitrary, we get lim [|C}f — fl| ) 4. = 0.
n—r00 EEn
Necesity:If we take f(t) = t?, it satisfies the condition
|f(t)] < M;(1+t?). Then we can use it in (15),

C* t2. 2
lim ||Cit* — 22| p,op,) = 0. That is lim Ca(thsz) = 27| = 0. Be-
n—00 o n—00 1+ x2
cause this equality holds for all = € [0,b,], we can put = = 0. So,
lim |C*(t%0) — 0] = 0.
n—oo

Now use (9)

n_12 n_]_ b2
0= Tim [C3(#%0) — 0] = fim |Cn =", (n = ] b

n—00 n— 00 n n n )
2 .2
. . . n .
Furthermore, since we have lim — =0, lim —— must be finite.
n—oo N n—oo N

Corollary 1 For any f € C[0, c0)

Tim 1Bnf = fll,cpo,) = 0-

Proof. Put s,, =1 in Theorem 1, we get desired result..
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4 Rate of approximation Of C(f;z) in

weighted spaces

Now we want to find rate of approximation of the sequence of linear
positive operators {C;;} for f € C%[0,b,]. It is well known that, the first

modulus of continuity

w(f;0) = sup{[f(t) = f(2)| - , 2 € [a,b], [t — x| < 0}

does not tend to zero, as 6 — 0, on any infinite interval.

In [12] it has been defined a weighted modulus of continuity Q(f;Jd,)
which tends to zero, as 6 — 0, on infinite interval. A similar definition
can be found in [1].

For each f € C%[0,b,] given by

e |f(x+h) = f(z)]
(16) Qf30n) = \h\gai?e)[o,bn} (1+22)(1+ h?)

In [12] it has been shown the following properties of Q(f;4,,) :
(1) im Q(f;8,) = 0 for every f € C¥[0,by).
6—0

(1) For every f € C¥[0,b,]
(17) () = f@)] < 2(1 +03) (1 + 2*)Q(f300)-Salt, ),

where
|t —

Sn(t,z) = (1 + (5—) (1+(t—2)%).
(7i7) For any positive integer m
(18) Q(f;mén) < 2m(1+672)Q(f; 65)
It is easy to see that:
2(1+62), if |[t—z|<d,

< o 4

n
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Theorem 2 If f € C’S, then the following inequality holds for all suffi-

ciently large n ,where K is a constant independent of n and

lim 2r = is bounded, then

n—oo N
|Cx(f;2) — f(z)] 9 b;
n < 3552(1 + K)2.Q(f: 4] =2
mes[lggn} e < 3552(1 + K)=.Q(f; n)
holds.

Proof. By using (5) , (7), (17) we get

(Cr(fa) = f@)] < 201+ 63) (1 +2*)Q(f;0,) Cr(Salt, ) )

)4
and by (19) we have S, (t,2) < 2(1 + 62) [1 + (t 5493) } . Then by (14)
we have !

Co(f50) = F(@)] £ 40+ B+ )0(f58)C0 + 570 — )52

e @]

" — 1 2 b2 2
Put 6, = (28)Y44/1 + u\/ > and consider lim " = K and
n n

414 62)2(1 + 22)Q(f; 6,)

n—oo M
2 2
lim = =0, we get for sufficiently large n , — < 1 and then
n—oo N n

(1+62)2 < 37(1 + K). Thus we get

(Sn B 1) b_n)

n n

Cafi2) = fl@)] < 20601+ K)(1+2)Q(f5 (28)""4 1+
Now use (18) and (28)'/* < 3, then we get desired result,

Co:0) PO _ g 1 gy J1g B B

14 22 - n n
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5 Some Plots

1) Comparison of approximation of C¥(f;z) and B!(f;x) to f(z) =
exp(—z).(1 + 2?).sin(z) in the region [0, 5] for n = 10 and 50 with
lim 2° = 0, (sp, =In(2+n)).

24

--------------------- =C*n(fx)

Figure 1. Comparison of B}, and C; for n = 10.

P
Continuous line=The main function
=B*n(f:x)

Figure 2. Comparison of B}, and Cj, for n = 50.
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2) Comparison of approximation of C*(f;x) and B!(f;x) to f(z) =
exp(—z).(1+ z?).sin(z) in the region [0, 5] for n = 10 and 50 with finite

. Sp 2n —
but not zero lim — (s, = ).
n—oo M n
.
yo1
0 - A
1 1 H o4 5
N
\'\_ The main function
N ~.Cnifx)

B n(f:x)

Figure 3. Comparison of B;, and Cj, for n = 10.

74

24

The continuous line=The main function.
............................... =B"n(fx)

—————————————————————————— =C*nff;x).

Figure 4. Comparison of B;; and C; for n = 50.
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