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Optimal control of a stochastic version of the
Lotka-Volterra model !

Adela Ionescu, Mario Lefebvre, Florian Munteanu

Abstract

We study a controlled dynamical system that reduces to the Lotka-Volterra
model of competition between two species if the control variable is taken iden-
tically equal to 1. Next, a stochastic version of the feedback linearization of the
system is considered. The aim is to maximize the time that the ratio of the
number of individuals of each species remains between two acceptable limits,
taking the quadratic control costs into account. An explicit solution is found
by solving the partial differential equation satisfied by the value function.

2010 Mathematics Subject Classification: 93E20, 93B18.
Key words and phrases: Stochastic control, Wiener process, feedback
linearization.

1 Introduction

We consider the controlled system

(1) i) = aw(t) - ba(O)y(t)u(t),
(2) Jt) = —ey(t) + da(t)y()u(t),

where a, b, ¢ and d are positive constants. If u(t) = 1, this system is the Lotka-
Volterra model of competition between two species, which is a basic dynamic pop-
ulation model in two dimensions. The term ax(¢) entails that, in the absence of
predators, the prey population increases exponentially. Similarly, the term —cy(t)
means that, in the absence of prey, the predator population decreases exponentially.
Moreover, the term —bx(t)y(t) (respectively dx(t)y(t)) implies that the decrease of
the prey population (resp. increase of the predator population) is proportional to
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4 A. Ionescu, M. Lefebuvre, F. Munteanu

the frequency of the encounters between predators and prey, which is assumed to be
a function of the product z(t)y(t); see [7] and [8].

Suppose that we want to keep the ratio z(¢)/y(t) of the number of individuals
of each species between two acceptable limits, k1 and ko, for as long as possible.

In the next section, we will compute the feedback linearization of the above
system. Then, in Section 3, we will consider a stochastic version of this feedback
linearization. An optimal control problem will be set up and solved explicitly in one
special instance. This type of problem has been termed LQG homing by Whittle
[9] and has been considered extensively by the second author in a series of papers;
see, for instance, [4] and [5]. In general, the problems that could be solved explicitly
so far are for one-dimensional systems. Makasu [6] obtained recently an explicit
solution to a two-dimensional problem.

Finally, we will end with a few remarks in Section 4.

2 Feedback linearization

We rewrite the system in the form (see [1] and [3])

(3) x =f(x) +g(x) v,

0 00— () ana w0 (0 ).

If T(x) is a diffeomorphism and z = T(x), then we have:

oT

(5) 2=

[f(x) + g(x) - ul.
Since T is a diffeomorphism, T~! exists and we have:
(6) x =T !(z).

In order to achieve the feedback linearization of the controlled system, we must
choose T(x) = (T1(x), To(x))" such that (see [2])

Tl g = 0,
(7) M) g+ 0,

M .f = 1

We find that

- (47 ).
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Using the transformation
9) z1(t) =dx(t) + by(t) and z2(t) = adz(t) — cby(t),
we obtain that the feedback linearization of the controlled system is

(10) Z21(t) = 2(1),
(11) Z(t) = a?dz(t) + b 2(t) — (a + ) bdzi () zo(t) u(t).
Notice that we can write that

cz1(t) + z2(t)
d(a+c)

az(t) — zo(t)

(12) x(t) = and y(t) = b0t o)

In the next section, a stochastic version of the system (10), (11) will be consid-
ered.

3 Stochastic control

We consider the controlled stochastic system

Z1(t) = (),
Z(t) = azdzl(t)—i-bczzg(t)—.(a—i-c)bdzl(t)zg(t)u(t)
(13) + [v(z1(8), 22(0)] AW (1),

where v(21(t), 22(t)) is a non-negative function, and {W(¢),t > 0} is a standard
Brownianmotion.

Let z1(0) = z; and 22(0) = z2. Based on the acceptable values ki and ks (with
0 < k1 < k2) of the ratio z(t)/y(t), we define the first-passage time

. 29(t)  adki—bc adks —bc
14 =inf<¢t>0: =
(14) 7(z1,22) i=in { =V T dki+b O dka+b J°

and we consider the cost criterion

7(21,22)
(15) J(Zl, 22) = /0 {;qozl(t) Zg(t)’UJQ(t) + ’7} dt,

where go > 0 and v < 0 are constants. We look for the control u(¢) that minimizes
the expected value of J(z1, 22).

Remark 1 Because 7y is negative, the aim is to maximize the time that the ratio
z9(t)/z1(t) remains between the two boundaries, taking the quadratic control costs
into account. Moreover, the term z1(t) zo(t) in front of u(t) is because the larger the
number of individuals is, the more expensive it should be to control the two species.
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Remark 2 We assume that adk; —bc > 0, so that zo(t) will also be non-negative
between the initial time t = 0 and the stopping time T(z1, 22).

Let F(z1,22) be the value function; that is,

(16) F(z1,22) = inf EJ(z1,2)].

u(t),0<t<7(z1,22)

Making use of dynamic programming, we find that F is such that

1
0 = §qozlzgu2 +y+2F,, + (a2d21 + bCZZQ)FZQ

1
(17) —(a+¢)bdz 29uF, +§v(zl,zg)FZ222,

where u = u(0)

Differentiating Equation (17) with respect to u, we obtain that the optimal
control is given by

a+c)bd
(18) u* = QFZ2 =kF,,.
do

Substituting this expression into (17), we obtain that F' satisfies the second-order
non-linear partial differential equation

1 1
(19) 0= —iqonzzlzg (F22)2 +y+2F,, + (azdzl + bCQZg)FZQ + 51}(21,22)FZ222.

The boundary conditions are

. 7z9 adki —bec adkys —be
(20) (z1,22) = 0 A = e O T

Moreover, because 7 is negative, we must have:
(21) F(z1,22) <0.

Next, assume that

(22) v(21,22) = 08 2129 (> 0)
and let
(23) D(21,29) 1= e (122,
where

bd)?
(24) a:= M (>0).

qo0
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We find that the function ®(z1, z2) satisfies the second-order linear partial differential
equation

1
(25) —va® + 2®,, + (a’dz + bP 2) P, + 50821 290®P,,., =0,

subject to

.. z9 adky—be adks — be
26 ® 1 o2 .
(26) (21,22) if = s dh 10

Finally, let us try a solution of the form
(27) O(21,22) = ¥(2),

where z := 29/z1. We find that Equation (25) is transformed into the ordinary
differential equation

1
(28) _70“1’—22‘1’/+(a2d+bc2z)\lf’+§a§zqz”:0.

The boundary conditions are

adky — be or adks — be
dki+b dky +b

(29) U(z)=1 ifz=

Let us consider the following particular case: a = 1/2, ¢ = 1/3, b = d = 1,
go=o03=1,v=—1,k =2/3 and ks = 5/3. We first calculate

25
30 = .
(30) o=
Equation (28) becomes
25 1 1 1
A N Ry [N [
(31) 36 z +<4+9z> +22 0,

and we find that the two boundaries are at 0 and 3/16.
Making use of the mathematical software Maple, we obtain that the general
solution of Equation (31) can be written as follows:

12
(32) U(2) = ¢; HeunB (—2, 923 —z) + cov/zHeunB (, - §, §, —z) ,

where HeunB is a special function. The constants ¢; and co are uniquely determined
from the boundary conditions ¥(0) = ¥(3/16) = 1:

4 (1 HownB (3. 3,38, ) vEsHowD (3,3, 3.3,-2)
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Figure 1: Value function F(z; = 1000, 22) for 0 < z9 < 187,5.

Figures 1 and 2 show respectively the value function F'(z1,z2) and the optimal
control when z; = 1000. Then, the variable zy belongs to the interval [0;187,5].
Notice that the value function F(z1,z29) is a function of the ratio z9/z1, but the
optimal control is not, because it is expressed in terms of the partial derivative of

F(z1, z9) with respect to zo.

140 160 180

2
20 P =

—0.005 -

—0.015

-0.02

Figure 2: Optimal control u* for z; = 1000 and 0 < zo < 187,5.

4 Concluding remarks

In this note, we obtained an explicit solution to a stochastic optimal control prob-
lem for an important system in a particular case. For a different choice of the
function v(z1, z2), we could try to solve the appropriate partial differential equation
by making use of numerical methods. Finally, we could also try to find a subopti-
mal control, either by making some approximations, or by choosing the form of the
control variable (for instance, a linear control).
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A class of Aczél-Popoviciu type inequality !

Adonia-Augustina Oprig

Abstract

In this paper we give a new generalized and sharpend version of Aczél-
Popoviciu inequality via positive and homogeneous functionals.

2010 Mathematics Subject Classification: 26D15, 26D20, 26D99.
Key words and phrases: Aczél’s inequality, Popoviciu’s inequality, positive
functionals, convex functions, Holder’s inequality.

1 Introduction

The Aczél’s inequality states that if ay, by, k = 1,n are positive numbers such that
n n
a%—Zai>0 or b%—Zbi>O
k=2 k=2

then

n n n 2
(1) (a% — Z a%) <b% — Z bz) S (a1b1 - Z akbk>

k=2 k=2 k=2

with equality if and only if ay, by, k = 1,n are proportional.
Aczél [1] published inequality (1) in 1956. In 1959 Popoviciu [4] gave a generalized

of (1).

Theorem 1 (T. Popoviciu) Let p > q > 1, = + - = 1 and let a;,b;, i = 1,n be

"=
Q| =

positive numbers such that

a’f—Zaf>0 and b%—2b3>0
i=2 i=2

L Received 12 June, 2016
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12 A.A. Opris

then

n % n % n
(2) <a€ — Z af) <b({ — Z bg) S a1b1 - Z aib,-
i=2 i=2 i=2
(exponential generalization of Aczél’s inequality).

Many mathematicians have been given different proofs, various generalizations,
improvements and applications of inequalities (1) and (2) (see and the references
therein).

In this paper we give an inequality of Aczél-Popoviciu type via positive homo-
geneous functionals.

Let I be a nonempty subset of R and L be a class of real valued functions on I
such that, if f,g € L and A is a positive real number then:

a) f-g¢€L;
b) [f|P € L for p > 0;
c) A\felL.
Let A be a functional, A : L — R, such that
i)if f € L and f >0, then A(f) > 0;
ii) if A >0, f € L follows that A(Af) = ANA(f).

We note that, if L is a linear set and A is a linear positive functional, then the

following theorem holds:

Theorem 2 (Hoélder’s inequality) Let L be a linear class of real valued functions.

If p,g >0, ;—1—(11 =1 with f,g >0 and fP,g% € L, then
(3) A(fg) < (A(f7))7 (A(g)s.

2 Main Result

Let L be a class of real valued functions which satisfies the conditions a), b) and c)
and A be a real functional defined on L which satisfies conditions i) and ii).

Theorem 3 Let A be a positive and homogeneous functional defined on L. Let
1 1

p,q >0, —+—-=1andlet f,g € L, f,g > 0 such that a? > A(fP), b? > A(g9),
p

where a,b are two fixed positive numbers. Then the following inequality holds:

(4) (a? — A(f7))7 (b — A(g"))
1 1 p
1 b; PY\p 1 . ﬁ q %
<ab—maX (pa(;(A(f )) +q bp% (A(g )) ) )
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Proof. Let

3 =
N
—~
Q
S~—
S~—
2=

(5) x:@“f»emu and y= Y0

Using the Young’s inequality

101 1 1 1 1
ur v1 < —u+-v, —+-=1foru=1—2P andv=1— ¢
p q D q
we have
©) Q- —y)i < (et (1 —yh) =1 a? — oyt
op q p q

Because the functions t? and t? are convex on [0, 1], by Jensen’s inequality we get

1 1 1 1 » 1 1/ 1 \p 1 1 1\’
P + ,yq = P + —yr-1 = P + = (yp—l) > -z + —ypr-1
(7) p q p p q p q
1 1 1 4« 1 1/ 1N\¢ 1 1 1 1\1
—aP + ,yq = —ga1 4 ,yq — (:Bq—l) + ,yq > | —ga1 4+ -y .
p q p q p p

So, from (6) and (7) follows

i ! 1 1 12 \? /1 1+ 1\1
(1—2aP)p(1—y?)ea <1—maxq |(—-z+—-yr 1| |-zt + -y .
p q p q

Using (5), the relation is equivalent to that

(a” = A(f?))7 - (% = A(g%))

Q=

< ab —max < ab 1.(A(fp));_|_1<(‘4(gq));)p_l 7
p a q b
ab 1((14(fp))P)("_ljL (A(g?))s
p a q b
So o
o |1 A 1 ((A(gq)ﬁ)””
p a q b
_a%ilﬁﬂﬂqu%;lom¢W>rl
p a q b
BT ol 111 ((A(gq))%)%
= [or v (AT +arbe - .



14 A.A. Opris

and

ab

11
= |aaba -

After that, we obtain (5).

Corollary 1 If the conditions from Theorem 8 are satisfied, then the following
Popoviciu-type inequality holds

< ab— (A(f7))7 (A(g"))1.

Q=

(8) (a? — A(f7))7 (b7 — A(g%))

Proof. Using the inequality

lu—i-}vzu%-v%, 14—1:1, u,v >0
p q p
we obtain that
1 1 P
br 1 P 1
(9) <1 gy + L q<A<gq>>p>
p ad q pr
L 1 L p
br 1\’ P 1\°
> <1(A(fp))P> ( <A<gq>>p)
a1 br?
b% 1 % 1 1 1
= —(A(f?))» -Zl(A(gq))q = (A(f?))? - (A(g7))«
ad P
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> [( = <A<fp>>é)p . (‘wagq»i) ]
=Y agmys- ?(A(gq»«? = (A7 - (Alg")

So, from (10), (11) and (5) follows (9).

Corollary 2 If L is a linear set of functions and A is a linear positive functional,
then

(11) (a” — A(f7))7 (b9 — A(g"))7 < ab— A(fg).

Proof. By (3) and (8) we obtain (11).

3 Particular cases

Define )
A = [
where f:[0,1] — R, f being an integrable and positive function on [0, 1].

So A(f) is a positive linear functional.
Taking

1 1
a? >/ fP(x)de and b7 >/ g1 (z)dx
0 0

1 1
where f,g > 0 on [0,1] and a,b are two fixed positive numbers, p,q¢ >0, — + - =1
P q
it follows that

1

<ap—/01 fp(:c)dx>p (bq - /Olgq(w)d:c>; <ab— Olf(:c)g(x)da;

equivalent with

For p = ¢ = 2 we obtain

(ST

(= A(f%))2 (1 = A(g%))% < ab—A(fg) + (a®— A(f*) (b~ A(g?)) < (ab— A(fg))*

(a Aczél-Popoviciu type inequality).
For this case, the reason of an elementary proof is to define the function

h:(0,400) = R, h(t) = t*(a® — A(f?)) — 2(ab — A(fg))t + (b* — A(g?)).
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is sufficient to remark that the function h has two real roots if and only if A > 0.

But

So,

equ

h(t) = (t2a® — 2abt + b*) — (t2A(f?) — 2A(fg)t + A(g%))
= (120 — 2abt + b%) — A(2f? — 2f gt + ¢%)
= (ta —b)* — A((tf — 9)°).

b
For t = — we have

f(2)=a((Br0) ) <o a0

the equation h(t) = 0 has real solutions. It follows that
A > 0= 4(ab— A(fg))” — 4(a® = A(f*))(b* = A(¢%)) = 0
ivalent with Aczél-Popoviciu’s inequality for positive real functions

(a® = A(f%))(b” = A(g%)) < (ab— A(fg))*.
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Some properties of Bernstein type Cheney and Sharma
Operators !

Giilen Bagcanbaz-Tunca, Aysegiil Erencin, Fatma Tagdelen

Abstract

In this paper, we prove that Bernstein type Cheney and Sharma operators
preserve modulus of continuity and Lipschitz continuity properties of the at-
tached function f. We also introduce a result for these operators when f is a
convex function.

2010 Mathematics Subject Classification: 41A36.
Key words and phrases: Modulus of continuity function, Lipschitz continuous
function.

1 Introduction

The classical Bernstein operators By, : C[0, 1] — C0, 1] are defined by

By (fiz) = kzn:of (i) (Z)xk(l—a:)"k, z€[0,1],n e N.

As is well known, some properties of the original function f are preserved by these
operators. Before mention some of them we recall some needful definitions.
A real valued continuous function f is said to be convex on [0, 1], if the following

inequality holds
f (Z ak?Ck) <> onf(an)
k=1 k=1

for all z1,x9, - ,z, € [0,1] and for all non-negative numbers aq, o, -, such
that o + g + -+ +a, = 1.
Let f be a real valued continuous function defined on [0,1]. Then f is said to be

L Received 15 June, 2016
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Lipschitz continuous of order v(0 < v < 1) on [0, 1], if there exists a constant M > 0
such that
[f (@) = fy)l < M|z —y|”
for all z,y € [0, 1]. The set of Lipschitz continuous functions of order v with Lipschitz
constant M is denoted by Lipys(7).
A continuous and non-negative function w defined on [0, 1] is called a modulus of
continuity function, if each of the following conditions is satisfied:
i) w(u+v) <w(u) +w(v) for u,v,u+v € |0,1], i.e., w is semi-additive,
i) w(u) > w(v) for u > v, i.e., w is non-decreasing,
iii) lim, g+ w(u) = w(0) = 0.
We now remind which properties of f are preserved by Bernstein operators.

(a) If f(x) is non-decreasing on [0, 1], then B, (f;x) is non-decreasing on [0, 1]
(Theorem 6.3.3 in [6]).

(b) If f(x) is convex on [0, 1], then By, (f;z) is convex on [0, 1] (Theorem 6.3.3 in
[6]) and also By, (f;x) > Buy1 (f;2) > f(x) for all n € N and all z € [0, 1] (see

[12]).
(c) If f(x) € Lipp(7y), then B, (f;x) € Lipp(7y) for all n € N and all = € [0, 1].

This result proved by Lindvall [8] with the help of the probabilistic methods. Later,
Brown, Elliott and Paget introduced more elementary proof for the same result in
[3].

(d) If w is a modulus of continuity function, then for each n € N B, (w;z) is a
modulus of continuity function also [7].

(e) If f() is a non-negative function such that =1 f(z) is non-increasing on (0, 1],
then for each n € N 7B, (f; ) is non-increasing also [7].

By using Abel-Jensen equalities (see [2], p.322 and p.326)
(u+v+nB)" :Z < > (u+kB)" v+ (n—k)B]" "

and

(1) (o) (utv+nf)" =3 (Z)u (ut kA oo+ (n—k)F" "

k=0

where u, v and f € R, Cheney and Sharma [4] constructed and investigated two
Bernstein type operators for f € C[0,1], x € [0,1] and n € N as follows:

Qn (fi2) = (14 nf)" Zf( )() (z+ kB [L =2+ (n - k)8
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and

G (f:2) = (L np)' ™" :0 ! <f‘;> (Z)x e+ k)" (=) L=t (n =] "

where [ is a non-negative real parameter. Clear that for 5 = 0 each of these
operators turns out to be the classical Bernstein operators. It is well known that if
nB = npf, — 0 as n — oo, then we have lim,, - Q, (f;2) = f(x) for f € C[0,1]
(see [2], p. 322-326). In this paper, we only concern with the Cheney and Sharma
operators defined by Gy, (f;x) := Gp(f)(x). We now give some results related to
these operators. Cheney and Sharma [4] proved that these operators reproduce only
the constant functions. In [9], Stancu and Cismasiu firstly showed that

G (t;z) = x.

Later, they established an approximation formula for the function f by means of
such operators and an integral representation for the remainder term of the approx-
imation formula. The authors also introduced an expression for this remainder term
in terms of the divided differences. In [5], Créaciun presented a new class of positive
linear operators included the operators G, (f;x) and examined some approxima-
tion properties of them. By using Adolf Hurwitz equality Stancu [10] constructed
a generalization of G, (f;x) and extended the results given in [9] for these opera-
tors. In [1] Agratini and Rus interested a general class of positive linear operators
of discrete type that gives the operators G, (f;z) as a special case, and studied
approximation properties of them and also convergence of the iterates of these oper-
ators. By means of Abel-Jensen type combinatorial equalities Stancu and Stoica [11]
introduced some algebraic polynomial operators such that one of them involves the
Cheney and Sharma operators. They investigated uniform convergence property of
these operators and evaluated the remainder term corresponding to approximation
formula of f.

2 Main results

In this part, by using the same technique in [3] and [7], we firstly show that if w is
a modulus of continuity function, then G, (w) is also. Later, we prove that G, (f)
preserves the Lipschitz constant M and order v of a Lipschitz continuous function
f. Finally, we introduce a property of G, (f) under the convexity of f.

Theorem 1. If w is a modulus of continuity function, then Gp(w) is also a modulus
of continuity function.

Proof. Let z,y € [0, 1] such that y > z. Then from the definition of G,, we have

n

Go(Wiy) = (1+nB)' "y w (i) <?>y (y+3iB)Y (A=) [1—y+n—58""""

J=0
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In the equality (1) if we take u = x, v =y — x and n = j, then one has

J

vy +iBy- Z() (2 + k8L (g — 2) [y — 2+ (j — k)BT

k=0

and so

Gy (wiy) = (1 +nB)'~ njzn:()kiow<.>< ><‘;>az(m+k¢5)k_1

x(y—2)y—z+G -k T A-y[l—y+ -5

Changing the order of the summations and letting j — k = [, we obtain

Gn (wiy) =(1+nB8)'" "ZZ ( ) n—j‘::( k)!x(m#—kﬁ)k*l

k=0 j=k

x(y—2)y—z+ G-k Ayl —y+ 5"
n—=k

- 1—n " e k+1 n! k—1
=(L+nb) k_();“( n >k!l!(n—k—l)!$(x+k5)

n—k—Il—1

x(y—z)(y—z+1B) T A-y)[l-y+n—k-1)F]
On the other hand,

G (w;z) = (14+np) " k;w (i) (Z)x (@ + kB L (1—z) [1—a+(n—k)B]" """

In (1) replacing u, v and n by y — z, 1 — y and n — k, respectively, we get

(L-2)[1—z+(n—k) ”’“_2<”—> et 18!

x(1=y)[1—y+m—k=0g" """

Using this we reach to

-n n! _

X (y—x)(y— +z5)l 1(1_ )[1_y+(n_k_l)5]n_k_l_1.

Thus from (2) and (3) it follows that
n n—=k
k k+1 l k n!
. - . 1 1 n § : v

(x+k6)k y—:v)(y—:rJrlﬁ) -y
x[1-y+(n—Fk- l)B}nik*l*l.
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Inverting the summations we conclude that

Gn (w;y) — Gp (w3 )

=(1+nB)'" )
k=
(4)

n! (n—1)!

n
l

] Nn—=0DVkl(n—k—=1)!

—y)[l-y+m—k-np"

I

) <”]; l)x (x + kB)F !

n—k—1—1

X (y—x)(y

Since w is a modulus of continuity function, we have
k+1 k l
“(57) () =)
n n n

Gp (w;y) — Gp (w; )

Therefore,

<1+ nﬁ)l‘"ggw (i) (7) <",; l):r (e + k)

x (y—2)(y—z+18) " (L—y)[L—y+ (n—k—0p]"

=(L+nf)" gw <i> (7) (y—=2) (y—z+18)""

n—I

= (n; l)”’" (e + k8" A=y [1—y+ (n—k-0)p]" "

Now in the equality (1), if we set z, 1 —y and n—1 in place of u, v and n, respectively,
then we find

n—l1

@+l-yz+l-y+m-0p"" =X

k=

(n;l)x(erkﬁ)kl(ly)
0
X [1_y+(n_k_l)ﬂ]n7kflfl

and so

A+n8)" iw (i) <7> (y—o)(y—z+18)""

=0

x(1=(y—2)[1=(y—a)+(n-1)p
=G, (w,y — )

Gn (W3 y) = Gp (wiz) <

n—I{—1
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which shows the semi-additivity of G, (w). From (4) we deduce that G, (w;y) >
Gy (w;z) when y > z. That is, G,, (w; x) is non-decreasing. Finally, by the definition
of G, it is obvious that lim, 0 G, (w;x) = G, (w;0) = w(0) = 0. Hence, we may
conclude that G, (w) is a modulus of continuity function.

Theorem 2. If f € Lipy(7y), then G, (f) € Lipp(y) for alln € N and x € [0, 1].

Proof. Let x,y € [0,1] such that y > z. From (4), one has

=(1+nB8)t™" 120:2:) [f (k:?;H) _ (S)] (?) <n;l>x(:€+k5)k—1

X (y—x) (?/—:c—klﬁ)lfl(l —y)[l _y+(n_k_l)6]n—k—l_1

f(’“Z’>—f<fi)

Since f € Lipp(7y), we can get

(3 e

|G (f3y) = G (f;2) |

<M(1+np)'" ”lzn;nzé(iy (?) <n;l>x(x+kﬂ)k1

X (y—2)(y—2+18) " A=y —y+@n—k-0s" """

w3 (1) (Do
Xﬂl( >$+k5)k1(1—y)[1—y+(n—k—l)5]

k=0

n—k—[—1

Using the Abel-Jensen equality given by (1), we find

G (f39) = G (f50)| <M (14 nB) ™" i (Z)W (7) (y—o)(y—z+18)""

n
=0

x (1= (y—2)[L—(y—2)+@m-0"""
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Now application of the Holder inequality with p = % and ¢ = ﬁ leads to

n
=0

(G (f19) = G (f12) | SM{ (14ns) "3 L (’Z) (y—2) (y— = +18)"
,
x(1=(y-)[1- -2+ (n—l)ﬂ]"_l_l}

x { (1+nB)'™" (7) (v =) (y—z+18)""

=0
1—
X (1 - (y_l’)) [1 - (y_x)‘f‘(n—l)/@]n_l_l}

=M{G, (t;y —2) }{Gp (Ly —2) } 7
=M (y — =)

which completes the proof.
Theorem 3. If f is convex , then Gy, (f;x) > f(x) for allm € N and x € [0,1].
Proof. Let

n—k—1

ap=(1+nB)'™" <Z

)x(w+k,8)k_l(1 —2)[1—2+ (n— k)]

and

Then, it is clear that
n
Zak =G, (Lz)=1.
k=0

By the hypothesis, we can write

Gn(fix) =) arflx) > f (Z Oékil?k>
k=0 k=0

= f(Gn (t;2)) = f(x)

This is the required result.
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Dual variational principle for a problem of stationary
flow of a viscous fluid !

Mioara Boncut,

Abstract

In this paper we formulate the dual variational principle for a problem of
stationary flow of a viscous fluid in a pipe with transversal section in the L-form
represented by a second elliptic equation with Dirichlet boundary conditions.

2010 Mathematics Subject Classification: 35J20.
Key words and phrases: variational principle, stationary flow, Dirichlet
boundary conditions.

1 Formulation of the problem

The equation that describes the stationary flow of a viscous fluid in a pipe, with an
arbitrary transversal section {2 with the boundary I', is [3]

d
pAu(z,y) = CTZ;’ (z,y) € Q

u(z,y) =0, (z,y) €l

where u is the velocity of the fluid, p is the coefficient of viscosity and Ap is the
pressure fall on the length, [, of the pipe.

(1 = const; l% = const; % = —%)
The problem is to determine the repartition of the velocity in the section 2. The

problem can be represented in the following mathematical model:

—Au=f, inQ
u =0, onI'

(1)

! Received 01 July, 2016
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_Ap
(f—ﬁ

We introduced the following elements:

)

H}(Q) ={uec H(Q)|u=0on T}

where H!'(Q) is the Sobolev space on );

a(u,v) = /Vqu dQ, Yu,v € H}(Q)
Q

(a(u,v) is a bilinear, symmetrical, bounded and coercive form);

o(v) = /fv dQ, Vv € H}(Q)
Q

(p(v) is a linear and bounded form).

Definition 1. A function u € H*(Q) will be called a weak solution of the problem
(1) if

(2) a(u,v) = (v), Vo € H}(Q)

In paper [3] is proved that the equation (2) has a unique solution (by the Lax
Milgram theorem) and u minimizes the functional.

(3) F(u) = / [[Vu|2 - 2fu} ds).
Q
Thus the problem (1) is equivalent to the following minimization problem

: 1
(Pv) { Find up € Hj(2)  such that

F(up) < F(u), Yu€ H}(Q).

The solution of the variational problem (P,) with € in the L-form, is deter-
mined using the Ritz method with finite elements through the procedure of local
approximation and ansembly [2].

2 Dual variational principle

We want to find a functional Fd(ﬁ) and a class W of admissible functions such that
the equality

(4) inf F(u) = sup Fy(W)
uGHé(Q) weW
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is satisfied.

We introduce the vectorial function @ and the functional parameter a

as

W= { L } eW = (HY(Q) x H'(Q)) = H“2(Q)

w2
T = { @ } e Ch?(Q)
a2
(CH2(Q) = CHQ) x C1(Q)) with B=Vd — [d|* > const > 0 on Q.

The Green formula can be written in the form

(5) /QWT-vudQJr/QuV-WdQ_/uwnds, we HY(Q), & e W(Q)

Q

where w, is the normal component of @ on I'(w, = w7 - 7).
Using (5) and the relation

(6) V-udd =uV -0+ W - Vu

can be write the following integral identities:

¢(E?,u):/Qv.uﬁdQ—/FuE?.WdgzOz/(E?.vquuv-m ds,

Q

¢(u7,u):/v-u27 dQ/u27~ﬁ>ds:O:/(Quﬁ'Vququ-E)) ds.
Q T Q

Then, the functional F(u), (3), u € H}(Q) can be represented
F(u) = F(u) = 26(W,u) + ¢(ud,u)
— 2 —
= Jo [+ 5 (u-3)" - % ~ ] a0

Where7:Vu+u7—ﬁand7:f—i—v-ﬁ—7-ﬁ. Since 8 > 0, it follows that

—9 1 9
(7) F(u)>—/g[\w! +E(f+v-ﬁ—7a?) dQ]
Let us define the functional Fy(w) : W — R,
Y N
(8) Fy(W) = /Q [\ ?+ 3 ] 40

where W = HY(Q) x H(Q).
Using (7) we can prove that

(9) F(u) > Fy(W) and sp Fy(W) < inf F(u).
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Definition 2. If (9) becomes an equality, then, Fy(W) , w € W is the dual functional
for F(u), ue H} ().

Let now present the conditions for which (9) is an equality.

Theorem 1. The functional Fy(W), W € H“>(Q) is the dual one for the functional
F(u), u € Hy(Q), if

(10) E? = wo = Vug + UO?

where ug is the weak solution of the problem (1) and between uy and Wo there exists
the relation

a w=Lev 7w

Proof. Let be ug the weak solution of the problem (1) and upd € H'2(Q), @ €

C12(Q). According to the definition of ug, @y and @, we can write:

7\u—uo,ﬁ Wo = Vug +uyd — wp = Vug +uyd — Vug —upd =0

o — }3 F 4V (Vao +u@)] — @ (Vuo + uo @)

uQ
= ..=u——=p=0
g
Consequently, in the specified conditions, 7 =0 and u = % will be choosen in

(7) and then in (11) the equality is fulfilled. This mean that Fy(W) is the dual
functional for F'(u).
The dual variational problem is

w- gl +V-T-T @] -

(Pvd) Find the variational function wj € H>2(Q) such that
Fy(wh) > Fy(w), Vw € HY2(Q)

Algorithm Ritz for the dual variational problem:
We choose the Ritz approximation in the form W, = (w1n, wan)T where

win (@, y) Zbksowcy (z,y) €% by €R

wan (2, y) Zcmom?y (z,y) €0 ey €R

q = k(z,y)T < % where R is the radius of the circle containing €.
We obtain

2
Fd(w—)n) = fQ |:w%n + an (f + 8w1n + 8w2n — a1W1in — a2w2n) :| dQ2

= (by, ...,bn;cl,...,cn)
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For ® — pznextrem (—%g—gz = 0; —%3—2 = 0) results the system:

n n
1
> ajebi+ Y Bjver =y
k=1 k=1

n n
2
Dby + 3 djper =15
k=1 k=1

where .
aj = /Q [@j%ﬁk + E(so;-x — a19;) (P — alsok)] ds
Bjr = = (@0 — 0190)) (Phy — a20%) | AL
Q
Yik = = (05 — 02905) (Pra — A100) | A
Q
]. / !
Ojk = | P + 5(%‘7’ — a20;) (P — a2¢pk) | S
w_ [f
Ty = /Q B(@jx — a1p;)dS
@_ [ [
Ty = /Q E(@;y - az%’)dQ
Numerical example: ¥ \

p=1,5-10"*Ns/m?; |

dp 3 1 dp |

—_— = — N = ———" ‘ |

g, = 000N M f ==l ' |

Q in the L—form With a = 07 1m ‘0' & e )‘(}

@ = (80x,80y); B = 160 — 6400(z% + 3?)

@k(mvy):::w<m7y)'pk(x7y) £z
with

st = vt (w00 o8 (- 2] )

pk(fc,y):x’y%k:§(Z+J)(1+J+1)+J+1,z,J:0,1,2---

and
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Bi-criteria problems for energy optimization !

Dorel 1. Duca, Ionut Traian Luca

Abstract

In this material we consider a new approach for energy optimization based
on bi-criteria problems. Similar method was successfully developed for portfolio
theory. We managed to extend and improve it. Due to optimization for energy
production which has an important impact on greenhouse gases, our models
bring some contributions to General Climate Models.

2010 Mathematics Subject Classification: 90C90, 90C47, 90C29, 90C31,
49J35.
Key words and phrases: optimization, minimax, Kuhn-Tucker, energy, extreme
events.

1 Introduction

Increasing population and climate change is generating a significant increase of power
demand. This is even more visible in arid and semiarid areas due to air conditioning.
Increase of power demand is generating peaks in consumption, which might be as-
similated to extreme events. To prevent brownouts as peak approaches grid capacity,
producers have two scenarios, either to increase the grid capacity (requires important
investments) or to shave the peak, redistributing this way the consumption to other
convenient hour intervals. Even after a brief analysis of energy consumption, fluctu-
ations are visible. To reduce energy fluctuation and extreme consumption, Ruddell,
Salamanca and Mahalov ([24]) have created a model which enables a partial shift of
power demand from peak load, during extreme events such as heat waves. Reducing
daily fluctuation of energy consumption is an objective for the producers, together
with the general objective for each company to maximize it’s economic performance.
We have identified a similarity between portfolio selection and energy optimization,

L Received 15 June, 2016
Accepted for publication (in revised form) 29 August, 2016
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which is visible by asimilating risk to fluctuation and total welth to economic per-
formance. This class of problems, where risk has to be minimized and total wealth
has to be maximized, is playing an important role in portfolio optimization theory.
Considered as a milestone for the portfolio optimization, the Mean Variance Model
(MVM), introduced by Markowitz ([24]) is using variance to measure risk while total
wealth is the amount of money cashed in by the investor. Implementation of MVM
is difficult, due to quadratic form of objective function. Mathematicians have tried
to extend and improve the MVM (see Smith ([32]), Mossin ([23]), Merton ([22]),
Samuelson ([28]), Fama ([10]), Hakkanson ([12]), Elton and Gruber ([8]), ([9]), Li
and Ng ([17]) Constantinides ([6]), Perold ([25]), Dumas and Luciano ([7]), Best
and Grauer ([1]), ([2]), Chopra, Hensel and Turner ([5]), Sharpe ([29]), ([30]), ([31]),
Stone ([33]), Lee, Finnerty and Wort ([15]), Huang and Qiao ([13]), Konno and
Yamazaki ([14]), Cai et al ([4])). Our paper develops a new approach for energy
optimization, based on bi-criteria programming.

2 Problem formulation

A power plant focuses the problem of determining the optimum quantity of energy
to be produced at certain time intervals, such that fluctuation of energy during a
period of time is reduced to minimum, performance indicator is maximized and some
constraints imposed by the market and by the power grid are fulfilled. From the
way the problem is defined, it’s clear that we are dealing with a bi-criteria prob-
lem, where fluctuation has to be minimized and economic performance maximized.
During our research together with Professor Mahalov and Professor Duca, we have
created two different models. In the first model, fluctuation of energy is the maxi-
mum absolute deviation between energy produced at a certain time moment and a
predefined level of energy. It is an extension of risk evaluation introduced by Cai et
all ([4]) in portfolio theory. The predefined level may be a random value chosen by
power plant or the average energy produced during a certain period from the past.
Economic performance is evaluated by turnover, calculated as the total, over entire
time period, of quantity multiplied with price. For solving reasons it’s required to
have both fluctuation and turnover expressed in the same measuring unit. This is
why energy fluctuation will be multiplied with price. Introduction of price in the
measure of fluctuation is helping the optimization process, because price is an ele-
ment with a significant impact on demand. We called this minimax model. Denoting
by 1,2,...,%,....,n the time horizon for which the energy has to be optimized and

x; - energy produced at hour 7, i = 1, n,

p; - price of energy at hour ¢, 1 = 1, n,
r - predefined level of energy,
€ - minimum level of energy which the energy plant has to deliver,

p - maximum production capacity of the energy plant,
we have the following mathematical expressions for fluctuation of energy
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max |p;z; — pir|
i=1n

turnover

n
E Dilq
i=1

constraints

e<x; <p,1=1,n

which are determining the following mathematical model for our problem

T
n
1 min <maX |pizi — pir|, —Zpia:i>
( ) i=1n i=1
e <z < p, 1=1,n.

Definition 1 For a problem

35

where X CR™ and f = (f1, fa, ...fm)T : X = R™ g feasible solution z* € X is said

to be efficient solution if dx € X such that

fz) < f(z)
fle) # f(z%).

The combination between maximum absolute deviation and turnover in the ob-
jective function of the problem will never allow a point situated under the predifened
level to be efficient. This is reducing the optimization possibilities and determined
us to develope the second model, which we called production index. Fluctuation of

energy in the production index model is computed as

max § —p; ¢ -
i=ln L P

and the mathematical model for out problem is

T
n
(2) min (max {ﬂpl} = pi:z:l-)
i=1n \u=1,n =1

e<z; <p, i=1n.

S
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3 Computing the optimal solution

This section contains a briefly presentation for the minimax model. Readers may
refer for an extended proof regarding minimax model to ([19]) and to ([20]) regarding
production index model. In order to determine the efficient solution for problem (1)
we will introduce the following bi-criteria equivalent problem

n T
min (y, _Zpi$i>
=1

\pixi — pir| <y, (
e <z < p, )

Il
=
N

Equivalence between problems (1) and (3) is shown in the following Lemma.

Lemma 1 If x € R" is an efficient solution for problem (1), then (z,y) € R" x R,
with y = max |p;x; — pir| is an efficient solution for problem (3) and reciprocally.
i=1,n
Proof. —
Let x € R™ be an efficient solution for problem (1).
Then Az € R, with e < 29 < p, i = 1,n such that

max |pixy — pir| < max |piz; — pir|
i=1n i=1n

n n
sz‘%? > Zpixi, i=1n
i—1 i=1

and at least one inequality holds strictly.

Suppose (z,y) € R" x R, with y = max |p;z; — p;r| is not an efficient solution
i=1,n

for problem (3).
Then there exists (29, y0) € R™ X R be a feasible solution for problem (3), with

IN

Yo Y
n n
i=1 i=1

and at least one inequality holds strictly.
Because (z9,y0) € R" x R is a feasible solution for problem (3), it follows that

Ipiz) —pir| <wo, i=T,n

which means that
max |piz — pir| < yo.

i=1n
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Thus we obtain that

max |piz! — pir| < yo <y = max |piz; — pir

i=1n 1=1n
n n
0 .
E pit; 2> E pizi, 1 =1n
i=1 i=1

and at least one inequality holds strictly.
This way we obtain a contradiction for the efficiency of x € R™ as solution for
(1).

In conclusion, (z,y) € R™ x R, with y = max |p;x; — p;r| is an efficient solution
i=1n

for problem (3).
<
Let (7,y) € R" xR, with y = max |p;z; — p;r| be an efficient solution for problem

i=1n
(3).
Suppose = € R™ is not an efficient solution for problem (1) and let zy be a feasible
solution, with

max |p;a) — pir| < max|[pwi —pir|, i=Tn
i=1,n i=1,n

n n
0 .
szxz > szxlv 1= 17”
=1 i=1

and at least one inequality holds strictly.

Denoting y° = max ‘pix? — pir‘ , it follows
i=1n

y° y

n n
0 .
Zplxz Z Zplxlv 1= 17 n
i=1 i=1

and at least one inequality holds strictly, which contradicts the efficiency of (z,y) €
R™ x R.

In conclusion z € R" is an efficient solution for problem (1) and this ends our
proof.

Using results of Yu ([34]), Bot ([3]) and Geoffrion ([11]) the bi-criteria problem
(3) is equivalent to the following parametric optimization problem

IN

min {Ay —(1-)) épx}

Ipizi — pir| <y,
e<uz; <p,

(4)

I
-
S

~ ~
|

—

N

with A € (0,1) and the following Lemma holds.



38 D.I. Duca, I.T. Luca

Lemma 2 (z,y) € R" x R is an efficient solution for bi-criteria problem (3) if and
only if I\ € (0,1) such that (z,y) € R™ x R is an optimal solution for parametric
optimization problem (4)

The meaning of in this context is the sensitivity of energy plant for reducing
the fluctuation. The bigger is, the energy plant is more interested in reducing
the fluctuation. The smaller is, the energy plant is less interested in reducing the
fluctuation and more interested in increasing the turnover.

Considering the equivalence between problems (1) and (3), respectively problems
(3) and (4), it follows from transitivity that problems (1) and (4) are equivalent. This
means that in order to compute the efficient solution for (1) we have to determine
the optimal solution for (4). In the process of computing the optimal solution,
we will split the set {1,2,...,n} in subsets like {1,2,...,i} and {{ + 1,1+ 2,...,n},
or {1,2,..,0}, {{+1,14+2,....,m} and {m+ 1,m+2,...,n}. If price is constant on
such an interval, it will be denoted by p.

Theorem 1 The optimal solutions for parametric optimization problem (4) are:

L If A< 2, then

{xf 0, i=1,n
y =plp—r)

b ZfZTlﬁp], ]:l+1?n’ then

or

x; = p, i=1,1

* y* .

=T j=Il+1n
f=pp—r)

where p1 = p;, 1 =1,1.
e clse problem has no solution.

2. If \ = 2=, then

s
xf:r—‘i—%, i=1,n
y* = min {p; (p —7)}.
i=1n

3. If A > 2, then

l
4. If A < s then
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o ifp; <P, j=1+1,n, then

%f:p, i=1,1
y =p(p—r)
where p1 = p;, 1= 1,1.
e clse problem has no solution.
5. If A= iy, then
e ifp; <pi,i=1,1, j=1I1+1,n, then
xy =1+ 5 i=T1,1
ri = p, ji=1l+1,n

y*=min{p; (p— 1)}, if pj <pi

i=1,0
e clse problem has mo solution

I4+(n—m)

e ifp; <P<p; i=11 j=1+1,m, then

xZ:T pi’ .

z; = p, j=l+1m
xy = p, k=m+1n
y =plp—r)

where p3 = pr, k=m+1,n.

e clse problem has no solution.

Proof of the Theorem is based on Kuhn-Tucker multipliers and is a 4 steps
process. At first step, the possible combinations will be determined, by analyzing,
for a fixed i from {1,2,...,n}, the behaviour of all Kuhn-Tucker multipliers related
to complementarity slackness and dual feasibility conditions of the Lagrangian.

Definition 2 Possible combinations are combinations of Kuhn-Tucker multipliers,
determined for a fized i € {1,2,...,n} for which complementarity slackness and dual
feasibility conditions are fulfilled.

At step two, for i = 1,n, the behavior of possible combinations related to the
gradient of Lagrangian is analyzed. The end result are the feasible combinations.

Definition 3 Feasible combinations are possible combinations for which the gradi-
ent of Lagrangian is zero.
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At step three, for ¢ = 1,n, the combining capacity of feasible combinations is
analyzed. The end result are the critical combinations.

Definition 4 Critical combinations are those feasible combinations for which a so-
lution does not exist if they are combined.

At step four, the optimal solutions are computed based on feasible and critical
combinations.
Proof. of Theorem 1. Let A € (0,1) fixed. Problem (4) is equivalent with the

following

n
min {/\y —(1=X) me}

i=1
—y < piTi — i, i=1,n
pixi — pir < Y, 1=1,n
e < xj, 1=1,n
z; < p, 1=1,n

which is a convex optimization problem with inequality constraints.
The associated Kuhn-Tucker conditions are

(KT1) g:cLi:_(1_>‘)Pi—aipi+b¢pi—ci+di:0, i=1,n

3 n n

i=1 i=1

(KT3) (—y* —pixf +pr)a; =0, a; >0, i=1n
(KT4) (pixf —pir —y*)bi =0, b >0, i=Tn
(KT5) (e—z})ei=0, ¢;20, i=1n
(KT6) (7 —p)di=0, d;>0, i=1n
where

L : R"xRxR"XxR"xR*"xR*" —R

L(xaya a, b7 c, d) = )\y_ (1 _)\) Zpl'rl—i_zal (_y_plxl+plr) +
i=1 i=1

n
+Zbi (pizi — pir —y) +
i=1

+ZCZ' (e — ;) + Zdi (zi — p)
1=1 i=1

is the associated Lagrangian and (z*,y*) € R™ x R is the optimal solution.
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Remark 1 Due to the fact that the optimization problem is a convex one, it follows
that Kuhn-Tucker conditions are both necessary and sufficient.

We have to compute (z*,y*) € R™ xR in order to determine the optimal solution
for our parametric problem (4).

Step 1
Let i € {1,2,...n} fixed. Then, the possible scenarios for Kuhn-Tucker multipliers
are

Kuhn-Tucker multipliers
Scenarios a; b; C; d;

1 =0 | =0 | =0 =0
2 >0 | =0 | =0 =0
3 =0 | >0 ]| =0 =0
4 =0 | =0 | >0]| =0
5 =0 | =01| =0 | >0
6 >0 1| >0]| =0 =0
7 >0 1| =0 1| >0| =0
8 >0| =01] =0 >0
9 =0 | >0 >0| =

10 =0 | >0| =0 | >0
11 =0 | =01|>0| >0
12 >0 | >0]|>0| =0
13 >0 | >0]| = >0
14 =0 | >0 >0]| >0
15 >0 =01|>0| >0
16 >0 | >0|>0| >0

We will analyze the behavior of each scenario related to complementarity slack-
ness and dual feasibility conditions (Kuhn-Tucker conditions (KT3) to (KT6)) and
we will determine the solution for each scenario if it exists. We will analyze in detail
only scenario 1

[ai=0]b;=0]c=0[di=0]

The system generated by Kuhn-Tucker conditions (KT3) to (KT6) is

—y* < pix} —pir
pir; —pir <y
5 K2
(5) nr
x; < p.
From the first two inequalities of the system we have

*

x; > P
bi
*
xz; < T—FL

pi
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and considering the last two inequalities of the system it follows that

*

y© < pi(r—e)
yo o< pilp—r).
Thus, in case of scenario 1, the solution for system (5) is
* _y y
A LR
Yy <pi(r—e)
y <pi(p—r).

From the 16 scenarios, we have proved that only 8 are possible combinations.
These are 1, 2, 3, 4, 5, 6, 7 and 10.

Step 2

For i = 1,n we will analyze the behavior of possible combinations related to the
gradient of Lagrangian (Kuhn-Tucker conditions (KT1) and (KT2)). In detail we
will present scenario 6.

’ai>0‘bi>0‘ci:0‘di:0‘

The system generated by Kuhn-Tucker conditions (KT1) and (KT2) is

—(1=Npi—appi+bip; =0, i=1n
n n

A — Zai — Zbl =0
=1 =

and thus

al-:bi—(l—)\), Z':1,n.
It follows that

n

;ai—zm—n(l—)\).

=1

But a; >0, i = 1,n and then b; > (1 —\), i =1,n.

In conclusion we get
n

n+1
Synthesizing the behavior of the 8 possible combinations related to Kuhn-Tucker
conditions (KT1) and (KT2)) the following situation is obtained

A >

Scenario Solution (KT1) | (KT2)
1 7 X X
2 i X X
3 3 if A= v v
4 A X X
5 # v X
6 3 if A> v v
7 7 X X
10 3 if A<JH v v
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Remark 2 For scenario 5 we notice that (KT2) is not satisfied, which means that
scenarto 5 will not generate a solution by it’s own, but may be combined with others
to generate solution.

Thus, the feasible scenarios which will generate the optimal solution for (4) are
3, 5, 6 and 10.

Step 3

We state that the critical combinations are 6 with 5 and 6 with 10. Readers
may find an extended proof in ([19]). Same reference contains a proof that order of
scenarios in a combination does not change the solution.

Step 4

The combinations based on which we will compute the optimal solution for (4)
are 3, 6, 10, 6+3, 1043, 10+5, 3+5 and 3+5+10. We will analyze combination 1043,
the others being similar. They are extensively described in ([19]). For combination
10 with 3, if i = 1,l and j = [ + 1, n, then Kuhn-Tucker conditions (KT1) and (KT2)
will be

—(1—)\)pz‘+bipi+d¢:0, 1

—(1=X)pj +bjp; =0, J
l n

A bi— 3 b =0,

i=1 j=I+1

1,1
I[+1,n

Thus

di:pi[(l—)\)—bi], i:1,l

and because d; > 0, i = 1,1 it follows that

l
> hi<l(1-A).
i=1

Also
bj=1-X), j=l+1,n

and then

n

S b= (-0 (1=

j=l+1
Using now the last equation of the system it follows

n
n+1

A<

For 10, with ¢ = 1,1 the solution is

—_
o~

)

{:rz‘:p, i =
y*:pi<p_r)7 =1,

~
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and for 3, with j = + 1,n the solution is

x?zr—i—i, j=l+1n
Pj

Because y* = p; (p —r), i = 1,1 we state that all prices are constant on the set
{1,2,...1} and denote p1 = p;, @ = 1,. In order to have all conditions for y* fulfilled
it is necessary that

p1<pj, j=l+1n.
Chosing
y =pi(p—r)
an optimal solution for (4) is
x;,k =P 227
* y* —
i =1+, j=l+1n
y*=pi(p—r), if pr <p;
if A< .

Denoting by TR the turnover, using Theorem I and the equivalence between
problems (1), (3) and (4), the following is true

Theorem 2 The efficient solution for bi-criteria energy optimization problem (1)
18

1. If A < 2=, then

n+1’
x; = p, i1=1,n
y =p(p—r)
TR = npp
or
o if p1 <pj, j=1+1,n, then
x; = p, 1=1,1
* y* .
$]’—T+pj, ]_l+17n
y =pi(p—r)
n
TR=Ipip+r > pj+(n—-10y"

j=l+1

where p1 = p;, © = 1,1.

e clse problem has no solution.
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2. If A= nL—i-l’ then
xi=r —|— s i=1,n
y* = min {p; (p — 1)}
i=1n
n
TR =r) p;+ny*.
i=1
3. IfA> 25, then
Ty =r, i=1,n
y =0
n
TR=r)_p;.
i=1

4. If X< L5, then

e ifp; <p1, j=1+1,n, then

$;k =P, 127
T =p, i=l+1n
y =p(p—r)
n
TR=Ipp+p > pj
j=l+1
where 1 = p;, 1 = 1,1.
e clse problem has no solution.
5. If A= H%’ then
e ifp; <pi,i=1,1, j=1I1+1,n, then
(zf=r+ 1, i=1.1
y* =min{p; (p — 1)}
i=1,1
l n
TR:ly*—l—TZpi—i—p > pj-

Ve

=1 Jj=l+1

e clse problem has no solution.

I+(n—m)
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o if p; <p3s <pi, i=1,1,7=1+1,m, then

xfzr—i—%—:, 1=1,1
T = p, Jj=1l+1m
xp = p, k=m+1n
y*zﬁ(p—r)l
n
TR=1ly*+rY.pi+p > pj+(n—m)pp.
i=1 j=l+1

where p3 = pg, k=m+ 1,n.

e clse problem has no solution.

4 Conclusion

Both models are sensitive to input data. A small change of parameters in the
constraint system can change completely the solution. Due to predefined level and
the form for measure of fluctuation, Minimax model has a limited optimization
range. Our models may provide the framework for optimization of power grids.
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On a Markov method!

Ioan Tincu

Abstract
This paper contains a new approach a transformed Markov.

2010 Mathematics Subject Classification: 40A05, 40B05.
Key words and phrases: Method Markov, convergent series.

1 Introduction

o0 o0
Let ZA(k) a series of real numbers convergence with the sum A, ZA(k) = A.
k=1
The method of A.A.Markov consists in expansion of every term A®*) in, conver-
gent series,

Ak — iak A= ZA :iiag’“ ZA“A S a,
k=1 k=1 k=1 i=1 = k>1

when all the series from the columns A; are convergent.

2 Main result

Continue presents a new approach of method Markov.

o0
Theorem 1 Let Zan a real series convergent and f,qg : [0,00) X [0,00) — R two

n=0
functions which verify:

i) f(0,n) =ay, (V)n €N,
“) f(Z+ 17]) _f(Zvj) :g(Z,]—|— 1) —g(Z,]), (V)Z € {07177]}7 ] eN.

IfhmZgj,TH— —OthenZa] Z (G+1,9) +9(,9)]

7=0
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Accepted for publication (in revised form) 11 September, 2016

49



50 1. Tincu

Proof. We have

G +1.5) = £0.9) = 2% +1,) — f(i.5)] = i%[g(z‘,j +1) - g(i, )
Note ‘
fG+1,5)+ i[g(z 7)) —g(i,j+1)]
Therefore, .
S =S 0FG1) + 33 o) — g + 1)
In formula B B o

we will consider

and we will obtain

Zaj Zf]+L])+ZZ[Q(]7Z)_g(]al_i'l)]
7=0 Jj=0 i=j

FG+1,0)+ Y 96 5) — g0+ 1)]

j=0 j=0

n
= G+ 1,4)+90.5)] ZngJrl
7=0

n

Since hm Zg (j,m+1) =0, it follows Zaj Z[f(j+1,j)+g(j,j)].
7=0 7=0

Propertie 1 The following relation

<n+j—2

(1) ; >Zj, (V)j e N

holds.

Proof. In order to prove this relation we will use mathematical induction.

3
For j =1 we have (TH_ >21,121.
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k+2
We suppose that for j = k we have <n+k+ ) > k and we prove that for
k
i—k+1weobtain (" TFT3) s ki1
k+1
Since
n+k+3 :n—l—/€+3 n+k+2 2n+k+3~/€2k¢—|—1,
k+1 k+1 k k+1
k
it follows <n++—1i—3> >k+1.
In conclusion the inequality (1) is verified.
1
Example 1 Let an with a, = —, n € N,
p nzzjo with a CFSIE n
W ider £(i, j) 5! (i, ilj! e NxN
e consider f(i,j) = — - , 9(i,7) = — - , (7,7) € NxN.
160 =G ++00 Y9 = G v B9

The functions verify the conditions i) and ii) from the Theorem 1.

We will proof Zg(j,n +1) = 0 for n — oc.

j=0
We have
Zn: ('n+1)—§n: ! . 1
jzogj’ — <n+k+2> (n+2)(G+1)
J
1 " 1 1
= 2— .
<n+2 (n+2> Z:: n+2< n+1>—>0,forn—>oo

0

From Theorem 1 it follows

S G ;OWJ +1,5) +90,7)]
00 l]l (]')2 B 00 (j|)2
gl T+ B e

In conclusion

=0 (2j +1)(25 +2)

() =

If we apply the Markov method we will consider:
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1 1

i) nzz:ln(n—i— 1)...(n+k) T koK
iy o = (1= 1)!

Ck(k+1).(k+4) .
i) A; =) af = (i—1)! ZW; T1)..(k+i)

k>1 k>1

1 1 1 (i—1)

—(i—1)! B 1 1
: ); k(k+1)..(k+i—1) (k+1)..(k+4)| i il 2
YT o )
Z i_zﬁ_f_zz% .
i=1 i=1 i>1 k>1
References

[1] G. M. Fihtenholt, Curs de calcul diferential si integral, E.T.Bucuresti, vol.Il,
1964.

[2] G.H.Hardy, Divergent series, At the Clarendon Press, Oxford, 1949.

Ioan Tincu

University Lucian Blaga of Sibiu

Faculty of Science

Departament of Mathematics

Str. Dr. I. Ratiu, No. 5-7 550012 Sibiu Romania
e-mail: tincuioan@yahoo.com



General Mathematics Vol. 24, No. 1-2 (2016), 53-63

About a category of abelian groups®

Teodor Dumitru Valcan

Abstract

We say that an R-module (abelian group) M has the direct summand in-
tersection property (in short D.S.I.P.) if the intersection of any two direct sum-
mands of M is again a direct summand in M. In this work we will present three
classes of abelian groups (torsion, divisible, respectively torsion-free) which have
the property that any proper subgroup has D.S.I.P. and we are going to show
that there are not such mixed groups.
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1 Short history and introduction

Let R be an associative ring, with unity. We say that an R-module (abelian
group) M has the direct summand intersection property, in short D.S.I.P., if the
intersection of any two direct summand of M is again a direct summand in M. The
R-modules (the abelian groups) with D.S.I.P. have been studied in [1]-[3], [5], [6] and
[8]-[17]. In this work we will present three classes of abelian groups (torsion, divisible,
respectively torsion-free) which have the property that any proper subgroup has
D.S.I.P. and we are going to show that there are not mixed groups with this property.
We shall call these groups ” groups with the property (P)”.

In this context, all through this paper by group we mean abelian group in additive
notation and we will use the classic notations:

- P - for the set of all prime numbers,

- r(A) - for the rank of a group A,

- t(A) - for the type of a torsion-free group A,

- F(A) - for the Frattini subgroup of a group A (see [10]),

- |I| - for the cardinal of a set I.

For the beginning we make the remark that, according to the proofs in [10], it
follows:
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Remark 1 Let G be an abelian group.

1) If G has D.S.I.P., then no any their (proper) subgroup has D.S.I.P..

2) If any proper subgroup of G has D.S.I.P. and G has a (direct) decomposition
n fully invariant direct summands, then G has D.S.I.P..

3) If G has D.S.1.P., then no any quotient group of G has D.S.I.P..

4) If any nontrivial quotient group of group G has D.S.I.P. and G has a (direct)
decomposition in fully invariant direct summands, then G has D.S.I.P..

5) Let B be a (proper) subgroup of G. If B and G/B have D.S.I.P., then it does
not follow that G has D.S.1.P..

Proof. 1) Counterexample: let p be a prime number and let be G = Z(p) & Z(p™)
and B = Z(p)®C, where C' = (c2), and ¢y is a generator of Z(p°) with the property
that p2cy = 0; so C' = Z(p?). Then, according to [6,Theorem 2], G has D.S.I.P., but
B doesn’t have this property anymore.

2) Let G be a group with the property that any proper subgroup has D.S.I.P. and
let G = GB G; be a direct decomposition of G in fully invariant direct summands.

i€l
Then the hypothesis and [6,Lemma 1] show that G has D.S.I.P., too.

3) Counterexample: let G = Q ® Q and B = Z. Then, according to [8,Lemma
4.1 and Corollary 2.2], G and B have D.S.I.P., but [6,Theorem 2| shows that G/B =
Q/Z)® (Q)Z) = @(Z(poo) ® Z(p™)) does not have this property.

peEP

4) Let G be a group with the property that any quotient group (of G) has

D.S.I.P. and, as to the point 2), let G = @Gi be a direct decomposition of G in
icl

fully invariant direct summands. Then thieehypothesis shows that, for every i € I,

G, has D.S.I.P.. Again [6,Lemma 1] shows that G has D.S.I.P., too.

5) Counterexample: let be G = Z(p?) ® Z(p™) © Z(¢™), where p and ¢ are
two distinct prime numbers. Then F(G) = Z(p™®) @ Z(¢*°) and G/F(G) = Z(p?).
According to [8,Remark 3.6] and to [6,Theorem 2|, F(G) and G/F(G) have D.S.I.P.,
but G does not have this property.

2 Torsion groups

We begin the determination of the torsion groups with the property (P) with
the determination of the p-groups with this property.

Theorem 1 The following statements are equivalent for a p-group G:
a) G has the property (P).

b) either

i) G is indecomposable non-elementary, (1)
or

ii) G is elementary, (2)

or
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iii) G = Z(p*) D Z(p)- (3)

Proof. a) implies b) Let G be a p-group with the property that any proper subgroup
has D.S.I.P.. If G is either indecomposable or elementary, then this gives the required
result. So that we suppose that G is not a such group. If there is g € G[p] such that
hy(g) = k, where 1 < k < oo, then g € p*G and g & p*T1G. It follows that there is
a € G such that g = p*a. Since pg = 0, it follows that o(a) = k + 1 and according
to [4,Corollary 27.2], (a) is a direct summand in G, that is G = (a) ® B. Now we
distinguish two cases.

Case 1: For any b € Bp|, (b) is a direct summand in B. Then B[p] is a direct
summand in B. We suppose that B = B[p| & C. But C[p] = CNBp] =0;s0 C =0
and B = Blp|. It follows that there is a cardinal m, such that, up to isomorphism,
G = Z(p") & (B, Z(p)). If k = my, =1, then G = Z(p*) @ Z(p) is of the form
(3). If k > 2, the subgroup Z(p**') @ Z(p) does not have D.S.I.P., which is a
contradiction to the hypothesis.

Case 2: There is a by € B[p] such that (b;) is not a direct summand in B. We
choose such a by € Bp|. Then the subgroup (a) @ (b1) does not have D.S.I.P. and G
does not have the property (P) - again we obtain a contradiction to the hypothesis.

It follows that, for any g € Glp|, either hy(g) = 0 or hy(g) = oco. So the
direct summands of G are either p-bounded or isomorphic to Z(p>°). So, G =
E@ F, where pE = 0 and F is divisible. Then, according to the hypothesis and to
[6,Theorem 2], it follows that F' = Z(p™) and G is a p-group with D.S.I.P.. So there
is a cardinal m, such that G = (®,,Z(p)) ® Z(p>°). We suppose that Z(p>) =
(c1,¢2,...,Cn,...), with relationships pc; = 0, pca = c1, ..., pcy, = ¢p—1,... and also
we consider the subgroup K = Z(p) @ (c2). Then the subgroup K does not have
D.S.I.P. - again we obtain a contradiction to the hypothesis. In conclusion F' = 0
and G is elementary.

b) implies a) If G is a group as in the statement, then either

i) G=Z(p"), (4)
i) G = Z(p™), (5)
iii) G = @, Z(p), (6)

or G is of the form (3), where n € N*, 2 < n < oo and m,, is any cardinal. If G is
of the form (3) it has the property (P), because any proper subgroup of G is either
indecomposable or elementary. If G is either of the form (4) or of the form (5), then
any subgroup of G is indecomposable, so any subgroup of G has, in a trivial way,
D.S.I.P.. If G is of the form (6), then any subgroup of G is of the same form, so any
subgroup of G has D.S.I.P..

From the above theorem and from [6, Theorem 2] it follows the following remarks:

Remark 2 a) If G is a p-group with D.S.I.P., then no any subgroup of G has the
same property.
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b) Generally, the p-groups with the property (P) not coincide with these with
D.S.1.P. with this property.

Now we can present the structure of torsion groups with the property (P).

Corollary 1 If G is a torsion group, then the following statements are equivalent:
a) G has the property (P).
b) G is of the form

=P (@B (@) (@ D, (7)

peP1 peEP> peP3 pEP,

where:

- P, P, P; and Py are subsets of the set P of all prime numbers, with the
property that LN Py, =P NP3s=P NPy=PNP3=P,NP,=P3NP, =0,

- for every p € P1, A, is a reduced (non-elementary) indecomposable p-group,

- for every p € P», B, is an elementary p-group,

- for every p € P3, Cp is a p-group of the form (3),

- for every p € Py, D), is an indecomposable divisible p-group.

Proof. a) implies b) Let G = @ G, be a torsion group, decomposed according to

peP
[4,Theorem 8.4]. According to the hypothesis, for every p € P, any proper subgroup

of G, has D.S.I.P.. So, for every p € P, G,, is either of the form (3) or (4) or (5) or
(6) and G is of the form (7).

b) implies a) Conversely, let G be a group of the form (7) and let H be any
subgroup of G. Then [4,Theorem 18.1] shows that H = @Hp, where, for every

peEP
p € P, H, = HNG)p, and G, is the p-component of G. Since, for every p € P, H),

satisfies the conditions from (2.1), it follows that, for every p € P, H), has D.S.L.P..
Then [6,Lemma 1] shows that H has D.S.I.P., too and G has the property (P).
From the above proved facts and from [8,Corollary 3.3] we obtain:

Remark 3 a) If G is a torsion group with D.S.I.P., then no any proper subgroup
of G has this property.

b) Generally, the torsion groups which have the property (P) not coincide with
these with D.S.1.P. with this property.

3 Divisible groups

Now we shall pass to determination of the divisible groups with the property
(P). In this context we have the following result:

Proposition 1 If G is a divisible group, then the following statements are equiva-
lent:
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a) G has the property (P).
b) G has one from the following forms:

i) G=Q, (8)
i) G=QaQ, (9)
iii) G = Dypep, Z(p™), (10)

where Py is a subset of the set P of all prime numbers.

Proof. a) implies b) Let G = (&,,,,Q) @ (@ D,) be a divisible group, where: @

pePy
is the additive group of rational numbers, mg is the torsion-free rank of G, P is a

subset of the set P of all prime numbers and, for every p € Fy, D, is a divisible
p-group. According to the hypothesis and to [17,Proposition 6], either G = &,,,Q
or G = @ D,.
pERy

We suppose that G = @, and mg > 3. In this case we consider the subgroup
H=Q®FE®F, where E and F are (proper) subgroups of @ such that ¢(F) and
t(F') are incomparable. Then [5,Theorem 3.3] shows that H does not have D.S.I.P..
It follows that if G is a divisible torsion-free group with the property (P), then it is
either of the form (8) or of the form (9).

Otherwise: According to (4.1), @ @ @ has an indecomposable subgroup H, of
rank 2. Then the subgroup B = H & @ does not have D.S.I.P., because there are
homomorphisms 0 # f : H — ) which are not monomorphisms.

We suppose that G is torsion. According to the hypothesis and to [8,Theorem
4.4], G is of the form (10).

b) implies a) If G = @, then any subgroup H of G is indecomposable, so H has
D.S.I.P.. If G is of the form (9), then any subgroup of G is either indecomposable
(see (4.1)) or completely decomposable of rank r < 2. In this case [6,Theorem 6]
completes the proof. If G is torsion and H is any subgroup of G, then, following
the same reasoning as in (2.3), we obtain that H = EB H,, where, for every p € P,

peEP
H, is a subgroup of Z(p*°). It follows that, for every p € P, H, has D.S.I.P.. Again

[8,Theorem 4.4] shows that H has D.S.I.P..
From (3.1) and [8,Theorem 4.4] we obtain:

Remark 4 a) If G is a divisible group with D.S.I.P., then not any subgroup of G
has the same property.

b) The divisible groups which have the property that any proper subgroup has
D.S.I.P. coincide with these with D.S.1.P. with this property.
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4 Torsion-free groups

Before passing to determine the structure of the torsion-free abelian groups with
the property (P), we will present several results, obtained in [16], concerning the
indecomposable subgroups of some torsion-free groups, results which we need here.

(4.1): If I is any index set, with the property that |I| < |P|, then the group
Q* = ®1Q has indecomposable subgroups of every rank m < |I|.

(4.2): Let {H;|i € I} be a family of torsion-free groups such that, for everyi € I,
there is G; < H;, where {G;|i € I} is a family of reduced of rank one groups, with
the property that, for every ii,ia € I, i1 # ia, t(G;,) and t(Gi,) are incomparable.
Then the group H = @ H; has indecomposable subgroups of every rank m < |I|.

i€l

(4.3): Let G = B @ C be any group and A a subgroup of G. If C is free and A
is indecomposable, then either r(A) =1 or A C B.

Now we shall pass to the determination of torsion-free groups with the property
(P). We begin with the following elementary result:

Remark 5 If G is a free group, then any subgroup of G has D.S.I.P..

Proof. According to [4,Theorem 14.5], any subgroup of a free group is a free group,
too. Now [8,Corollary 2.2] completes the proof.

Proposition 2 Let be G = D @ F, where D # 0 is divisible and F is free. Then
the following statements are equivalent:

a) G has the property (P).

b) (D) =1 and F is of finite rank.

Proof. a) implies b) Let be G = D & F, where D # 0 is divisible and F' is free.
According to the hypothesis and to [5,Theorem 3.3], it follows that F' is of finite
rank.

If (D) > 2, then let B and C be two subgroups of D, such that t(Z) < t¢(B) <
t(C) and let K = Z @® B @ C. Then K is a subgroup of G, which, according to
[6,Theorem 6], does not have D.S.I.P. It follows that »(D) = 1.

Otherwise: If (D) > 2, then, according to (4.1), D has an indecomposable
subgroup H, of rank two. Since there are homomorphisms 0 # f : H — Z which are
not monomorphisms, in this case [5,Proposition 1] shows that the subgroup H & Z
does not have D.S.I.P..

b) implies a) Let G = @Q @ F be a group as in the statement and let B be any
subgroup of G. According to (4.3), if B is indecomposable, then r(B) = 1 and B
has D.S.I.P.. We suppose that r(B) > 2. Then we distinguish three cases:

Case 1: Suppose that Q < B. Then B = Q & E, where £ = N B is a free
group and r(FE) > 1. According to [5,Theorem 3.3], B has D.S.I.P..

Case 2: Suppose that F' < B. Then B =C® F, where C' = QN B is a reduced
of rank one group. According to [5,Theorem 5.5], B has D.S.I.P..

Case 3: Suppose that QN B = C is a reduced of rank one group and FNB = F
is a free group with r(F) < r(F). In this case, according to [4,p.44], there is H a
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subgroup of () with C' < H and there is K a subgroup of F' with £ < K such that
C @ FE is the maximal direct sum contained in B and H @ K is the minimal direct
sum containing B, with components in (), respectively F. SoC® E < B<H®K
and it is straightforward to verify that B is a subdirect sum of H and K with kernels
C, respectively E. Then, according to [4,p.43,44] the following relationships hold:

(He K)/B=B/(C®E)=H/C=K/E (11)
B/C =K (12)
B/E = H. (13)

Since K is free, according to [4,Theorem 14.4], C' is a direct summand in B. It
follows that H = C, K = F and B=C & E has D.S.I.P..

Theorem 2 Let G be a completely decomposable torsion-free group, which has no
free direct summand. Then the following statements are equivalent:

a) The group G has the property (P).

b) r(G) < 2.

Proof. a) implies b) We distinguish two cases:

Case 1: G is not reduced. In this case G = D & B, where D is divisible and
B is reduced. According to the hypothesis and to (3.1), it follows that (D) < 2.
From [5,Theorem 3.3] it follows that B is homogeneous, completely decomposable
of finite rank.

We suppose that G = @Q @ B and r(B) > 2, and we consider the subgroup
K =Q®C®E, where C is a direct summand of rank one in B, and F is a
subgroup of B which is isomorphic with Z. According to [5,Theorem 3.3], K does
not have D.S.I.P. - contradiction to the hypothesis. It follows that if G = Q @& B,
then r(B) < 1.

Now we suppose that G = Q & @ ®& B. From above proved facts it follows
that 7(B) < 1. If r(B) = 1, then let U and V be two subgroups of @ such that
t(B) <t(U) <t(V)and K =V @ U @ B. Then, again, [5,Theorem 3.3] shows that
this subgroup K does not have D.S.I.P.. It follows that B = 0 and r(G) = 2.

Otherwise: If G = Q ® Q ® B, then, according to (4.1), @ ® @ has an inde-
composable subgroup of rank two L, in which case L ® B does not have D.S.I.P..

Case 2: G is reduced. Then G = @Gi, where, for every i € I, r(G;) = 1. We

iel
suppose that r(G) > 3.

If there are 71,49 € I, i1 # 42, such that t(G;,) and t(G;,) are comparable, then
the subgroup K = G, ® G;, ® H does not have D.S.I.P.; here H is a subgroup of G
which is isomorphic to Z.

We suppose that, for every i1,i2 € I, i1 # i2, t(G;,) and ¢(G,,) are incomparable.
In this case (4.2) shows that G’ has an indecomposable subgroup of rank two and
(thus) G does not have the property (P).

Therefore, also in this case, r(G) < 2.
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b) implies a) Let G be a group as in the statement, with 7(G) < 2 and let B
be any subgroup of G. Then either B is indecomposable or B = H & K, where
r(H) =r(K) = 1. In both cases B has D.S.I.P..

Corollary 2 If G is a torsion-free group, then the following statements are equiva-
lent:
a) The group G has the property (P).
b) i) If G is divisible, then r(G) < 2;
it) If G is reduced, then:

either
a) G is indecomposable and r(G) < 2,
or
B) G is completely decomposable and it has no free direct summand and
r(G) <2,
or
v) G=B&F (14)
where: F is free of finite rank, r(B) =1 and t(B) > t(F).
i) G=QaH (15)

where H is reduced and either
«) if H is free, then r(H) is finite,
or
B) if H is not free, then r(H) = 1.

Proof a) implies b) Let G = D @ H be a torsion-free group, where D is divisible
and H is reduced. According to proved facts in this section, we distinguish three
cases:

Case 1: Suppose that H = 0. In this case (3.1) shows that G has the property
(P) if and only if r(G) < 2.

Case 2: Suppose that D = 0. If G is indecomposable and r(G) > 3, then,
following the same reasoning as in the proof of (4.6) - Case 2, we obtain that G has
a subgroup which does not have D.S.I.P.. Therefore, in this case r(G) < 2.

We suppose that G is not indecomposable. In this case we consider, according
to Zorn’s Lemma, a maximal independent set {G;};cs of direct summands of rank
one of G. If G* = @ G, then either G = G* or G = G* @ K, where K is a direct

i€l
summand of G and r(K) > 2. According to the hypothesis, K and any his subgroup
has D.S.I.LP.. But K is not completely decomposable, because then we contradict
the maximality of {G;}ics. If K has an indecomposable subgroup L, then r(L) > 2
and, for every i € I, G; ® L does not have the property (P). Therefore K = 0 and
G is completely decomposable.

If G has no direct summand isomorphic to Z, then (4.6) shows that G has the
property (P) if and only if 7(G) < 2.

We suppose that G has a direct summand isomorphic to Z. Then, according to
[6,Theorem 6], G = (©,2) ® (@ H;), where: n € N*, J is a subset of I, for every

i€J
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Q1,19 € J, i1 # i2, t(H;,) and t(H;,) are incomparable types. Now, following the
same reasoning as in the proof of (4.6) - Case 2, we obtain that |J| < 2. If |J| = 2,
then (4.2) and [5,Theorem 5.5] show that G has a subgroup which does not have
D.S.I.P.. Now (4.5) shows that, in this case, G has the property (P) if and only if
it is of the form (14).

Case 3: Suppose that D # 0 and H # 0. According to the hypothesis, D, H
and any their subgroup have D.S.I.LP.. According to (3.1) and to [5,Theorem 3.3],
r(D) < 2 and H is completely decomposable of finite rank. If H is free, then (4.5)
completes the proof for this case. If H is not free, then, according to [5,Theorem
3.3], it has no direct summands isomorphic to Z. In this case (4.6) completes the
proof.

Two remarks should be made here, see [8]:

Remark 6 a) If G is a torsion-free group with D.S.I.P., then no any subgroup of
G has the same property.

b) The torsion-free groups which have the property that any proper subgroup has
D.S.LP. coincide with these with D.S.I.P. with this property.

5 Splitting mixed groups

In this section we are going to show that the problem of mixed groups with the
property (P) has no solution, that is:

Proposition 3 There are not mized groups with the property (P).

Proof. Indeed, if G is a mixed group, then there are g,t € G, where g is an
element of infinite order and ¢ is an element of order p™, with p-prime number
and n € N*. According to [5,Proposition 1.4], it follows that the subgroup H =
(9)®(t) = Z® Z(p™) does not have D.S.I.P. and then G does not have the property
(P) anymore.

Open problem: Find the structure of abelian groups which have the property
that any proper quotient group has the direct summand intersection property.
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Note on a conditional inequality !

Emil C. Popa

Abstract

In this paper we present some considerations on a conditional inequality.

2010 Mathematics Subject Classification: 26D15.
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1 Introduction

In [3] E. Paltanea has presented some interesting proofs for the following conditional
inequality:

Theorem 1 Let ay,as,...,a, be arbitrary positive numbers, n > 2, such that

S
14+ap 14 as 1+ay,

n n
alag---an2<g— ) .

=s,s€(0,1].

Then

The main purpose of this note is to give a new proof of this theorem and we will
establish the following related inequalities.
Theorem 2 Let ay,aq,...,a, be arbitrary positive numbers such that

! =+ ! 4+ 4 !
1+a; 1+as 1+ ay,

=s,s€ (n—1,n).

Then

n n
alag'--ang(——l) ,n > 2.
s
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Theorem 3 For (aj,az,...

E.C. Popa

,ap) € [1,00)™" and n > 1, the inequalities

n P n 1 p
> |9 — il

H a; > n—e Z o]

i=1 =1

n n p

eP 1

H a;>—|2n—4 Z )

i=1 pP ( i=1 1+a;
are valid for all p € (0, 00).
2 Proofs of theorems
Now we are in a position to prove our theorems.

1 _ .
Proof of Theorem 1. If s = 1, we denote n = x; and we have a; = xl,
a; Z;

n
x; € (0,1). But sz = 1, and hence

i=1

n

1—a; T+ Tl T+

Tn

n
Hai H

xX;
i=1 g i

n
i=1 1=

€T
1 (2

(n—1) "/@1Ta T 1041 Tn

n
> = — 1"
e z; (n )
=1
For s € (0,1) we denote
1 1/s —
/s =T, a4 = /s~ @i
1 + a; xT;
and
n n
1/s—
.Ha' B H z;
=1 =1
1/s—z
Let f(x1,22,...,2n) = @(x1)0(22) . . . p(x,), where p(x) = .
We have ¢(z;) = L O (x;) = 2
! sx?’ ! sxd’

Now we consider
L(zy,xo,...,xn) = f(x1,29,...

The system of equtions

oL  of
83;,- - 895@

+A=0,:=1,2,...,n

n
5 sz =1.
1=1

yZn) + ANz + 22+ -+ — 1).
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which is equivalent to

1 1
——59(@2) ... p(an) = ——ze(x1)p(xs) ... p(Tn)
sty sx3
e(en)p() . o)
== ———o(x1)e(x2) ... p(TH_
Sw%‘ﬂ 1)P (T2 P\ Tn—1),
or
zip(@r) = a3p(a2) = - = 2 _yp(zn1) = hp(2n),
and
(1‘1—.%'2) (xl—&—xg—%) =0
(x2 —a3) (z2+a35—1) =0
(Tp—1—mp) (In—l + Ty — %) =0,
. . 1 ) ) 11 1Y .
has a unique nonzero solution z; = —, 1 < ¢ <n. Thus, the point [ —, —,...,— | isa
n n'n n
n
unique critical point which is located in the interior of {(xl, To,...,Tpn) € (0,1)" sz =1 }
i=1

We observe that 21 + 22 = 1 € (1,00) is imposible, and so on.
Straightforward computation gives us

11 1 4 2(n —
d’L (, — ey > = Z—n(n — )2 [(nns)(d:zl2 +dxo? + -+ dxy?)

4
+2(dz1drs + deydes + - - - + dep—_1dzy)] > Z—n(n—s)”*Q(d:ﬁl +dxg+- - +dry)? =0,

—5)

n

because > 1 for n > 2.

1
—,—,--+,— | isaextremal point (minimum) of the function f(z1, zo,...,x,).
n'n n
Therefore, it follows that

s ) ()

1
Proof of Theorem 2. We denote — = b; € (0,00) and we have

)

Hence

Qg
n n n
1 b; 1

Zl—i—ai 7214—1)2‘ 7n_,21+bi.

=1 =1 =1
n n

1 1 .
BUtzl—i—ai =se(n—1,n), hencezl+bi =n—s€(0,1) with b; € (0,00).

=1 =1
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Using the Theorem 1 we obtain

o () - )
i—1 n—s n—s

=1 S " - n n
H = > , and -<(f—1).
nHl_(n_> ond Lo = (§

Proof of Theorem 3. Using p;obability methods, the following sharp inequality

is established in [2]
P n p n
o (z ) < cap (z) ,
p i=1 =1

where p € (0,00), n € N*,2; >0 for 1 <1i<n.
For " = a; € [1,00) we obtain:

n

el [ < P
Hai > ]; Zlnai .
i=1

i=1

Letting f(z) = zlnx—2x, x € [1,00), it is easy to obtain Inz > 2—5, for z € [1, 00).
x

n

n 1 n P n 1 p
Hence ZlnaiZQn—eZ; and Haizpp<2n—ezw> .
1

i=1 i=1 i=1 i=1

Now, for g(z) = (x+1)Inx —2(z — 1), x € [1,00) it is easy to find Inx > 2 — 1
x
for z € [1,00).

Hence,
n n 1
Zlnai >2n — 42 T a
=1 =1
and ,
n n
eP 1
Hai2<2n—4z ) .
i=1 p? o lta
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Shape preserving properties of generalized Szasz
operators of max-product kind !

Sule Yiiksel Giingor, Nurhayat Ispir

Abstract

In this study, we present the nonlinear generalized Szész operators of max-
product kind and we give a better error estimate for the large subclasses of
functions. Also we study some shape preserving properties of concerned oper-
ators.

2010 Mathematics Subject Classification: 41A30, 41A25, 41A29.
Key words and phrases: nonlinear max-product operators, max-product
generalized Szdsz operators, shape preserving properties.

1 Introduction

In the Korovkin-type approximation theory, one of the important problems is ap-
proximate to a continuous function by linear positive operators. In order to define
these approximating operators mainly the addition and multiplication of the reals
are used. Therefore all of approximating operators are linear operators.

In [1], [2] and the open problem given in [11](pp. 324-326, Open Problem 5.5.4),
the following questions were raised:

e [s the linear structure the only one which allows us to construct approximation
operators?

e Do all the approximation operators have to be linear?

The answer to these questions is negative. As a solution to this problem ”max-
product kind operators” were presented using maximum instead of sum in usual
linear operators and gave error estimate in terms of modulus of continuity in [3], [4],
[5], [6], [7], [9], [10].
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The nonlinear Favard-Szédsz—Mirakjan operators of max-product type were in-
troduced and the error estimate was obtained in [3],[8], [9].

In [12], we defined the nonlinear generalized Szasz operators of max-product type
as the following

V k(@) f(ak)
(1) S (fF)(x) = =0
\/ Cnk (1:)
k=0

with
(anx)k
enk(®) = bEK!

where x € [0,00), (a,) and (b,) are increasing and unbounded sequences of positive

real numbers such that hm w/ =0, f :[0,00) — Ry is a continuous func-

tion. Also we gave an error estimate as wi ( 7, w%—:) for the operators Sq(zM)( f):

CB; (]0,00)) — CB4 ([0,00)) given by (1) in terms of the modulus of continuity.
Here CBy ([0,00)) = {f | f : [0,00) — R4 continuous and bounded} .

Let S,(lM)( f)(z) is the generalizad Szész operators of max-product kind defined
n (1). Then,

e For a continuous function f : [0,00) — Ry, the operators SflM)(f)(a:) are
positive and continuous on [0, 00).

e The operators S ( f)(x) satisty the pseudo-linearity property. That is, for
every f,g € CB4 ([0,00)) and for any «, 8 € Ry,

SM (a.f v B.g) = a. S (f) (x) v B.SM (g) ().

Moreover, these operators are positive homogenous, i.e., SfLM) (Nf) = AS&M) (f)
for all A > 0.

e Since S,(lM)(f)(O) — £ (0) = 0 for all n, we may suppose, throughout the paper,
that z € (0, 00).
Qn

For each k,j € {0,1,2,...} and z € [ nj b (Hl)} we will denote by

Cn ()
Cn ()

(2) my (@) =
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2 Better Error Estimates for Some Subclasses of
Functions

In this section we will show that for some subclasses of functions, for example
bounded, nondecreasing and concave functions, the order of approximation can be
improved.

Consider the functions fi , ; : [M M} — R,

an an

Fons () = mins(@)f <b’“>

. Cn,k’(x) bnk

= @ <)
g fanT k=j by,
- k:(b) f<an>

for all k,j € {0,1,2,...} . Then we can write SM) (f) (@) = V frn,(x), for any
0

j€{0,1,2,..} and z € [m M] .

an ’ an
Lemma 1 Let f:[0,00) — [0,00) be a bounded function such that

S (f) () = max {fjn; (%), fi+1n, ()} for all x € [ZZJ, W} 7

n an

then

SO0 (1) (@) = @) < (£ ) forattoe |22 22U,

where wy (f,0) =sup{[f (z) = f (Y)| : [z —y| < &5,y € [0,00)} .

Proof. We have the following two cases:
Case 1) Let z € [M Mjl)} such that S5 (f) (@) = fing (x).

an a
. bnj bn(j+1 bnj ~ b bnj
Since x € [Tﬂjv 7&; )} we have 0 < x—a—nj < o»and fimj (@) =mjn;(z).f <a—ﬂj) =

/()

Hence, we get
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Case 2) Let z € [an bn(1+1)} such that S )(f) () = fj4in,;(z). Since 0 <

an ’ a

%:1) —z < Z—Z and my . j(x) < 1 for all k,j € {0,1,2,...} we have
S0 () @) = F@)| = |iring @) = @)
bn(j+1
= Jmgernstos (D) - o)

(=550) o] 1.2).

Corollary 1 Let f : [0,00) — [0,00) be a bounded, nondecreasing function and
g+ (0,00) + [0,00) g () = £

IN

be a nonincreasing function, then

SO0 (1) (@)~ £ @) < (1,22 ) for € [0,00),

Proof. Since f is a nondecreasing function, we have

S(M \/fk n,j(x),forall x € [

k>j

bnj bn(j+1)}

Qan an

Qan

sl = gl (7)o (M)
- (5t (5) (0.

(bn(k+1) f(bnk) (i1
Since g is a nonincreasing function, we have —; 717~ < that is f ( + )> <

an, (ln

Let = € [‘W bu(i+ )] k.je{0,1,2,..} and k > j. Then

k—zlf (%) and using x < (J+ ) e get

A G+ (baz\* 7 k+1 bk
fk—i—lm,] (l’) < (k’—l— 1)' <an> Tf <an>
= frm,;(2) ‘%

Therefore k > j + 1 we get frn; () > fitin,j(x). Hence we have fji1,;(z) >
fj+2,n,j (x) 2 Z fn,n,j (CC) 2 ... which is

boi by (j+ 1
SO (£) (2) = max {fjn; (z) , fi41.n; ()} for all z € [aj (‘ZL)} .
Thus from Lemma 1 we obtain

S (£) (z) —f(:n)‘ <w (f, 2”) for all z € [0, 00).

n
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Lemma 2 ([9]) If the function f : [0,00) — [0,00) is concave, then the funciton
g:(0,00) = [0,00),9(z) = @ s nonincreasing.

Proof. Let x,y € (0,00) be with < y. Then
(9«“
)

y

0> > gf(y) + 4

which implies M >

Corollary 2 Let f : [0,00) — [0,00) be a bounded, nondecreasing concave function,

then |SSM) (f)(z)—f (x)‘ < wy <f, 2—2) for all x € [0,00).

Proof. Since f :[0,00) — [0,00) is a concave function, from Lemma 2 we have the
funciton g : (0,00) — [0,00),9 () = @ is nonincreasing. Thus from Corollary 1
we get the desired result.

3 Shape Preserving Properties

In this section, we concern with some shape preserving properties of max-product
type generalized Szdsz operators.
As in previous section for any k,j € {0,1,2,...} consider the functions fi,; :

[‘W bn U“)] — R defined by

an an,

B bak\  cap(@) L (Dak\ Gl [(anz\*, (buk
P (0) = (o) f (25 ) = i g (B} L (%) (),
Lemma 3 Let f : [0,00) — Ry be a nondecreasing function. Then for all k,j €
{0,1,2,..},k<j and x € [b"] b"(ﬁl)] we have fi ;i (x) > fo—1n;(x).

Proof. Since for k < j we get

Mpgnj(T) > an L > 1
- — Y

mk—l,n,j($) bn b

‘ @

o

which implies
M, j () = Mpp—10,5 ().
Because f is a nondecreasing function we get
bpk by (k—1
M (x). f <> > Mp—1,n,5().f <( )>

an Gn

which is desired result.
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Corollary 3 Let f :[0,00) — Ry be a nonincreasing function. Then for all k,j €
{0,1,2,..},k>j and x € [b’“ b”(ﬁl)] we have fi i (x) > foying (@),

Proof. Let k > j. Since the function g (z) = 1 is nonincreasing on [%Lj, %:1)}, it
follows
M, () ba(B+1) l>bn(k+1) an, _k—|—1>
Mkt1,n,5 () ay, x = an b, (j+1) j+1 77

which implies
M, () > Miet1,0,5().

Because f is a nonincreasing function we get

Miein,j (2).f <bnk> > Mpt1,n,5(7). f <b”(k+1)>

an an

which is desired result.

Theorem 1 Let f : [0,00) — R4 be a nondecreasing and bounded function. Then
SéM)(f)(m) is nondecreasing and bounded on [0, 00).
Proof. If f : [0,00) — Ry is a bounded function we know that sM )(f)(:z) is

continuous and bounded on [0, c0). Therefore it is sufficient to show that S, (M)( f)x)

is nondecreasing on each subinterval of [0,00) when f is a nonincreasing function.
Let j € {0,1,2,...} and = € [Z”J, b”(jﬂ)} and f is a nondecreasing function.

From Lemma 3, we can write fj,;(x) > fi—in; (x) > fi—on; () > ... > fon,j (z)
and so

an an

\/fkn] ) for all z € [37(7%—)]

For k > j, since the function f ,, j (x) is nondecreasing and S,(LM)(f)(m) can be writ-

ten as the supremum of nondecreasing functions, then S,(LM)( f)(zx) is nondecreasing.

Corollary 4 If f : [0,00) — Ry is a nonincreasing function then S,(qM)(f)(x) is
nonINCcreasing.

Proof. Because f is nondecreasing and positive f is bounded on [0,00). Since
szM)( f)(z) is continuous and bounded on [0, c0), it is sufficient to show that
SnM)( f)(x) is nonincreasing on each subinterval of [0, c0).

Let j €{0,1,2,...} and z € [l;’”, b"(jH)

lary 3, we get fjn; () > fit1ng () = fg+2,n,j () = . = fun (2) = ... and so

. Since f is nonincreasing, from Corol-

bnj bn(j+1)
n+1l n+1

\/fk:n] forallxe[
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For k < j since the function fj ,, j («) is nonincreasing and S (f)(x) can be written

. . . M : . .
as the supremum of nonincreasing functions, S )( f)(z) is nonincreasing.

Remark 1 ([9], [13]) A continuous function f is quasiconver on the bounded in-
terval [0, a] if there exists a point ¢ € [0, a] such that f is nonincreasing on [0, c| and
nondecreasing on [c,al. The quasiconvezity of f on [0,00) means that quasiconvezity
of f any bounded interval [0, a], with arbitrary large a > 0. The class of nondecreas-
ing functions, the class of nonincreasing functions and the class of convexr functions
on [0,00) are included by the class of quasiconvex functions on [0, 00).

Corollary 5 If f : [0,00) — Ry is a continuous, bounded and quasiconvex function
then for alln € N, S,SM)(f)(x) is quasiconvex on [0, 00).

Proof. If f is nonincreasing or nondecreasing function then by the Corollary 4 or
by the Theorem 1, for all n € N, ST(LM)( f)(x) is nonincreasing or nondecreasing on
[0, 00).

Now suppose that there exists a point ¢ € (0,00) such that f is nonincreasing
on [0, ¢] and nondecreasing on [c, 00). The functions F, G : [0,00) — Ry are defined
by F'(z) = f(z) for all z € [0,¢], F () = f(c) for all x € [c,00) and G (z) = f (¢)
for all z € [0,¢],G (x) = f (z) for all = € [¢, 00).

It is obvious that F is nonincreasing and continuous on [0, 00), G is nondecreasing
and continuous on [0,00) and f (x) = max{F (z),G (z)}, for all x € [0, c0).

In addition, since SflM)( f)(z) is pseudo-linear, we can write for all x € [0, c0)

Hence by Corollary 4 and Theorem 1, S’T(LM)(F )(z) is nonincreasing and continuous
on [0, 00), SﬁLM)(G)(x) is nondecreasing and continuous on [0, c0).

Now, we have two cases: 1) S (F)(x) and ST(lM)(G)(x) don’t intersect each other,
2) SSZM)(F)(:E) and S,gM)(G)(x) intersect each other.
(M)

Case 1) For all x € [0,00) since maX{ngM)(F)(x),Sy(LM)(G)(x)} =Sy (F)(x) or
max {STSM)(F)(x), ST(LM)(G)(CL‘)} = Sq(lM)(G)(x), by using Remark 1 we get

SéM)(f)(x) is quasiconvex on [0, 00).Case 2) If Sy(LM)(F)(x) and Sy(LM)(G)(af) intersect
each other then by Remark 1, there exists a point ¢ € [0, 00) such that S,(lM)(f)(x)

is nonincreasing on [0, ¢] and nondecreasing on [¢, 00) which implies that SM (f)(x)
is quasiconvex on [0, 00).

Theorem 2 Let f:[0,00) — [0,00) be an arbitrary function. Then ST(ALM)(f)(x) is
convex on [b"—] M} C [0,00),7=0,1,2,... .

an ’ an
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Proof. For any j € {0,1,2,...} and z € [M M} since we can write

ST(LM)(f)(.%) = V finj(x) it is enough to show that for any fixed j, fin ; (x) is
k=0

bnj bn(j+1)
convex on [an el I

Since f > 0, (ay) and (b,) are sequences of positive real numbers and f , ; (z) =

. k—j .
i—', (M) f (M) it is sufficient to show that the functions g j(z) = zF~7 are

bn an
i bn(j+1 . . . .
convex on [Z"—], %} . For k = j, g;; = 1 is a constant function and it is con-
n n

vex. For k = j+ 1, gjq1j(x) = x is convex. For k = j — 1, gj_1,(z) = % and
g;lfl’j(sv) =2 >0foralze [M %:1)} and it is convex. For k > j + 2,

3 an ’

gg’j(iﬂ) =(k—j)(k—j—1)arF 72> 0forallzc [m %:1)} and it is also con-

an

vex. For k < j—2, g (x) = (k= j) (k—j — 1)a*2 > 0 for all 2 € [’y—j %ﬂ“’]
and it is also convex. Since Sr(lM)( f)(z) can be written as the supremum of convex
buj bn(j+1)]

an ’ an

functions, it is convex on [
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New integral inequalities for twice differentiable
functions '

Vlad Ciobotariu-Boer

Abstract

In this paper we establish some new general integral inequalities for twice
differentiable functions. Then we apply these inequalities to obtain some in-
equalities for special means of real numbers. Finally, some new general quadra-
ture rules of trapezoidal type are provided.

2010 Mathematics Subject Classification: 26D10, 26D15, 41A55.
Key words and phrases: Convex function, integral inequalities, special means.

1 Introduction

In 1938, A. Ostrowski [11] proved the following integral inequality

. L ath 2
1 1 9 ,
< | = - & _
b_a/a f(t)dt’_ i — (b= a)llf s>

1) ]f(zc) -

provided f is differentiable and ||f’||cc = sup |f'(¢)| < oo.
te(a,b)

The constant % is sharp in the sense that it cannot be replaced by a smaller
constant.

In the last years, many authors have concentrated their efforts in generalising
(1) and have applied the obtained results in different fields, including Numerical
Integration, Probability Theory and Statistics, Information Theory, etc.

For results and generalizations concerning Ostrowski’s integral inequality see
[1]-[10], [12], [13] and the references therein.
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In recent years a number of authors have considered an error analysis for some
known and some new quadrature formulas.

In this article, we first give a general integral identity for twice derivatives func-
tions. Then we apply this identity to obtain our results using functions whose twice
derivatives in absolute value are bounded and/or convex on [a,b], we obtained new
integral inequalities of trapezoidal type which are better than some known. Finally,
we gave some applications for special means of real numbers and some numerical
quadrature rules.

2 Main results

In order to prove our main results, we need the following new Lemmas:
Lemma 1 Let fi, fo, f3: [0,1] — R be three functions defined by
fi(t) = |1 —nt +nt?|, fot) = t|1l —nt +nt?|, f3(t) = (1 —1t)]1 —nt +nt?|,

with n € (0,400). Then we have:

1
) @) [ A= oo

1 1 1
3) i) [ = [ o= o)

0 0

n € (0,4]

6n —n? +2(n —4)vVn? —4n
6n ’

n € (4, +00).
Proof. (i) If n € (0,4], then we find
11 —nt + nt?| =1 — nt + nt?

for all ¢ € [0, 1] and

! 2 B\l _6-n

If n € (4, 400), then we obtain

) 1—nt+nt?,  te[0,t]Ults, 1]
|1 —nt +nt’| =
—14nt —nt?, te (t,ta),

n—vn? —4n n+vn? —4n

where t1 = — and to = 5
n n
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Thus, we can write

= (t—nl i n Y (a0t
/Ofl” —<‘“2+"3>0‘<‘”2+”3>
N t—nﬁ+nﬁ 1 6n—n?+2(n—4)vn2 —4n

2 3 - '

ta 6n
(ii) Using the change of the variable u =1 — ¢ for ¢t € [0, 1], we find

/O oty = /O ' fa(tyd.

A simple computation shows that

t2

t1

! 1
/0 Pty = So(n).

Lemma 2 Let g: (0,400) — R be a mapping defined by

_v(2)
g(z) = —
Then we have
16 1
4 i = — | = —.
) e 9(@) =9 ( 3) 16

Proof. g is continuous function on (0, +00) and is differentiable on (0,4)U (4, +00).

Note that )
z € (0,4)

, @ € (4,+00)

1 1
and ¢'(x) < 0 for all z € (0,4) U <4, 36>, g <;> = 0 and ¢'(z) > 0 for all

16
T € <3, +oo). Finally, we get the desired result.

Lemma 3 Let f : I C R — R be a twice differentiable function on I° with f" €
Li[a,b], where a,b € I, a < b, then

(5)

! b d ! b b
= | Hd— sl = (@) + @)+ 6= )@ + )
1

*ont (@~ (@ = f(@) + 6= 2)(F®) - @)
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7; z—a) 1 -n nt2) ' (ta A
" 2n(b—a) [( )/0(1 t+nt?) f"(ta+ (1 - t)z)dt

1
. x)?’/ (1= nt 4+ nt2) F((1 — t)z + th)dt
0
holds for all x € [a,b] and for n € (0,+00).

Proof. By integration by parts, we get
1

r—a

1
| = ntt g a4 (1 = D@t = (@)~ f')

n n 1
*m[f(a) + f(x)] + (1:3(1)2/0 flta+ (1 —t)x)dt
and then, using the change of the variable u = ta + (1 — t)x for t € [0, 1] we obtain
! _ 2\ plt AP o 2771 £ wWdu
(6) /0(1 nt+ i) " (ta + (1 — 1) )dt_(x_a)g/a Fu)d
@)+ @)+ 1 @) - )
(2 — a)?

Then multiplying both sides of (6) by

t
2n(b —a)’ we ge

x r—a x —a)®
0 g [ e 3 I )+ @)+ 5 S ) - )

_(I._a)?, ! ot 4 ) (ta A
a 2n(b—a)/0 (1 —nt+nt") f7(ta+ (1 - t)z)dt.
Similarly, we find
’ — T — 2
® s [ S g @)+ 10+ 5 S0 - s
_ (b_x)g ! -n n A —
- 2n(b—a)/0 (1 —nt +nt") f7((1 —t)a + th)dt.

Summing the above equalities (7) and (8), we get the desired equality.

Remark 1 If we take x = a or x = b in Lemma 3, then (5) reduces to

b a D) — Fla
9) bia/ f(u)du_f<>;f<b>+<b )(f'(b) = f'(a))

2n

_(b—a) /1(1 —nt +nt?) (1 — t)a + tb)dt
0

2n
for all n € (0, +00).
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Remark 2 If we take x = ¢ in Lemma 3, then (5) reduces to

(10) /:f(U)du - {f“‘;f“’) L <a;b>} L =000 flo)
1

(b—a)2/ o (1=t 1+t a1+t 11—t
= 1— - - - -
™ O( nt +nt?) | f 5 a+ 5 b|+f 5 a+ 5 bl dt

for alln € (0, +00).

Now, by using Lemma 3, we prove our main theorems:

Theorem 1 Let f: I C R — R be a twice differentiable function on I° such that
" € Lla,b], where a,b € I, a < b. Then the following inequality holds

1 b 1
(11) ‘b_a/ f(U)du—m[(w—a)(f(a)+f(x))+(b—fc)(f(x)+f(b))]

1 , / / ,
o~y @~ @) = f(@) + 6 =2 (F®) - £ (@)
r—a)? —z)3
< 3o = Oy

for all z € [a,b], where || f"|lcoc = sup |f"(u)| < oc.

u€la,b]

Proof. From Lemma 3 and using the properties of modulus, we have

’ 1

b
= | = el = )@ + 1) + 6= ) @) + F0)
1

*onts —ay (@~ (@ = £(@) + 6= (Fb) - f(@)

/" loo
~ 2n(b—a)

From Lemma 1 and the above inequality we obtain the desired inequality.

(2 — a)® + (b— 2)?] /01 11— nt + nt?|dt.

16
Corollary 1 Under the assumptions of Theorem 1, for n = 3 we have

1 b 1
(12) ‘b_a/ f(u>du—m[(w—a)(f(a)+f(x))+(b—m)(f(w)+f(b))]

3 / ! / /
T 0 —a) [(z = a)*(f'(z) = f'(a)) + (b= 2)*(f'(b) — f'(2))]
1 (z—a)P+0B-2)3, .,
S350 — 1/ lloo

for all z € [a,b)].



86 V. Ciobotariu-Boer
Theorem 2 Let f: I C R — R be a twice differentiable function on I° such that

1" € Lila,b], where a,b € I, a <b.
If |f"] is convex on [a,b], then the following inequality holds

1 b 1
(13) ‘ba/ f(U)du—m[(x—a)(f(a)+f(x))+(b—w)(f(x)+f(b))]

ol — ) — @)+ (-2 0) ~ )]
< K ! a)g(n)[(x —a)3(|f"(a)| + | @) + 0= 2)>(|f" ()| + |f"(b)])]

b—
for all x € [a,b].

Proof. From Lemma 3, using the properties of modulus, by the convexity of |f”|,
we arrive at

1 b p 1 ) .
’b—a/a f(u) u_m[(x—a)(f(a)+f(x))+( —z)(f(z) + f(b))]
1

+

ol —ay @~ O (f @) = f(@) + (b —2)*(f'(b) - 7@

< 2n(b1_ 5 {(a; —a) [yf”(an /01 {1 — nt + nt?|dt

1
+ |f”(:c)|/0 (1—t)|1 - nt+nt2|dt]

1
+(b — )3 [|f"(x)| / (1 —t)|]1 — nt + nt?|dt
0
1
+|f”(b)|/ t|l —nt + nt2|dt] } .
0
Applying Lemma 2 in the above inequality we obtain (13).

Corollary 2 Under the assumptions of Theorem 2, for n = 3 we deduce

1
b—a

b
1) |52 [ e = g l@ = a)(f@) + f@) + (b= )(f @) + 1 (6)
3

_l’_

530 =gl P P@ = 1@+ 0= 2P 0) - £'@)

o1 @=a’(f" @] + 1" @) + (b= 2)°(1f"@)] + (b))
~ 64 b—a
for all x € [a,b].
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Corollary 3 Under the assumptions of Theorem 1, for x = a or x = b, we have

b " M — e
(15) L [ s L0 00~ )

< 59(n) (b = a)?[|f" |-

N |

Corollary 4 Under the assumptions of Theorem 1, for x =a orx =b and n = 4,
we have

b a —a / _ /a
I R O TRe CE SRR GRCUAURS )
1 1"
Sﬂ(b—a)QHf lloo

(see [3], [13]).

16
Corollary 5 Under the assumptions of Theorem 1, forx =a orxz =b andn = 3

we have
b a —a
an |t [ iwa- [0S ) g
< (6= aP e

Corollary 6 Under the assumptions of Theorem 1, for x = a or x =b and f'(a) =
1/ (b), we have

(18)

1
b—a

b a
[ st = HOEION < Somyo - s

Corollary 7 Under the assumptions of Theorem 1, forx = a orz =0, f'(a) = f'(b)
and n = 4, we have

b a
(19 s [ s 20 < L

[\)

Corollary 8 Under the assumptions of Theorem 1, forx = a orxz = b, f'(a) = f'(b)

and n = 3 we have

(20) = /abﬂu)du—m‘)‘;f(b)‘g

21 g
b—a (0= a)”[| /" loo-

L
32
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b
Corollary 9 Under the assumptions of Theorem 1, for x = %, we have

b a a —a
oy [ e g | HOTIO (0] ) - o)

g(m)(b = )| f"||oo-

Corollary 10 Under the assumptions of Theorem 1, for x = a4

and n =4, we
have

@) |t [ - g [FOTIO (L)) 0 D0 - )

1

<
96

(b= )2/l .

a+b 16

Corollary 11 Under the assumptions of Theorem 1, for © =

we have

(23) b—la/abf(U)du_; [W+f<a+b>] N 3(b—a)

2

1

< (b— a2l " ]
< 1550 = @17l

Corollary 12 Under the assumptions of Theorem 2, for x = a or x = b, we have

b " CAFB — Fla
(24) L [ s KO0 L0 )

< 20— a5 (@)] + £ D).

Corollary 13 Under the assumptions of Theorem 2, for x =a orx =b and n = 4,
we have

b " DA — Fa
(25) oL [ s L0 00U~ )

1

<
— 48

(b= a)*(If" (@) + [ ®)])-

(see [13]).
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16
Corollary 14 Under the assumptions of Theorem 2, forx = a orxz =b andn = 3

we have
b a —a
26) 'bia [ sy HOEIE B2 (1) — ()
< Lo — (@) + £ 0)).

64

Corollary 15 Under the assumptions of Theorem 2, forx = a orx =b and f'(a) =
1/ (b), we have

b a
o s [ s 010

< 26— 025" (@) + 11" D).

Corollary 16 Under the assumptions of Theorem 2, for x = a or x = b, f'(a) =
1 (b) and n =4, we have

b a
. s [ st 010

1

<
— 48

(b—a)*(If" (@) + "))
(see [13]).

Corollary 17 Under the assumptions of Theorem 2, for x = a or x = b, f'(a) =

1
f'(b) and n = 36, we have

b a
) s [ st L0210

1

<
~ 64

(b= a)*(If" (@) + [ ®)])-

b
Corollary 18 Under the assumptions of Theorem 2, for x = %, we have

80 [ [ s 3 OO (Y] 2o - sy

< eomb— (@] + 17O,
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Corollary 19 Under the assumptions of Theorem 2, for x = a4 and n = 4, we

have

30 [ [ J OO (Y] Ot - s

2 32

1

< 1550~ (" (@] + @)

+b 16

and n = —,
3

Corollary 20 Under the assumptions of Theorem 2, for x = a4

we have

o [ s g [HOIO (20 S0 ) )

(32) ‘ 2 2 128

1

< x5 (0= (1" (@] + " ®)]).

b
Corollary 21 Under the assumptions of Theorem 2, for x = % and f'(a) =

1'(b), we have

b b b

w [ [y [P (50)]
1
< 1690~ a)* (1" (@) + | f"(®)))-

Corollary 22 Under the assumptions of Theorem 2, for x = a ;_ b, f'(a) = f'(b)
and n = 4, we have

b b b
o [ o )]

1

< 17950~ a)*(|f"(a)| + |f"(®)))-

Corollary 23 Under the assumptions of Theorem 2, for x = a ;_ b, f'(a) = f'(b)

16
and n = 3 we have

(3) it [ o [0 (150)]

1 1 1
< ﬁ(b—a)Q(!f (@) + (b))
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3 Applications for special means

Recall the following means:
(a) The arithmetic mean

(b) The geometric mean

G = G(a,b) := Vab, a,b>0;

(¢) The harmonic mean

2
H = H(a,b) := Lb, a,b>0;
a+b
(d) The logarithmic mean
a if a=b
L = L(a,b) := b—a , a,b>0;
—— if b
mb—Ina = ¢ 7
(e) The identric mean
a if a=5b
I=1(a,b):=q 1 /pp\ 7= , a,b>0;
- < a> if a#b
e \a
(f) The p-logarithmic mean
a if a=b
L,=Ly(a,b):= pp+l _ gptl , pe R\ {-1,0}, a,b>0.
——— if a#b
(p+1)(b—a)

It is also known that L, is monotonically nondecreasing in p € R with L_; := L
and Lg := I. The following simple relationship are known in the literature

H<G<LSL<LSI<A

Now, using the results of Section 2, some new inequalities are derived for the
above means.

Proposition 1 Let p > 2 and 0 < a < b. Then we have the inequality

LE(a,b) — A(aP, 1) + p(p2;1)(b —a)’LP~5(a,b)
<Pl —1)

< P gm)(b— a)PAla?2,0772).
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Proof. The assertion follows from (24) applied for f(x) = 2P, = € [a, b].

Proposition 2 Let 0 < a < b. Then we have the inequality

b—a)?A(a,b)

’L_l(a, b) — H (a,b) — ( nG(a.b) ‘ < g(n)(b—a)?A(a3,b73).

1
Proof. The assertion follows from (24) applied for f(z) = —, = € [a, b].
x
Proposition 3 Let 0 < a < b. Then we have the inequality

InI(a,b) +InG(a,b) — g(n)(b—a)?A(a"2,b72).

a2 |1
2nG?(a,b)| ~ 2

Proof. The assertion follows from (24) applied for f(z) = —Inz, = € [a,b].

Proposition 4 Let 0 < a < b and p > 2. Then we have the inequality

plp—1)
&n

LE(a,b) — A(A(a?, bP), AP(a, b)) + (b—a)*L25(a,b)

< P2 Y ) — a2, 2.

Proof. The assertion follows from (30) applied for f(x) = 2P, = € [a, b].
Proposition 5 Let 0 < a < b. Then we have the inequality
_ _ _ b—a)?A(a,b)
LY (a,b) — A(H(a,b), A~ (a, b)) + L~ "Al@.0)
(@.6) = AGH ™ (0,0), A7 a,) + © A0

< 2g(n)(b—a)*A(a*,b7%).

o Sl

1
Proof. The assertion follows from (30) applied for f(z) = —, = € [a,b].
x

Proposition 6 Let 0 < a < b. Then we have the inequality

(b—a)?
In I(CL, b) +In G(G(aa b)a A((I, b)) + m

< g(n)(b—a)?A(a™?,077).

|

Proof. The assertion follows from (30) applied for f(z) = —Inz, z € [a,b].
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4 Applications for composite quadrature formula

Let A be a division a = zg < 21 < ... < Typ—1 < &y, = b of the interval [a,b] and
&= (&,&,...,&nm) asequence of intermediate points, &; € [x;—1,x;], 7 = 1, m. Then
the following results hold:

Theorem 3 Let f: I C R — R be a twice differentiable function on I such that
1" € Loola,b], where a,b € I, a <b. Then we have

/f AU, £ 0,8) + U, £1,0,€)
where
A(f, f A€ = %Z[(& = xi—1)(f(wim1) + f(&)) + (@ = &) (f(&) + f(20))]
=1

—%Z s — )2 (F1(&) = F (i) + (20— &)2(F (@) — £,

The remainder R(f, f', A, &) satisfies the estimation:

(36) [R(f, [/, A, 8)] < ()Ilf”llooZ[( & — wi1)’ + (2 = &)°,

i=1

for any choice & of the intermediate points.

Proof. Apply Theorem 1 on the interval [x;_1,z;], ¢ = 1, m to get

u)du — %[(Sz‘ — zi1)(f(wie1) + £(&)) + (2 = &) (f(&) + f (i)

+i[(£¢ = 2i-1)*(f'(&) = f(@i1) + (25 — &) (f () — f'(&))]

2n
< S0 ol — i)* + (1~ €)°)

Summing the above inequalities over ¢ from 1 to m and using the generalized triangle
inequality, we get the desired estimation.

Corollary 24 The following perturbed trapezoid rule holds

/f T(f. ', A) + Re(f, 1, A)
where
T( 7 8) = 30 B i) + £ = 3 o ()~ ()

=1 =1
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with h; == x; — x;—1 and the remainder term Ry (f, f', A) satisfies the estimation
|Re(f, f', A)] < g Hf”Hothg

Corollary 25 The following twice repeated trapezoidal rule holds:

b
/ Few)du=To(f, ', A) + Ro(f, £, A)

where SN zj:;;[ T 1)2+ f(zi) f<xl—12+xl>]
_;gz[f’(xi) — f(xi1)]

and the remainder term R,.(f, f', A) satisfies the estimation

[R-(f, £, A)] < Hf”HotoL3

Theorem 4 Let f: I C R — R be a twice differentiable function on I such that
" € Lila,b], where a,b € I, a <b. If |f"| is convex on |a,b] then we have

/f AU S D) + Balf, £1.A,6)
where the remainder Ry(f, f', A, €) satisfies estimation
/ 1 ¢ 3 1! 1/
B7) RS A1 o) D I(E — 2i) (1 (@icn) | + 1))
i=1

+(ai = &) (1" (&) + 1" (2i)])]

for any choice & of the intermediate points.

Proof. Applying Theorem 2 on the interval [z;_1,z;], i = 1,m, we find

u)du — %[(&' — zi1) (f(@io1) + £(&)) + (i — &) (f (&) + f(1))]

+%[(£@- —zi1)*(f'(&) = [(wio1)) + (@i — &) (z) = [/(&))]

1
< 79m)I(& — i) (1" (@im0)| + [ (E)]) + (i — &P (1" (&) + 1" (2)])-
Summing the above inequalities over ¢ from 1 to m and using the generalized triangle
inequality, we get the desired estimation (37).
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Corollary 26 The following perturbed trapezoid rule holds

/f T(f.f.A) + RA(f. . )

where the remainder term R%p(f, 1, A) satisfies the estimation
1 m
|R:(f, ', Q)] < Zg(n)zh?(lf”(zm)l + 1" (@)]).
i=1
Corollary 27 The following twice repeated trapezoidal rule holds

b
/fwmzﬂMﬂM+EMfA)

where the remainder term RE(f, f',A) satisfies the estimation

|meMK—y Z#U%%ﬂﬂﬂ<m

=1
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Interpreting modal logics using labeled graphs!

Beatrice Daniela Bucur

Abstract

Modal logic is an extension of the logic of predicates and propositions which
includes operators that express modality. In modal logic we deal with truth
and falsehood in different possible worlds, as well as in the real world. In
this paper we construct a labeled graph associated to a transition system, as a
starting point in analyzing modal logics. We define the concepts of inclusion,
isomorphism, "modal equivalence” and equivalence between graphs.

2010 Mathematics Subject Classification: 03B45; 05C78.
Key words and phrases: bisimulation; labeled graph; transition system.

1 Transition systems

Transition systems are concepts used in computer science. They consist of states
and transitions among them. The set of states can be countable or uncountable,
and so can the set of transitions.

Definition 1 Formally, a transition system ST is a triple (S, A, —), where S is a
set of states, A a set of actions and —-C S x A x S is the transition relation.

We can consider the transition system ST, a tuple (S, A, —, P, L) where S is a
set of states, A a set of actions, -=C S x A x S is a transition relation, P a set of
atomic propositions and L : S — 2F a label function.

To a transition system we can associate o set of atomic propositions which depend
on the properties taken into account. Thus we can obtain a variety of choices which
a logical analysis is able to predict. From the point of view of transition mechanisms,
the choice is arbitrary.
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2 Labeled graphs

Definition 2 A labeled graph is a tuple LG = (S, E,T, f) where S is a finite set
of elements representing the vertices of LG, E is a set of elements used to label the
edges of the graph, T is a set of binary relations on S and f : E — T a surjective
function.

Remark. In the graphic representation of this structure, the vertices are drawns
as boxes which contain their names. An edge from z; € S to z; € S is labeled by
a € E if and only if (z;,z;) € f(a). Note that the

X 3

Y
b

C

Xa Xa
b

Y

X d

Figure 1: Graphic representation of a labeled graph

Ezample. Consider
e 5= {l’l,l‘g,xg, ‘T4} ;
o L={a,b,c};

o T'= {P17P27p3} 5

p1 = {(21,24), (3,74)};

P2 = {($23$1)7 (m27$3)} ;

p3 = {(r4,22) };
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3 Labeled graphs and transition systems
We notice the following:
1. A labeled graph can be interpreted as a transition system.
2. The states of ST are the vertices of the graph.
3. The actions of ST can be associated with the labels of the graph.

We define the labeled graph associated to a transition system, and denote this
by LG(ST), to be a tuple (S, E, T, f), where S is the set of states, FE the set of
actions, T the set of atomic propositions and f : F — T a surjective function.

Let LGl(ST) = (Sl,El,Tl,fl) and LGQ(ST) = (SQ,EQ,TQ,fg) two labeled
graphs associated to a transition system. Consider the function

g:85 — 5
and define
? . 251><S1 — 2SQ><SQ
by
9(0) =10
and

§(R) = {(xl,xg) € 859 xSy 3(&1,&2) € R with g(ai) =g, for i = 1,2}.

Definition 3 We say that LG is included in LG4, and denote this by LG, C LG,
if the following conditions hold:

1. By C Ey;
2. there is an injective function g : S1 — So for which
g(fi(a) € fo(a) Va€ Ey.
Proposition 1 The inclusion relation previously defined is reflexive and transitive.

Proof. It is clear that LG C LG, therefore the relation is reflexive.
We assume now LG C LG9 and LG9 C LG5 and prove that LGy C LG3. Since
LG, C LGo, there is an injective function g; : S; — Sz so that

91(f1(a)) C fa(a) Va € Ej.

In a similar way, there is an injective function go : So — S3 so that

92(f2(a)) C f3(a) Va € Fs.
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Clearly, from F; C Fy and Fy C E3 we get By C FE3. It means that we can define
an injective function gz : 1 — S3 by g3 = g2 0 g1 such that

92(g1(a)) € g2(f2(a)) Va € Ej.
But ga(f2(a)) € f3(a) = 32(g1(f1(a))) C f3(a), therefore
93(f1(a)) C f3(a) Va € L,
hence LG1 C LGj3.

Definition 4 If LG1 C LG2 and LGy C LGy we say that LG1 and LGs are iso-
morphic and denote this by LGy ~ LGs.

Proposition 2 The relation ~ is reflexive, symmetric and transitive.

Proof. We prove that ~ is reflexive, symmetric and transitive.

1) Obviously LGy ~ LG.

2) If LG1 ~ LG4 then clearly LGy ~ LG1.

3) Let LG1 ~ LG9 and LGy ~ LG5. Then we obtain LG; C LGy and LGy C LGy,
and also LGy € LG3 and LG5 C LG5. But then it follows that LGy € LG5 and
LG3 C LG and the claim is proved.

Definition 5 Let s € S. Define the relation F in the following way:
1. sEp if and only if p is true in the state s.
2. sEpAY if and only if sE p and s F 1.
3. sE —p if and only if s &7 p.

The most famous theories about modal logic are based on the model built by Saul
Kripke which, in a restricted sense, refers to necessity and possibility.
The semantics of modal logics consists of a non-empty set G, whose elements are
called possible worlds, a binary relation R between the elements of G called accessi-
bility relation and a labeling function which describes every situation. Modal logic
makes use of the modal operators O (necessary) and ¢ (possible).

The truth of a modal formula ¢ for a state w in LG(ST'), denoted by (LG) w E ¢
is defined as follows.

Definition 6
1. wE p if p is true in the state w.
2. wE —p if and only if wE p.
3. wEpAqifand only if wE p and wE q.
4. wEOp if and only if u E p for any element u € G such that wRu.
5

. wE Op if and only if there is u € G such that wRu and u F p.
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Figure 2: Example of a labeled graph associated to a transition system

o S={x1,x9,23,24};
o L={p,qr};

o T'={p1,p2,p3};

o p1={(z3,24)};

p2 = {(w2, 1), (¥2,23), (T1,74) } ;

pz = {(x2,24)} .

Definition 7 We define a function h : T x S — {t, f} (with t and f truth values
“true” and “false”) which assigns the truth value to the sentence p at the state x,
denoted by h(p, x).

Remark. In the preceding example we have h(q,x4) = h(r,z4) = h(p,z4) =
h(zs,q) = h(x1,q) = T, the rest of the sentences being false.
We can interpret the basic formulas of the modal language in terms of the states of

an LG(ST) :
e LG(ST), zo F Oq: x; is the only state accessible from z9 and ¢ is true in z;.
e LG(ST), z1 E OQq : there is a state accessible x4 from x1, where ¢ is true.

e LG(ST), x1 F OUq : z1 is accessible from x5 and ¢ is true in all states accessible
from x7.

e LG(ST), ©4 E O L q : there are no accessible states from z4 so that any
formula starting with [J is true. Also, all formulas starting with ¢ are false.
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Definition 8 Let LG(ST) = (S, E, T, f) be a labeled graph associated to a transition
system. A set A C S is defined in LG(ST) if A={w e S: (LG) wE ¢} for some

modal formulas .

*1

2 Ha

L]

Figure 3: A second example of a labeled graph associated to a transition system

Example.
e 1,4 is defined by O L (x4 is the only final state);
e 1 is defined by OO0 L AOO L (z; can be a final state);

e 17 is defined by (00O L AOO L) (x2 is the only state from which x; can be
reached);

e 13 is defined by OO L .

Note that all subsets of S = {x1,z2,23,24} are defined. However, troubles might
appear if the states do not have distinct modal formulas.

Definition 9 Let LG1(S1, E1,Th, f1) and LG2(Sa, E2,Ts, f2) be two labeled graphs
associated to a transition system. We say that (LG1) wi and (LG3) wa are “modally
equivalent” (see also [3]) if, for all modal formulas ¢, (LG1) wi F ¢ if and only if
(LG2) wa E . We denote this by (LG1) =~ (LG2).

Definition 10 Let LG1(ST) and LG2(ST) be two labeled graphs associated to a
transition system. A subset S C Sy x Sy is called a "bisimulation” (see [2]) if, for
any wy € S1 and we € Sy with wy,ws € S, we have

1. h(p,w1) = h(p,wa) for allp € T}
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2. if w1 E vy then there exists vo € So such that weFove and v1Sve;
3. if woEouy then there exists v1 € S1 such that wiE1v1 and vi1Svs.

We denote LG1(ST) <» LG2(ST) if there is a bisimulation v relative to wy with wa.
Proposition 3 The relation” < 7 is an equivalence relation.

Proof. Clearly LG1(ST) +» LG1(ST). Then, if LG1(ST) <> LG2(ST), clearly we
also have LG2(ST) <» LG1(ST). Finally, LG1(ST) <+ LG2(ST) implies that

(1) h(p,w1) = h(p,w2) Vp €T and w; € S1,ws € Ss.
Similarly, LG2(ST) <» LG3(ST) implies that
(2) h(q,w2) = h(g,w3) Vg e T and wy € Sz, w3z € Ss.

Equalities (1) and (2) imply now that, when p = ¢ is arbitrary, h(p, w1) = h(p, ws)
for all (w1, ws3) € S1 x Ss3, hence the first part of the definition is satisfied. To verify
the second part, if wy F1vq then there exists v9 € Sy so that woEove and v1Svy where
S C Sy x Ss. Since woFEsvy then there exists vy € S3 so that wsE3vs and v9S'v3
where S’ C Sy x S3. Thus, if wi Eqv; then there is v3 € S3 such that wsE3v3 and
v15"v3 where S” C S; x S3 and, consequently, the second part of the definition is
checked. One can similarly deal with the third part and conclude the proof.

4 Conclusions

In a broad sense, modal logic covers a family of logics with a series of norms and
a variety of different symbols. The most famous theories regarding modal logic are
based on the model built by Saul Kripke. If in the transition system we include
a supplementary labeling function for the states, we obtain a Kripke-type struc-
ture. Representing such structures through labeled graphs allows for a graphical
interpretation which proves useful in the theoretical analysis of their properties.
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Szasz-Lupas basis functions !
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Abstract

In this study, a certain bivariate summation integral type operators based
on Lupas-Szasz functions are introduced and investigated the degree of approx-
imation. In terms of partial and total modulus of continuity and K-functional.
Furtermore, the operators extended to Bogel continuous functions by the means
of Generalized Boolean Approach.
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1 Introduction

Inspired by Lupag’s paper [25], in [2] Agratini investigated some convergence prop-
erties of the following operators

(1) Ly (fia) = 2710 3000 o Wl g (ky

where f € C'[0,00), and C[0,00) denotes the space of all real valued continuous
functions on [0, 00).

In [3] Agratini introduced Kantorovich variant of the operators (1) and obtained
the smoothness properties in terms of modulus of continuity. Also, by using prob-
abilistic methods, he investigated rate of convergence of the Kantorovich variant of
the operators (1) for functions of bounded variation.

Erengin and Tagdelen introduced the following generalization of the operators

®
(2) Ly (fia) =27 32 e s (&) v 2 0
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where (ay), (b,) are increasing and unbounded sequences of positive numbers such
that

=140 (i) limp oo & =0

and studied their weighted approximation properties by means of weighted approxi-
mation [16], later they gave the rate of convergence for the Kantorovich type version
of the operators L} by means of the modulus of continuity, for local Lipschitz class
and Peetre’s K-functional [17].

In [23], for integrable functions, we studied the approximation properties of cer-
tain summation-integral type operators as follows:

n oo x®
(3) Do, p, (f;7) = b 2ek=0 In,g () f Py (u) f (u) du,
n 0
an biw bfZE an
where py, 1, (x) = eiﬁzr;ﬁi!, Lok (x) = ;T!k?*W‘T and (ay), (b,) are real
bn bn
number sequences such that lim a, = oo, lim b, = 0o, lim — =0, — <1 and
n—o00 n—o0o n—00 Ay, anp,

z € [0,00).
Inspired by the above works, we can introduce the bivariate case of the summa-
tion integral type operators based on Lupag-Szasz functions as follows:

Gn Cm

(4)  Dim (frwy) = 350 S50 SR bt (2,9) [ [ o (u,0) f (u,0) dudv

oy
oy

where [ is Lebesque integraliable function, p’fb’f}n (,y) = pnk () pm,j (y) is a ten-

(a k . J

. S (BY)

soral product of p, 1 (z) = e ban and pp, ;i (y) = e dmyT, o (2, y)
(& (o)

. b _an dm? )i _em

is a tensoral product of I, (z) = Wl’“? on ™ and Uy, (y) = T'JZ ¥

(an), (bn), (cm), (dm) sequences are unbounded and increasing sequences of posi-

d
tive real numbers which lim — =0, — <1, lim —% =0, — < 1 and (z,y) € J?,

J? = J x J with J = [0,00), n,m € N.

The bivariate operators (4) are defined on C (J?),J? = J x J with J = [0, 00).
Here C (JZ) denotes the space of all real valued continuous bivariate functions f
defined on the J2. Cp (J 2) is the space of all real valued continuous and bounded
bivariate functions f defined on J?, Cg (J?) is endowed with the norm [fllep ) =

sup |f (z,y)].
(z,y)€J?

In the present study, we give some basic convergence properties of the operators
Dy, ,,, defined by (4) and investigate the degree of approximation in terms of the com-
plete and partial modulus of continuity of these operators. We obtain the order of
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convergence with using Petree- K functional. Later, we introduce the GBS (General-
ized Boolean Sum) operators of the operators (4) and investigate some convergence
properties on the space of the Bbgel continuous functions.

2 Approximation properties

In order to examine the approximation properties, we give some results using the
two-dimensional test functions e; ;(t,s) = t's’, (4, = 0,1, 2). By simple calculations
we have the following lemma:

Lemma 1 Let Dy, ,, be the bivariate linear positive operators defined by (4). For
all m,n € N, D¥  satisfy the following results:

n,m

D:L,m (60,0; xz, y) = 17

Dy (er0i2,y) = o+ —,
(079

D} (€015, y) =y + &=,

D: . (e20i2,y) =22 +5—x+2(— | ,
2
D, (e02;,y) = y? + 59my 42 (fflii) :
bn bn 2 bn 3
D;(Lm(e?no;xvy) :$3+12—;p2+29 <) r+6 <>
7 QA Qp, an
3 din ;2 dm \? 4. \3
Dy, 1 (0357,y) = y° +1252y> + 29 (£> y+6 (ﬁ)
and
bn by ’ bn s by, 4
Dy, o (e10;7,y) = xt4+22" 23 + 131 <> 22 + 206 () T+ 24 <>
an (07 an, an

2 3 4
Diy i (0,450, y) =yt + 2283 4131 ()32 + 206 () "y + 24 (o)
Proof. Proof is clearly by definition of the operators D}, ,,, and Lemma 2 in [23].

Remark 1 For n,m € N and for all (x,y) € J?, using Remark 2 in [23] we have

b
(5) D;kz,m (t_x;xvy) :£7

Gn
(6) D}y (s —ys,y) = &2,
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(7) D <(t - :U)2;:B,y> EPLIP (b”>2,

n an

2
* 2 m m
®) Dy (5= 9)?50,y) =38y +2 (L)
Taking into account the condition (7) and by Lemma 1 we can write

D (10 -2 ) =0 (22) o+ 1),

Qn

Drvim <(6170 — )’ wy) =0 (bn

an

)(9:2+33+1),

and as similar we get

Dy o ((60,1 —y)%; :v,y) =0 (dﬂ) (y+1),

Cm

Dy m ((60,1 —y)! ;JU;Z/) =0 (%) (v*+y+1).

2.1 Direct Estimates

We start with the following theorem.

Theorem 1 Let {D,’;m} are positive linear operators given (4), we have,

limy, m—soc0 HD:L,m (f) — fH =0,

where, for oll f € C(JQ), Dy, ., operators are uniformly convergent to f on the
compact subintervals of J?.

Proof. Taking into account the conditions of Lemma 1 and for all (z,y) € [0,a] X
[0,a] C J%,a > 0, we can easily see that

lim D;(L’m (elgam)y) :ei,j($7y)7i)j:07172

n,Mm—00

By using the universal Korovkin-type theorem in [31], the theorem is proved.
Now, we give the convergence properties about modulus of continuity.
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2.2 Rate of approximation

Next the degree of approximation of the operators D;, ,,, given by (4) will be estab-
lished in the space Cp (J 2).Then, the complete modulus of continuity for bivariate
case is defined as follows:

(9) w(f:0) = sup{[f(t,s) = fla,y)| : /(t —2)2 + (s —y)? < 5},
for every (t,s), (x,y) € J2. Further, the partial moduli of continuity with respect
to xz and y is defined as

10)  wi(f;6) = sup{|f<x1,y>  Fleny)| iy € J and J1 — o < 6},

A1) W2(f:0) = sup {|f<x,y1> f(e ) s e T and |y -yl < 5}.

It is obvious that they satisfy the main features of the usual modulus of continuity

[1] -
Now, we can give the rate of convergence of the sequence of the operators {D;’;m}
to the function f € Cp (JZ).

Theorem 2 Let {D;’m} are positive linear operators given (4), the following in-
equalities
D (F2,9) = f(2,9)] < 20 (f5 6n,m)

Do (Fr2,9) = f (2,9)] < 2 [w!(f50n) + w?(f5 6m)]

hold. Here w is the complete modulus of continuity, w' and w? are the partial moduli
of continuity with respect to x and y and

b b, \ 2 d a2
Onm (z,y) = {an +2 (n) +3y—" +2 (m> } ,
an (e79) Cm Cm

; b2 1/2 p g2 1/2
o (x) = {Bxan +2 <an> } and 6p, (y) = {3ycm + 2 <cm> } L (x,y) € J2.

Proof. Using the definition of 9, we can write
D}y (Fr2,y) = [, y)| < Dy (1 (805) = f(2,9)] 52, y)
< D (w (FiV/E= 2P+ (= 9P?) 2.y)
<w(f;0) [1 +35D; (\/(t —z)?2+ (s —y)% wy)] :
Applying the Cauchy-Schwarz inequality, we have
1D; (Fi,9) — £ (2,9)]
< w(f;0) [1 + 5 {05 m (= 2)° + (s = y)*) ;w,y)}m}
<w(fi8) |1+ 3{D} ((t=2)%2) + D} (s = 9)%)}
9 9y 1/2
< w(f;9) 1+§{3x22+2 <b”> +3yd—m+2 <dm> }

Gn Cm Cm
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b b\ d N e
Taking 0 := 0pm (z,y) = {337@"—1—2 <an> +3y—+2 <m> } , we obtain

Cm Cm
the desired result.
Now, using the well-known properties of 10, 11 and using Cauchy-Schwarz in-
equality we can write

|D f,l'y) f(ﬂz,y)’SDz’m(|f(t,s)—f(x,y)|;x,y)
<Dj . (If(t,S) f&ylizy) + Dy (1 (6 y) — fzy)liz,y)
< D (14 5hls = ylo? (30m) 3
D5 (14 1= ol (f360) 52
W2 (f30m) (14 5 (Din (s = 9)2) s2,9)) *)

W (F380) (14 3 (D (= 2)) 12,9)) )
=A; + As

1/2
dp, d \
Taking 6, = 0 (y) = {By +2 <> } , from the definition of 11 we

Cm Cm
obtain A; = 2w? (f;8,,). Similarly using the definition of 10 we get As = 2w! (f;d,)
1/2
with 0, = 6, (z) = {35L’bn +2 (bn) } . Hence, theorem is proved.
an

Now, we find the order of approximation of the Dj ., operators to f (x,y) €
Cp (J 2) by Petree’s K-functional. Priorly, we recall some notations.

of
oxt’
/ for i = 1,2 belong to Cp (JZ) The norm on the space C%, (JZ), is defined as

Oy’
o' f o'f
+ ' ’
||f||cl23(J2 1Fllcy (J2) Z ( oxi Cp(J?) ‘ oy’ CB(J2))

The Petree’s K-functional of function f € C (J 2) is defined as:

Let C% (J 2) is the space of all differentiable function f € Cp (J 2) such that

%

(12) K(f,0) = nfyecz (o) {llf = gllcsrz) + 0 llgllez 2} (6> 0).

It is also known that
(13) K(f,0) < M {wa(f, V8) + min (1,6) | fllcy o)}

holds for 6 > 0 (see also [14]). Here the constant M in the above inequality is
independent of ¢ and f and wa(f, \/5) is the second order modulus of continuity.



Operators based on Szdsz-Lupas basis functions 111

Theorem 3 For the function f € Cp (JQ), the following inequality

(14) D} (5 2,y) — f (2,9))]
< 4K (f, My (2,9)) +w (f;6n,m (7,9))

< M{wz For/ Mo (2:9)) + min (1, Mo (2,1)) ||f||cB<Jz>}
(faénm (x y))

b \>  (dm\®
holds where 5,217,” (z,y) = <> + <> and M is constant independent from f.

Qan Cm

Proof. We define the auxiliary operators as follows:

(15) D (fiz,y) = Dk (fiz,y) + f (2,y) — f (% m) .

Cm
Then using Lemma 2, we have
D;;,m ((t_x) ;:L‘,y) = 07D7>:,m((8 _y) ;xay) =0
Let g € C% (JZ) and (t,s) € J2. Using the Taylor’s theorem we get

gt,s)—g(z,y)=g(t,y) —g(x,y) +g(ts) —(ty)

16) = (t— )39(%‘@) _|_ft 3 g( Y du

T (s —y) e g [ (s o) Lol
Y

Operating D, on both sides of the equality (16), we have

Dy (g2, y) — g (,y)
anz+bn

t zt
:Dj;,m(f(t_u)ag( )duxy> f (%—@%du

T

emytdm
s o ,
+D;, (f (s — v) T8 qu; o y) oo (e ) Pl g,
Y

)
Hence,
| D (g:2,y) — g (2,)]
t anx+bn
S (o o T A P L
B X

S

s of|[ 2tz

0z du
y

cmy+dm
cm 2
;:c) | [ | o] |20 gy

Cm Ov?
)

o
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= {D:"m ((t - m)Q;w) * <% - 3”)2} lgllcz, )
{ D (5= %52) + (2222 = )" Lol o

By considering Lemma 2

D5 (932,9) = 9 (2.)] )
<Rt + () + e 0+ ()
(%202 (@) + 432, () Nglles, -

IN

Thus we get for f € Cp (JQ), we find

0T) (D (i 00)] < D ()| +1f o] |1 (2220 ot 2y

an Cm
<3 fllcpm

Now, from equation (17), we have

\D; (fi2,y) — f (2,y)]
<|Dj . ((f —9) xy\HDnm gz, y) — g (z,9)| + g (z,9) — f (z,y)]
[ (e ) )|

Cm

<Al = glloge +4 (20 @) + 252 ) lgles o

2 2
eyl

Taking the infimum on the right hand side over all g € C% (J 2) and using ( 13) we
obtain

< 4K (f;Mn,m (IL’,y))

2 2
- (f; () ()

< M {w*(fo /My (2,y)) + min (1, My m (2,9)) || fllc2) )

2 2
ol (@) ()

Hence, the proof is completed.
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3 Approximation in the space of Bogel continuous
functions

In this section, we give a generalization of the operators (4) for the B-continuous
(Bogel Continuous) functions. For this, we introduce the GBS (Generalized Boolean
Sum) operators associated with the operators (4) and investigate some of its smooth-
ness properties.

The definitions of B-continuity and B-differentiability were introduced by Karl
Bogel in ([12], [13]). After, the well-known Korovkin theorem is improved for B-
continuous functions in [6] and [7].

The approximation properties of the bivariate Bernstein type operators and cor-
responding GBS operators were investigated in [9], [10], [26], [27] and [28].

Let us give some basic definitions and notations which will be used in this study
( for more information [12], [13]).

Let I; and I be compact real intervals and let D = I; x I,. A function f :
D — R is called a B-continuous (Bogel continuous) at a point (zg,yg) € D if
hm(m,y)—)(mo,yo) Axyf (20, yo; z,y] = 0, for any (z,y) € D, with Axyf [z0, Y05, y] =
f(xy) = f(zm0) — f(z0,y) + f (20, v0)-

We define the GBS operators associated with D}, ., (f;7,y) as follows:

GD;;,WL (f;xay) = D;kz,m (f;:z:,y) = 27:272 (]?.;0 Z/?;olg’,jm ($7y)
< [ [ i (u,0) [f (uyy) + f (2,0) = f (u,0)] dudv
00

where the operator GDy, ., is well-defined from the space Cy(I.q) on itself and f €
Cy(Ieq). Tt is clear that GDy, . is a linear positive operator and reproduces linear
functions. Cy(1.q) denotes the space of all B-continuous functions on I.q = [0, ] X
[0,d] ([4] p-380).

We now give the rate of convergence of the sequences of the operators (18) to
f € Cy(I.q) using the modulus of continuity in Bogel sense. We begin by recalling
the definition of Bogel (mixed) modulus of smoothness of f € Cy(I.q). The Bogel
(mixed) modulus of smoothness of f € Cy(1.q) is defined as

wp(f;01,02) =sup {| Ay f [t s;z, ]|+ |lw —t] <61,y — 5| <02},

for all (z,y),(t,s) € I.q and for any (01,02) € (0,00) x (0,00) with wp : [0,00) X
[0,00) — R [8]. This modulus has similar properties with usual modulus of continu-
ity. For example, if f € Cy(I.q) then f is uniform B-continuous on I.; then

hmn,m—wo wpB (f7 5%7 5m) =0.

Theorem 4 For every f € Cy(I.q), in each (x,y) € I.q, the operators (18) satisfies
the following inequality

(18) |GD;,, (fi2,y) = f (2,9)] < 4w (f5 00, 0m)
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b b\ 2 2
where 6p, = /3 2% + (ﬁ) s Om = /33y + (E—Z) .

Proof. From the definition of wp (f; dn, o) and by the elementary inequality
Wi (5 M0y Amdm) < (L+ M) (1 + M) wB (500, 0m) ; Any A, > 0
we get,
A fItsizyl] Sws (F; e — ),y — s|)
< (14 221) (1+ 52) wi (£:00,0m)

for every (z,y),(t,s) € I.q and for any 0,,d,, > 0. Using the definition of
A(ﬂc,y)f [t,s;x,y], we may write

f(xs)+ f(ty) — f(t;s) = f(m3y) — Dy fltsizy]
When we apply the GDy, ,,, (f;z,y) operator to this equality we get

GD;, . (f;2,y) = f(2;9)Dnm (€0,05%,Y) — Dum (Ao flt 525 9]52,9)

Since Dy, (€0,0;2,y) = 1, taking into account inequality (19), using the linearity of
the Dy, ,, operators and using Cauchy-Schwarz inequality we have,

\GD;;  (fiy) = [ (2,9)] < Djh oy (| Ay f1E: 55339

;x,Y)

< (D:‘L,m (6070;x7y) + 5;1\/D;kl,m ((6170 - ‘T)Q ; CC,y)

0., \/Dié,m ((60,1 —y)*sa, y)

5101 \/D;‘L’m ((6170 — :c)2 : x,y) Dj, <(6071 - y)2 : x,y)) wB (f;0n,0m) -

From Lemma 2, taking
2
On = \/32—2x+ (Z—Z) ,
2
o =350+ ()

we reach the desired inequality (18).

Now, we study the degree of approximation for the operators GDy, ., (f;z,y) by
means of the Lipschitz class for B-continuous functions.

For f € Cy(1.q), we define the Lipschitz class Lipas (A, p) with A, p € (0,1] as
follows:

Lipas (0 1) = {f € Cy () + [B gy f [t 55,91 < M|t — a5~y }

for (¢,s),(x,y) € I.q, M > 0 ([4] p.382).
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Theorem 5 Let f € Lipyr (A, i), then we have

GD; 0 (fi,y) — f ()| < M6y 84!,

2 2
where §,, = 32—’;37 + (Z—Z) ,O0m = q/32—2y + <fﬁ) are the same as previous theo-

rem and A\, p € (0,1], (z,y) € L4

Proof. By the definition of the GDy, ,, operators and by linearity of the Dj .,
operators, we may write

GDy, . (fiz,y) = Dy, (f(z,8) + f(ty) — f(t58);2,9)
=D;, o (f(@59) — Ay fIt sz 9] 2, y)
= f(x;9) D}, (€005 2,y) — Djh oy (A [t 5523 9) 2, 9)

And, by using the hypothesis, we have
\GD;; o (fi,y) = [ (2,9)] < Dji oy (| Ay f1E 55739
<MD, (!t — s -yl ;:r,y>
= MD::L,m <|t—33’|>\,33,y) D27m(|3—y|ﬂ,$,y)

;x,Y)

Applying the Holder’s inequality with p; = 2/X\,q1 =2/(2—X) and p2 = 2/pu,q1 =
2/(2 = p), we get

N[>

=3
2

\GD;, .., (fiz,y) — f (z,y)| < MD;; (\t—:UIQ;w) Dy, (!8 —yf ;y>
< M6255.

Now we give some illustrations about convergence of the operators to a certain
function by means of graphics.

Example 1 In Figure 1, forn =5, n = 10, n = 50 the convergence of GD;, ., (f;x,y)

( respectively green, yellow and pink) to f (x,y) = (x —1)* 4+ (y — 1) (blue) is illus-
trated with a, = n, b, = In+/n + 10, ¢, = m,d,, = In\/m + 10.

Example 2 In Figure 2, forn =5, n = 10, n = 50 the convergence of GD;, ,,, (f;x,y)
( respectively green, yellow and pink) to f (z,y) = (& —1)*(y — 1) (blue) is illus-
trated for the sequences are a, =n+1, b, =v/n+ 10, ¢;, = m+1, d, = vV/m + 10.
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Figure 1: The convergence GD;, . (f;7,y) to f(z,y) = (v — 1?4 (y—1) for

an =n, b, =Invn+ 10, and ¢, = m,d,, =Inv/m + 10

Figure 2: The convergence GDj, ., (f;z,y) to f(z,y) = (z - 1)?(y—1) for
anp =mn, b, =In/n+ 10, and ¢,, = m.,d,,, = In/m + 10
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Abstract

The paper contains the equivalence of two moduli of smoothness with a
corresponding generalized K-functional of order two. Also estimates of the
degree of approximation of functions by using general positive linear operators
in terms of this K-functional are given.
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1 Introduction and auxiliary results

Quantitative estimates for the approximation of functions in C'[a,b] by positive
linear operators in terms of the first modulus of the derivative can be found in [1],
[5], [2] and in many other papers. In the paper [6] (see also [7]), R. Paltanea defined
two second order moduli of continuity that extend the first modulus of the derivative
for the class of arbitrary functions. For f : [a,b] — R and ¢ > 0, these are

Wf(ft) = tsup | ’ﬂx ti) = i@ S+t = S0)
1 2
t1 >0,t2 >0, z,x+t1,y,y + t2 € [a,b],
(1) max {z + t1,y + t2} — min {z,y} < t};
and
wy(f,t) = tsup{|f(1:+t1+t2)_f(ﬂftltl)_f(x—l—tz)%-f(xﬂ:

L Received 28 June, 2016
Accepted for publication (in revised form) 10 August, 2016

121



122 R. Paltanea, M. Talpau Dimitriu

(2) t1>0,tz>0,t1+t2§t,x,m+t1+t2e[a,b]}.

In these formulas the supremum is accepted to be infinite. Note that if f is a
Lipschitz function then wd(f,t) and w§(f,t) are finite for all + > 0. The name
second order moduli of continuity for wg and ws§ is justified by

wi(f +1,t) = wi(f. 1), ws(f +1,t) = w§(f, 1),

for f: [a,b] — R, [ linear function and ¢t > 0.

In [6], [7], the following results are given
Theorem A. We have

(3) w3 (f.t) = wi(f,1), (V)f € Bla,bl, ()t > 0.

Theorem B. We have

(4) W3 (f.t) = tr(f',1), (V)f € Ca,b], (V)¢ > 0.

In [7] estimates with optimal constants of the degree of approximation of func-
tions by using general positve linear operators in terms of moduli w4 (f,t) and w§(f, t)
are given. In this paper we consider a generalized K-functional equivalent to these
moduli and establish general estimates of the degree of approximation by positive
linear operators with this K-functional.

Recall that o function f : [a,b] — R is said to be Lipschitz continuous if

(M >0, (V)z,y € [a,0] : [f(x) = f(y)| < M |z —y|.

The class of all Lipschitz continuous functions on [a,b] denoted by Lipla,b] is a
seminormed space, seminormed by

/(@) = £)
5 flriplas = sSup —————.
( ) | ’Lp[ ) z,y€a,b] |$ _y|
Ty
Note that
i/l 1A gt 5t
wpla = sup s
Lipla.bl =, 05-a) h

Apf(z)=f(z+ BY — f (z — ) being the central difference and |-|| the sup-norm.

Lemma 1. For f € Lipla,b] we have

|]Ah(f)‘|[a+%7b—%] (W)t € (0,b — al.

6 flrivlas = SUp
( ) | ’L pla,b] he(0.4] h
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Proof. We denote by

[AR( gyt pn
ag(t) = sup " [o+3:0-3]

,t€e (0,b—al.
he(0,t] h ( ]

Since ay is an increasing positive function on (0,b — al, there exists the limit

i i < < ) .
tl_l)r& ay(t) and t1_1>r(§1+ ap(t) < ap(t) < |flLippap

On the other hand, for n € N, h € (0,b — a] and x € [a—i— %,b— %], with the

notation x; = x — % + il

o> 1 =0,n, we have

1

NGRS " h
SO < IS st - g1 [y =0 (7)

n

whence ’f‘Lip[a,b] < tglgl_’_ Ckf(t)

Below it is given a useful property of ws:

Lemma 2. Let f € Lip[a,b]. Then:
ws(f,nt) < n*ws(f,t), (V)n €N
Proof. Let t; > 0, ta > 0, t1 +to < nt, x, x + t; + ta € [a,b]. We have:

f(m + 1t + tz) - f(.CU + tl) — f(a: + tQ) + f(x)

Ny it Jjt -Vt jta
_ZZ[f(ernJrn)—f(er - +n>

i=1 j=1

it — 1)t  — 1)t — 1)t

_f<x+u+<.7 >2)+f<x+<’ ), >2)}_

n n n n

Then
lflx+ti+t) — flz+t) — fla+i) + fz) <1 w5(f,t) 2 :n.wi(f,t)

t1 n t t

This implies wQ(f,tnt) < an(Z’ 2 i.e. the inequality.
n
2 The K-functional KJ
Definition 1. For f € Lipla,b] andt > 0 set
d _ : 1"

(7) K350 =t _inf {1 = gluipay +tlo"]}-
Remark 1. If f € C'[a,b], then
() K3(f.t) =t inf |/ =g +t]g"[} =KL (f1),

g€C?[a,b]

where K1(g,h) = Ki1(g, h, C[a.b],C[a,b]) is the usual K -functional.
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Remark 2. It can be proved that

d _ : —ql,. !
Ky(£0) = tgecl[a,bﬁfeup[a,b] {‘f g’Llp[a»b] +i ‘g ‘Lip[%b]} '

Theorem 1. For all f € Lip|a,b],
1 d d d
(9) 5“2(.]0)0§K2(f7t)§4w2(f7t)7t€(07b_a]

Proof. Let t; > 0, to > 0, z,x+t1,y,y +t2 € [a,b] such that max {z + t1,y + to} —
min {z,y} <t. Let g € C?[a,b)].

flx+t) = flz)  fly+ta)— f(y)’

t to
N —gett) = (F—g)@)] | [(f=9)ytt) = (f - 9)W)l
- t1 to
N ’g(fv +t) —g(z)  gly+t2) - g(y)‘
t to

<2 ’f - g|Lip[a,b] +1 Hg”H
<2 (|f - g‘Lip[a,b] +1 Hg”H)

Since g is arbitrary it follows that

flatt) = flz) flyt+ts) - f(y)‘ <5
i1 to N

from where the left inequality in (9).
To prove the right inequality we consider the following extension of function f
to a larger interval as in [3], f;: [a+ 5,0+ L] — R,

. fle+g)—flat+g)+fla) ,zela—g,a);
10 Julw) =4 /(@) 2 € [a, ]
fla=5)—FO-5)+f0) e (bb+i].

We define g; : [a,b] — R,

(11) gt(x):j;/dv/ [f; (u+v+i>—ft<u+v—i)]du.

Let h € (0,t], x € [a—i—%,b—%}.

mh(f—gt)(x)\:‘f(w’;)—f(w—@ ge(@+3) =g (x=3)
h h h
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x_i'_ﬁ 12
By ok 2 1 i )
— f($+2)hf(x 2)_;h/dv/[ft<u+v+i>—ft<u+v—i>]du
i . :
2 flets)—flz-3) filutvt+i)—fifutv-g)
SE d’u/‘ N — % du

We will evaluate the expression

et 1B Flutord)-fiuro-y)
h Z ‘

E =

Ifut+vea+Li b—1] then

p_|fErs)—flr=3) fluto+i)—flutv—7)
h 5
WA(f,20) _ w8(f,1)
- 2t t

We used that max{x—l—%,u+v+£} —min{x—%,u—{—v—ﬁ} < %t < 2t and
Lemma 2.

Ifbf£<u+v§b+£,then

h

o W (20 _ws(fit)
- 2t - t

Ifa—f<u+v<a+i then

E:‘f(w’;)—f(w—’;) YORFIGSS)
2

E_‘f(wf;)—f(w—’;) fla+$) - fla)

h 5
d d
< wy (f,2t) < 2W2(f7t).
2t t
Therefore |Ah(fzgt)(x)| < 2wg(tf’t), whence

TS |
|f_gt|Lip[a,b} = Sup h : =<2 2(f )
he(0,t]

The second derivative of function g is

(12) gg’(x):;[ﬁ (w+§>—2ﬁ(z)+ﬁ<x—;>}
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Ifxe [a—k%,b—%],then

So t g/l < 2% and |f = gelpipfap < 2% which leads to
K3(£,6) <t (1f = 9luipiany + t97]]) <48 (F8).

3 General estimates with the K-functional K¢

Theorem 2. Let L : Cla,b] — Cla,b] a positive linear operator such that Ley =
eo, Ley = ey and f € Lipla,b]. Then (Y)x € [a,b], (V)t >0

L ((e1 — weo)’ ) } K{(0)

(13) [L(f,z) — f(=)| <maX{L(61fU€oa~’U)7 o ;

Conversely, if (3)A, B > 0 such that

L((eg —ze )2,3: d
(14) L(fax)f(x)<maX{AL(ela:eo,a:),B ( ! 0 >}_K2(fvt)

t t

holds for all positive linear operator, any f € Lipla,b], any x € [a,b] and any t > 0
1
thenBZ§ and A > 1.

Proof. Let g € C2[a,b] be. We have
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with £ between x and y. Therefore
IL (g —g(z)eo)] = |L (g — g(x)eo — ¢ (x) (e1 — zeo) , )|
< L(lg - a(w)en — o (@) (er — weo)] ) < 3 "] (01 = wea)? )
and
IL(f,2) = f(@)| < [L(f—9—(f—9)(@)eo, )| +|L (9 — g(zx)eo, z)|
L ((61 — zeg)?, x)
2t

2
L <(61 ;eg) ,a?> ' (|f—g’Lip[a,b] +tHg”H)-

S ‘f_g’Lip[a’b]LOel_xeo‘7x>+ tHg”H

<max ¢ L(|e; — zeg|,x),

Since g was arbitrary it follows that

L ((61 — 9660)2’95) ' K4(f, t)'

[L(f,2) — f(z)] < max § L(lex — zeol ,z), 5 ;

We prove now the converse part. We consider positive linear operator L defined
by
For f = ey we have L(f,x) =z, L (le; — zeo|,z) = 22(1 —z), L ((61 — zeg)? ,:1:) =
(1 — ), K¢(f,t) < 2]|f"]| = 2t> and from (14) it follows 1 < max{4At,2B}.
1
Passing to the limit ¢ — 0 we obtain B > 3

We consider positive linear operator L defined by

L(f,z) = % [(1=2)f(0) +2f(1) + f(z)], f € C[0,1].

For f = ‘61 - %eo‘ we have L(f,x) = q;(l_x)_|_% }x _ %
L ((61 — zeg)? ,x) — 90(12—ac)’ K (f,t) < t]flpipoq = t and from (14), for z = § it

follows § < max{3A, 2}. Passing to the limit ¢ — co we obtain 4 > 1.

, L(lex — zegl,z) = z(1—x),

Corollary 1. Let L : Cla,b] — Cla,b] a positive linear operator such that Ley =
eo, Le; = ey and f € Lipla,b]. Then

(15) IL(f,z) — f(z)] < 2K4 (f, ;\/L ((el — zep)? x)) .

Proof. Using L (Je; — zeg|,z) < \/L ((61 — zeg)? ,:L'), from (13) we obtain the

estimates (15) for t = %\/L ((61 — zeg)? »35)-
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Remark 3. As a consequence we mention the following estimates for positive linear

operators reproducing linear functions in terms of the least concave majorant of the
first modulus of the derivative given in [4]:

(16) |L(f,2) — f(z)| < % . \/L (1~ zeo)? ) @1 <f’, \/L ((er - xeo)2,x)> .

Indeed, if f € Clla,b] then using the relations (15), (8) and the well known repre-
sentation K1(g,h) = 3w1(g,2h) for g € C[a,b] and h > 0, we have

|L(f,z) — f(z)| < 2Kg (f,;\/L ((61 —.er)Q,.%))
= \/L ((el —.1‘60)2,.T>K1 (f’,;\/L ((61 —$60)2,1‘>>
= % . \/L ((61 —a:eo)Q,a:) 01 (f’, \/L ((61 —$€0)2,$)> .

Corollary 2. Let F': Cla,b] — R be a positive linear functional and z € [a,b] be
such that F(eg) =1, F(e1) = z . Then for all f € Lip[a,b] and all t > 0

F(e—zo’) | Kirn

(A7) [F(f) = f(2)] < max § F(ler = zeo) , 2t t

Proof. Consider positive linear operator L : Cla,b] — ClJa,b], defined for f €
Cla,b] by L(f,z) = F(f) and L(f,z) = f(z), for « € [a,b] \ {z}. It is clear that L
satisfies conditions in Theorem 2. Then relation (17) follows directly from relation
(13), for x = z.

Theorem 3. Let L : Cla,b] — Cla,b] be a positive linear operator. Then for all
f € Lipla,b], x € [a,b], s >0 and t >0

|L(xey — e1, )]

(8) 1L(f,2) - ()] < |f(@)]- |Leos) — 1] + [L<eo,a:> n ] w(f,s)

S

L(|L(eg,x)er — L(e1, x)eql, x) L((L(€07$)€1 — L(e1,x)eq)’ ,x)
L(eo, x) ’ 2t L(eg, x)?

+ max

K3(/.1)
t

X

Proof. Fix f € Lip[a,b]. = € [a,b] and ¢t > 0. Denote
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It follows that z € [a, b]. Define positive linear functional F' : C|a,b] — R,
L(f,z)
L(eg,x)’

Then we have F(eg) = 1 and F(e;) = z. We can apply Corollary 2 and we obtain
relation (17). But we have

F(f)= feCla,b].

(19) F(lep — zeg|) = ML(L(eo,x)el — L(e1,z)egl, x),
(200 F(er — ze0)?) = WL((L(eO,x)el ~ Lier,)eo)? ).

We can write

+L(eo, )\f (2
Now, using Corollary 2 and relations (19),

|L(f,2) — L(eo, 2) f(2)| = L(eo, ©)| F(f) = f(2)]

L(|L(eg, x)e1r — L(e1, x)eo|, ) L((L(eovl")@l - L(el,aj)eo)Z,x)
L(e()?x) ’ QtL(eo,[IJ)Q

)f ()] + [f ()] - [L(eo, x) — 1]
f@)]-

) -
(20) we obtain

X

The third term in (21) can be estimate as follows

Leo ()~ f@)] < Lewohor(flz —al) < Liena) (14 E5 ) n(r0

|L(xeg — e1, )]
s

- (L(eo,:c) + >w1(f, 5)-

From relations above relation (18) follows immediatly.
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Interpolation operators on a square with one curved
side !

Alina Babos

Abstract

We construct some Lagrange, Hermite and Birkhoff- type operators which
interpolate a given function and some of its derivatives on the border of a
square with one curved side. We also consider their product and Boolean sum
operators. We study the interpolation properties and the degree of exactness
of the constructed operators.

2010 Mathematics Subject Classification: 41A05, 41A80.
Key words and phrases: Square, curved edges, interpolation operators.

1 Introduction

There have been constructed interpolation operators of Lagrange, Hermite and
Birkhoff type on a triangle with all straight sides, starting with the paper [6] of
R.E. Barnhil, G. Birkhoff and W.J. Gordon, and in many others papers (see, e.g.,
3], [5], [7], [8], [15]). Then, were considered interpolation operators on triangles
with curved sides (one, two or all curved sides), many of them in connection with
their applications in computer aided geometric design and in finite element analysis
(sce, e.g, [1-[4], [9],[10], [12], [16]-[19]).

In [13] the authors consider Dj the square with one curved side having the
vertices Vi = (0,0),V2 = (h,0),Vs = (h,h) and V4 = (0,h), three straight sides
I'y, 'y, along the coordinate axes, I's parallel to axis Ox, and the curved side I'y
which is defined by the function g, such that g(h) = ¢g(0) = h.

They construct and analyze Bernstein-type operators on the square with one
and two curved side.

Let F' be a real-valued function defined on Dy, and (0,y), (9(v),y), respectively,
(x,0), (z, h) be the points in which the parallel lines to the coordinate axes, passing
through the point (x,y) € Dy, intersect the sides I'y, 'y, respectively I'y and T's.

L Received 18 June, 2016
Accepted for publication (in revised form) 20 September, 2016
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[€¢585]

Figure 1: The square Dy,

2 Lagrange-type operators

Let L1 and Lo be the interpolation operators defined by

_ 9y —= oz
(LiF)(x,y) = o) F(O,y)+g(y)F(9(y),y),
1) (L)) = " YF(,0)+ LF(a,h)

1) Both operators L; and Ly interpolates the function F' along two sides of the
square Dp:

(LiF)(0,y) = F(0,y) (L1F)(9(y),y) = F(9(y),y), y € [0, ]
(LoF)(x,0) = F(x,0) (L2F)(xz,h)=F(x,h) =z €]0,h]

Vi v
L \
/ )
v i

Figure 2: The interpolation domain for L; and Lo

2) The degree of exactness: dex(L;) =1, i=1,2.
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Let P2L1 be the product of the operators Lo and L1, i.e., Po; = LoL1.
We have

(BfF)y) = L0 e 0+ 208 ps, )
2) + y(hh;y)F(O,h)JrzzF(h,h)

1) The interpolation properties: P2L1F = I, on the four vertices of the square
Vl) VY27 ‘/3 and ‘/4

v4 v3

L1

Vi V2

Figure 3: The interpolation domain for Psy

2) The degree of exactness: dex(Pf) = 1.

Let SQLl be the Boolean sum of the operators Lo and L, i.e., SQLl =Lo® L1 =
Lo+ Ly — LoLy.

We have
Sh@n) = R0+ FE ) + LI R0 +
x h—x)(h—
®) £ rGa) - O F00)
- x(hh;y)p(h,()) - y(hhgf”)p(o, h) — %F(h, h)

1) The interpolation properties: S¥ F = F on dDj,.
2) The degree of exactness: dex(S%) = 1.
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3 Hermite-type operators

A. Babos

Suppose that the real valued function F' is defined on the square Dj, and it possesses

the partial derivatives F(1:0 on the side T'y and F(OY on I's.
We consider the operators H; and Ho defined by

(H\F)(z,y) = MF(Q?/H'MF(Q(?J),Z/)

(HoF)(z,y) = =5 F(,0) +

1) The interpolation properties:

(H\F) = FonTouly (HF)30) =pF30 onry
(HoF) = F,onTyUT3 (HoF) %Y = O onTy,

Figure 4: The interpolation domain for H; and Ho

2) The degree of exactness: dex(H;) = dex(Ha) = 2
The product of the operators H; and Hs is given by
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— 2 (0 B2 _
(PAF)(@y) = © 92?;§)] [(y hgh) 17(0,0)-+-y(2¢;2y)zr(o,h)-+
y(y —h) . z[29(y) — 2] [ (y — h)?
+ ROV, + S [ Flo(w), 0)
) P gy, ) 4 LY o ), )
vl — gy —=h?* q,
S e )0
b YD) 100 gy, ) 1 LR g0 g, )]

with the degree of exactness: dex(P{l) =2
The Boolean sum of the operators H; and Hs is given by

x — 2 x|2 —x
(SHF)(2,y) = [gzﬁg(j;”m,y) n %F@(y),m

r|\xr — — 2
. te—gW)) g(yg)(y)} FAO(g(y),y) + v —h) F(z,0)

y(2h — 1) Yy —h) o,

ey Fa )+ = FOD (2, h)

T — 2 — h)? _

- B 0.0+ X p0.0) +

0 r der e ] - LA g0

YD gy, )+ L pO gy, )
wlz — gy —1)?
)L a0

b VBRI 00 gy ) + L 00 gy )

with the degree of exactness dex(SfL) = 2

4 Birhoff-type operators

We suppose that the function F : Dj — R has the partial derivatives F(19) and
FO.1 on the sides I'y and respectively T's.
We consider the Birhoff-type operators By and Bs defined respectively by
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1)The interpolation properties:

BIF = FonTyand (B F)M) = F000nT,,
ByF = FonTy and (ByF) %Y = FOYon Ty

Figure 5: The interpolation domain for B; and Bs

2) The degree of exactness: dex(B;) = dex(Bs) =1
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