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Abstract

We give upper and lower bounds estimates for the best constant
which appears in a multidimensional integral inequality, in the par-

ticular case of homogeneous weights.
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1 Introduction

Let R} := {(z1,...,2,) : 2, > 0,0 = 1,2,...,n}. Assume that f: R} — R,
is decreasing which means that it is decreasing with respect to each variable.
We denote f | when f is decreasing (=nonicreasing). Throughout this paper
u and v are positive, locally integrable functions defined on R’ ,n > 1. xp
denotes the characteristic function of a set D. In order to motivate the
results of this paper and put them into a frame we use Section 2 to remind

the characterization of the inequality

1/q 1/p
(1) (/ fQU> SC(/ f”v) ,0<p<q<oo,
R R
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for all f | and some of the cases when the best constant in the above
inequality can be easily computed or estimated. In Section 3 we present
some new facts about the best constant in the inequality (1) in the case of
homogeneous weights. More precisely we give upper and lower estimates
for the best constant. Section 4 is reserved for particular cases and open

questions.

2 Weighted inequalities for decreasing func-

tions of several variables

In the one-dimensional case the inequality (1) was characterized in [7] as
follows:
Ifn=1,0<p<gq<oo,then (1) is valid for all f | if and only if

t N\ /g t N\ —1l/p
C’lzsup(/u) </v> < o0
t>0 0 0

and the constant C' = (] is sharp.
The multidimensional case was treated in [2] as follows:
If 0 < p<q< oo, then (1) is valid for all f | if and only if

(2) Cn (fD u) e

= 2 <
peb (f, o) "

and the constant C' = (), is sharp. Here D is the set of all "decreasing
domains” | i.e. for which the characteristic function is a decreasing function
in each variable. It is not always easy to calculate the constant defined in
(2). It was shown that in the case of weights of product type the supremum
in (2) can be reduced to supremum over a much simpler class of decreasing
sets (the rectangles), which is something much simpler to compute, as the

following theorem shows. For it’s complete proof see [2].
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Theorem 1.If0 < p < g < 00, u(z1,...,T,) = ur(x1) ... up(x,) and
v(xy, .., Tn) =v1(21) . vp(xy,) then

1/q a an 1/q
(3) sup (fDu) = sup ( 01'.'f0 u(xlv"'>$n)dx1“'dxn)

DeD (ID ’U) 1/p N a; >0 (f()al e f()an U(x17 P 7xn)dx1 e dajn)l/p .

In [3] it was given an example which shows that the equality (3) does not
hold for arbitrary weights. The natural and important question is now
whether the constants C,, and

(oo fom u(xl,...7%)01331...(1%)1/‘1

A, = sup ~2 0

a; >0 (f()al e foan U(.T17 P 7xn)dx1 e dxn)l/p

are comparable in the general case. Clearly A, < C, and we may ask if
the converse inequality C, < cA, holds with a constant ¢ independent on
the weights. An answer to this question was given in [3] with the help of
the following result of independent interest where explicit lower and upper
estimates are given for the constant C,, when the weights are of the form:

u(zy), v(zy).

Theorem 2.Let 0 < p < g < oo and u(s) > 0 and v(s) > 0 be two
measurable functions on Ry such that U(t) = [Ju < 00,V (t) = [y v < 0
for allt > 0. Then the inequality

1/q 1/p
( - fq(x,y)u(a:y)dxdy> <C ( fp(x,y)v(:cy)dq:dy) :

22
holds for all f > 0 decreasing in x and y with a finite constant C > 0
independent on f if and only if

B B U(t) 1/q t dr 1/q—1/p

Moreover, C' = A, , and

1/q
27lrpA<C < (g) A ifp<aq.
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Using the above theorem it was proved that A, and C, are comparable in
the sense that either both are finite or both are infinite, but the estimate

C,, < cA, is no longer uniform. For more details see [3].

3 Upper and lower estimates of the best con-

stant in the case of homogeneous weights

In this section we study the same type of questions as above but for the
case when the weights are homogeneous functions. The next Lemma gives
important information about the best constant in the inequality (1) when

the weights are homogeneous functions.

o

Lemma 1. Let 0 < p < g < 00, @« > —n, [ > —n, u(ex) = e®u(x),

v(ex) = Pu(z), x € R™ and e > 0. If C,, < co then

a+n _ B+n
q p

Proof. Let S = {0 € R" : |o| = 1} and suppose that

a+n ,B+n
+ .
q p

Then

v
w0

(
up r _1 1/p
>0 (fy Jsv(po)pn—tdpdo)

( OT fs pa+”_1u(0)dpd0) 1

>0 ([ [ po - 1o(0)dpdo)

= Sup T(Oé-i-n)/q—(ﬁ-Fn)/;DC(u’ U7 p7 q) = XXQO.
r>0
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where C'(u,v,p,q) < oo and depends only on u,v,p and ¢q. Hence in the

case of homogeneous weights the only interesting case is when

a+n _ [B+n
q p

In fact, for the case n = 2 we have the following result:

Theorem 3. Let 0 < p < q, o > =2, f > =2, u(ex,ey) = u(x,y),
v(ew, ey) = Pu(x, y) (z,y) €R2, £ > 0.

Denote by U(s) = [, u(l,y)dy < oo and V(s) = [ v(1,y)dy < oo for
all s > 0. Then the inequality (1) holds for all f l if and only if

- U(t) 1/q ) ds 1/q=1/p
A= $(B=a) / — .
P < V<t>> ,5m =

Moreover,

A< Cy < (p/g)1A,ifp < q.

and

A=Cyifp=q.

We will first prove

Proof. By Lemma 1 we may suppose that *£2 = 5+2

the upper bound. We know from (2) that

x 1/q
(Jy o fy" )U(x,y)dy)

(4) Cy = sup Zy(t) = sup 7
>0,k >0,k (fo d fo o(z y)dy)

and by using the homogeneity and changing variables, we find that

g ()"
(f By ( ) d:);)

We observe that

35+3

00 q/p—1
Ut) < A? (/ V(s) ds ) V()PP > ),
t
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By substituting now ¢ by h@) and multiplying by z%*! we get

()

o d q/p—1 h)
q s x B+17 (B+2)(a/p—1)
([ o) " (1)

1.e.

() s (Lro ()7 E) ()

T

By integrating now with respect to x, from 0 to ¢, changing the variables
h
& = ﬁ and using the facts that A and V are decreasing, respectively
s

increasing we obtain

/Ot U (@) dr < A1 /Ot ( Oxv (M) gﬁﬂdg)q/plv M) P dg
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(5) - SA‘I </Ot v <Tx)) xﬁﬂdx)q/p.

This implies that
D 1/q
7, < <_> A
q

for all t > 0 and h | and we got the desired upper bound.

For the lower bound suppose first that p = ¢, thus also that o = 3. Consider
a strictly increasing sequence (a,), -, @1 = 0 which converges to 1 and take
h(z) = 1. For a fix t > 0, by using the fact that U is increasing and y~(@*3)

is decreasing we get

ant 1 n apt 1
/ Pt Uf (—) der = Z/ zo Ty <—) dx
0 r ap_—1t T

k=2
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n 1

= Y / Uy (y)dy
k=2 az
- 1 a+3
> — _1t
B ;U (akt) (x-11)
1 n

k=2

In the same way since V' is also increasing we get

ant 1 ast 1 n %_17&
/ 2oty (E) dr — / 2oty (E) d$+z/ F y_(a+3)V(y)dy
0 0 k=3 afz

a2t 1 1
/ .I’OH_IV ) dax + toc-‘r3 4 aka+3-
0 x 3 Clk_lt

o3y (%) Z ak71a+3
k=2

foazt potly/ (i) dx + tot3 Z \% ( 1 ) aka+3
k=3

ak_lt

(7)

IN

By (6) and (7) we have

Ji a1
JiTe

)dm
)d:(:

(8|~

Dividing now by ¢ 37, a;—1°"3 we get

ot a0 (L) de U
JeT eV (L dr

[

)

(8) o
1
174 ( > aka+3
fazt xty (%) dz = a1t

0
n n

ta+3§ :ajkiloﬂr?) 2 :ak71a+3
k=2 k=2

Since V is continuous, we get by a theorem of Stolz-Cesaro (see e.g Theorem
2.10.2 in [5]) that

lim iV () =V <1> .

n
nooe Yy 4O
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Since t was arbitrarily chosen, letting now n — oo in (8) we finally get

(i)

If now p < ¢, i.e. a # (3 one can prove exactly as above that for any t > 0,

fav @an)” o
( ) z(t 6@) .

Hence

(

(
Lretiy (1) do t 1/p—1/q
fO (:E )1/q (/ xﬁ+1v <£) de)
ftmﬂ“V (% dx 0

U(%))l/q (/OO v@)g%) l/pl/q.

Since t > 0 was arbitrarily chosen, the above inequality implies the upper

AV
7N
~
7
@
=
o~ | =
S~—

bound for the constant and this completes the proof.
Remark. Let

(fo fo u(z,y da;dy) e

1/p°

Ag := sup

a,b>0 (fo fo T y dxdy)

it is clear from (4), with h(z) = b and changing variables that we obtain

/a
Lpotly (2 da 1
A2 R <f0 (w) >

t,b6>0 (f()t LOH1Y (g) dx)l/p
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and Ay > A where

8] =

(e (2yar)
A =sup Tp-
(e () ae)

Obviously, Theorem 3 yields

A< Ay <Oy <A

Applying the Lospital test we note that

Jya U (3)de) Ut) ([ ds \'"
lim < > == lim tﬁ_aﬁ (/t V(3>35+3)

Ty @a)” e Y

and

t_a+t1 1 _
(Jfy v (2) do) oUW ([ ds
Jim i —lll%t Vi V(s) 53 .
S (v @)™ T VO
Since the functions involved are continuous we conclude that A and A are
comparable in the sense that if A < oo then A < oo and the other way
round. The same is true for A and A,. This does not give an answer to the

question if the two quantities are comparable or not in the general case.

4 Conclusions

By (8) and Theorem 3 one could prove results for power weights which
generalize some of the results proved in [1]. For further details see [2]. Also
for the case n = 2 the same results can be derived from Theorem 3 since
the power weights are also homogeneous functions. Observe that if p = ¢

the constant does not depend on the degree of homogeneity. Also we get
2

the same constant if thi weights are u(z,y) = 7z and v(z,y) = S as
. 4
if they are u(z,y) = ;775 and v(z,y) = 4, For other related results as

well as for the results for increasing functions see also [6].
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